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IIpe^HCJiOBHe 



Xopoino HSBecTHbi (JjyH^aMeHTajibHbie npiiMeneHHH npocTpancTB 
Co6ojieBa W^(G) k HsyneHHio MHoroMepHbix /i,H4)4)epeHii;HajibHbix 
ypaBHeHHH, b nacTHOCTH, sjijinnTHHecKoro THna. Bes TeopHH TaKHx 
npocTpancTB HsyneHne ajijinnTHHecKHx sa^aH no cymecTBy neBOS- 
MOJKHO. BMecTe c TeM yjKe npHMepno 40 jict TOMy nasa/j; 6bijia 
pa3pa6oTaHa Teopna 6ojiee o6ii],hx, hcm co6ojieBCKne, npocTpancTB 
XepMaH/],epa. CymecTByeT snaHHTejibHoe hhcjio pa6oT, nocBHii],eHHoe 
npHMeneHHSM 3thx npocTpancTB k flH4)4)epeHi];HajibHbiM ypaBHenH- 

HM. 

OflHaKO npHMCHeHHJi npocTpaHCTB XepManjicpa k KpacBbiM aa^a- 
HaM fljia sjijinnTHHecKHX ypaBHeHHH nocjieflnero BpeMenn hochjih 
3nH30flHHecKHH xapaKTep. OcHOBnaa nacTb stoh KHHrn — ^ocTaTOH- 
ho CHCTeMaTHHecKoe HpHMeneHne npocTpancTB XepMaHflepa HMeHHO 
K 3THM sa/ianaM. ^jih SToro aBTopaM Hpnuijiocb bbgcth h Hccjie^o- 
BaTb HpocTpaHCTBa XepMaH/];epa „npoMejKyTOHHoro THna", 4)ynKn,HH 
H3 KOTopbix HMeiOT npoMejKyTOHHyio rjiaflKOCTb Mexcfly rjiaflKOCTbro 
4)yHK^HH H3 W^{G) H W^+^{G), rpfi m — n;ejioe hhcjio. 3th npo- 
CTpancTBa BBO^HTca h nccjie^yiOTca b KHHre. B KanecTBe G MOJKeT 
cjiyjKHTb o6jiacTb n-Mepnoro npocTpancTBa hjih KOMnaKTnoe mho- 
roo6pa3He pasMepnocTn n. ^eTajibHOMy BBeflennio h nccjieflOBaHHio 
TaKHx npocTpancTB nocB5in];eHbi nepBbie flBe rjiaBbi khhth. 

B rjiaBax 3, 4 paccMaTpHBaiOTCH sjijinnTHHecKHe ypaBnenHH h 
KpaeBbie sa^ann ^jih hhx, KaK o^nopoflnbie TaK h HeoflHopo/];Hbie. ^jih 
HHx B npocTpancTBax XepMaH/i,epa ycTanaBjiHBaeTCH pa/i, cyn],ecTBen- 
Hbix pe3yjibTaTOB, noflo6Hbix cjiynaio co6ojieBCKHx npocTpancTB. 
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MoacHO CKasaTb, hto asTopaM yflajiocb nepenecTH KjiaccHnecKyio „co- 

6ojieBCKyio" Tcopnio Kpaesbix sa^an na cjiynaii npocTpancTB XepMan- 
flepa. OTMeTHM, hto neKOTopbie sa^ann, ccjaopMyjiiipoBaHHbie nesa- 
BHCHMO OT noHHTHa npocTpaHCTBa XepMaH^epa, y/i;ajiocb peniHTb c 

nOMOmbK) 3THX npOCTpaHCTB. 

HaKOHeu;, rjiaBa 5 KHHrn nocBHiii,eHa nepeneceHHio ynoMsiHyTbix 
peayjibTaTOB na sjijinnTHnecKHe cHCTeMbi ypaBHeHHii. 

KHHra MHe npeflCTaBjiaeTCH HHTepecHoii h nojiesHofi. 51 yBepen, 
HTO ee cjie^yeT nepeBecTH na anrjinHCKHH hsmk, Tor/i;a ee pesyjibia- 
Tbi 6bijiH 6bi flocTynHbi snaHHTCjibHO 6ojibineMy Kpyry MaTeMaTHKOB. 
IIpH nepeBOfle cjie^yeT npHBecTH ^oKaaaTejibCTBa pa^a BcnoMora- 

TejIbHblX 4)aKTOB, Heo6xOflHMbIX pflSl HSJIOXCeHHH H npHHaflJieJKaiIl,HX 

flpyrHM aBTopaM. 9to Cflejiajio 6bi ee flocTynHoii fljia 6ojiee mnpoKoro 
Kpyra HHTaTejiefi. 

AKadeMUK HAH VKpaunu K). M. BepesancKuu 



Bjiaro^apHOCTH 



ABTopbi oco6o npH3HaTejibHbi K). M. BepesaHCKOMy sa i];eHHbie 
coBeTbi H rjiy6oKoe BjiHHHHe, BO-MHoroM onpeflejiHBinee hx naynHbie 
HHTepecbi. 

Mbi HCKpeHHe 6jiaroflapHbi M. C. ArpanoBHHy, B. 11. rianesxy, 



H. B. CKpbinHHKy h C. J\. SfiflejibMany sa o6n];eHHe, KOTopoe 



CTHMyjiHpoBa.no nac. 

OneHb cyH],ecTBeHHbiMH fljia nac Gbijih: no^iflepjKKa M. Jl. Fop- 
SanyKa h A. M. CaMOHjieHKO, BHHMaHHe B. BoapcKoro, floGpoxcejia- 
TejibHoe ynacTHe B. 11. BypcKoro h C. J\. HBacHineHa. 

Mbi TaKJKe HpHSHaTejibHbi bccm KOjijieraM, KOTopbie npoaBHjiH 

JKHBOH HHTepeC K HOBOH TeOpHH H 66 HpHMeHeHHSM. 



BBe^GHHe 



B TeopHH ypasHeHHii c nacTHbiMH npoH3BOflHbiMH ii,eHTpajibHoe 
MecTO saHHMaiOT Bonpocbi o cymecTBOBaHHH, e/],HHCTBeHHOCTii H pe- 
ryjiapHOCTH peineHHit. HpH 3tom CBOHCTBa peryjiapnocTH Hccjie^ye- 
MBix pemeHHH (JjopMyjinpyioTCH b TepMHHax hx npHHa^JiejKHOCTH k 
STajioHHbiM KjiaccaM 4)yHKu;HOHajibHbix npocTpancTB. HeM TOHbine 
rpaflyHpoBana niKajia npocTpancTB, tbm TOHHee h co/i,epjKaTejibHee 
TaKHe pesyjibTaTbi. 

B OTjiHHHe OT o6biKHOBeHHbix flHcJjcJjepeHi^HajibHbix ypaBHeniiH 

C rjia;];KHMH KOScJjcJjHI^HeHTaMH 3TH BOnpOCbl HBJIHIOTCH ;];OCTaTOHHO 

cjioJKHbiMH. TaK, HSBecTHbi jiHHeHHbie ypaBHeHHa c nacTHbiMH npo- 

II3BO/],HbIMH C rjiaflKHMH K034)4)HU;HeHTaMH H npaBblMH HaCTaMH, KO- 

Topbie He HMeioT pemeHHH b OKpecTHOCTH 3a/],aHHOH tohkh flajKe b 
Kjiacce pacnpe/iejieHHH |183| 11181 c. 210]. J^ajiee, neKOTopbie oflHO- 
po;];Hbie ypaBHeHHH, b nacTHOCTH, ajijiHHTHHecKoro THHa, c rjiaflKHMH 

(ho He anajIHTHHeCKHMH) K03(J)4)HH,HeHTaMH HMeroT HeTpHBHajIbHbie 

pemeHHa c KOMHaKTHbiMH HocHTejiHMH |214t I12H c. 257]. HosTOMy 
HeTpHBHajibHoe Hyjib-HpocTpancTBO TaKoro ypaBHeHHH nejibSH ycTpa- 

HHTb KaKHMH-JIH6o OflHOpO/lHblMH KpaeBblMH yCJIOBHilMH, T. e. OHepa- 

Top JH060H KpaeBOH 3a/];aHH ne HBjiHeTCH HH-beKTHBHbiM. HaKOHei;, 
Bonpoc o peryjiapHOCTH pemeHHH TaKJKe BecbMa nenpocT. HanpHMep, 
yjKe flJiH OHepaTopa Jlanjiaca H3BecTH0 |231 c. 73], hto 

An = / G c{n) ^ ue c^{n) 

fljia HpOH3BOJIbHOH eBKJIH/lOBOH o6jiaCTH Q. 

HanGojiee hojiho yKa3aHHbie Bonpocbi Hccjie/ioBaHbi fljiH jiHHefi- 

HblX SJIJIHHTHHeCKHX ypaBHeHHH, CHCTeM H KpaeBblX 3a/],aH. 3tO 6bIJIO 
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BBefleHHe 



cflejiaHO B 50 - 60-x ro^ax XX ctojibthh b pa5oTax C. ArMona, A. Jly- 
rjiHca H Jl. HnpenGepra [T| 11291 flSl) . M. C. ArpanoBHHa h A. C. JJ^bi- 
HHHa [7], K). M. BepesaHCKoro, C. F. Kpeftna ii 51. A. PoiiT6epra \10\ 
mEHEaEIE], O. Bpay^epa [IMlIIlO], Jl. P. BojieBHHa [ElIE], >K.- 
Jl. JlHOHca H 3. MaflJKeneca [HI IS], Jl. H. CJIo5o/^e^Ko^o |99l llOOj . 
B. A. CojioHHHKOBa [Ml [Ml [106], Jl. XepMaHflepa [Ul], M. Hlex- 
Tepa |124l 12221 1223] h ppymx. Upn 3tom sjijinnTHHecKiie ypasHeHHa 
6bijiH Hccjie/],OBaHbi b KjiaccHHecKHX niKajiax npocTpancTB Fejibflepa 
(nei^ejioro nopaflKa) h npocTpancTB Co6ojieBa (xaK nojiojKiiTejiBHoro, 
TaK H OTpHii,aTejibHoro nopaflKOB). 

OyHflaMeHTajibHbiH pesyjibTaT TeopHH 3jijiiinTHHecKHX ypaBHeHHit 
cocTOHT B TOM, HTO OHH nopojK/iaioT orpaHHHeHHbie HeTepoBbi onepa- 
Topbi (t. e. onepaTopbi c KonennbiM HH/ieKCOM) b cooTBeTCTByioiii,HX 
napax npocTpancTB. llycTb, nanpHMep, na saMKHyTOM rjia^KOM mho- 
roo6pa3HH F aaflano jiHHeiiHoe sjijinnTHHecKoe fliicJacJaepeHi^HajibHoe 
ypaBHeHHe Au = f nopa^Ka m. Tor^a onepaTop 

A : H'+"'{T) H'{T), s G M, 

orpaHHHeH h neTepoB. llpn 3tom KoneHHOMepHbie npocTpancTBa pe- 
ineHHH o/iHopoflHbix ypaBHeHHH Au = h A~^v = jiejKaT b C°°(F). 
Sflecb A~^ ~ 4)opMajibHO conpajKeHHbili onepaTop k A, a H'^~^'^{T) a 
H^(T) — THjibGepTOBbi npocTpancTBa Co5ojieBa na F cooTBeTCTBeHHO 
nopa^KOB s + r a s. OTCio/i,a cjie^yeT BajKHoe cbohctbo peryjiapnocTH 
pemeHHa u b coGojieBCKoli niKajie: 

{f£H'(T) fljia HeKOToporo s£R) ^ n G F^+"'(F). (1) 

EcjiH MHoroo6pa3He HMeeT Kpait, to nexepoB onepaTop nopo>K- 
flaexca sjijinnTHHecKOH KpaeBoit aaflaneii fljia ypaBHenna Au = f, 
HanpHMep, KpaeBolt saflanefi ^npiixjie. 

HeKOTopbie h3 3thx xeopeM 6bijiH pacnpocTpaneHbi X. Tpii6e- 
jieM |112^ 1113) H offHUM H3 aBTopoB [61^ [62] Ha 6ojiee TOHKHe niKajibi 
4)yHKLi;HOHajibHbix npocxpaHCTB — HHKOJibCKoro-BecoBa, SnrMynfla 
H JlH3opKHHa-TpH6ejia. 

yKasaHHbie pesyjibxaxbi namjiH pasjiHHHbie npHjiojKeHHa b xeo- 
pHH ;];H4)4)epeHii,HajibHbix ypaBHeHHH, MaxeMaxHHecKOH 4)H3HKe, 
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cneKTpajibHOH TeopHH /];H4)4)epeHij;najibHbix onepaTopoB (cm. moho- 
rpacJ^HH K). M. BepesancKoro |11) . K). M. BepesancKoro, T. Yea, 
3. r. IIIecJjTejiH |12| . O. A. JlaflbiJKencKOH h H. H. ypajibi^eBoii 
[37], m.-Jl. JlHOHca [Ml HD], m.-Jl. JlHOHca H 3. MaflJKeneca [H], 
51. A. PoHT5epra [ZHEH], H. B. CKpbinHHKa [96], X.TpnGejiH [TT2] . 
o63opbi M. C. ArpaHOBHHa [2l [31 1131] h npHBefleHHyio TaM jiHTepaTy- 

py)- 

C TOHKH SpeHHH npHJIOJKeHHH, OCo6eHHO K cneKTpajibHOH TeopHH, 

HanGojiee Baxen cjiynaii rnjibGepTOBbix npocTpancTB. OflnaKo e^HH- 

CTBCHHOH niKajIOH THJIbGepTOBblX npOCTpaHCTB, B KOTOpOH 6bIJIH CH- 

CTeMaTHHecKH Hccjie;i;oBaHbi CBoltcTBa sjijinnTHnecKHX onepaTopoB, 
flo nocjie/inero BpeMenn ocTaBajiacb niKajia npocTpancTB Co6ojieBa. 
KaK BbiHCHHjiocb, fljiH pHfla BajKHbix saflaH 3Ta niKajia He HBjiaeTca 

flOCTaTOHHO TOHKOH. 

HpHBe/ieM pfia. xapaKTepnbix npHMepa. HepBbiH KacaeTCH Hccjie- 
flOBaHHH rjia/iKOCTH pemeHHS sjijiHHTHHecKoro ypaBHBHHH Au = / Ha 
MHoroo6pa3HH r. CorjiacHo TeopeMe BjiojKeHHH Co6ojieBa 

H^{T) C C''{T) ^ a>r + n/2, (2) 

rfle u;ejioe r > 0, a n := dimF. 3tot 4)aKT BMecTe co cbohctbom (1) 
HOSBOJiHeT Hccjie^oBaTb KjiaccHHecKyio rjia^KOCTb pemeHHH u. TaK, 
ecjiH / G H^{T) fljiH HeKOToporo s > r — m + n/2, to u E H^^'^{T) C 
C"'(r). O/iHaKO HpH s = r — m + n/2 3to ne TaK, t. e. b Tepivinnax 
co6ojieBCKOH HiKajibi HejibSH BbipasHTb HeyjiynmaeMbie flocTaTOHHbie 
ycjioBHH npHHa/],jiejKHOCTH pemeHHH u k Kjiaccy C(r). AnajiornHHaa 
CHTyaH;HH HMeeTCH h b Teopnn sjijiHHTHHecKHX KpaeBbix 3a/i,aH. 

BTopoH HOKasaTejibHbiii npHMep othochtcs k CHBKTpajibHOH Teo- 
pnn. IlpeflHOJioJKHM, HTO /];n4)c]3epeHu;HajibHbiH onepaTop A nopa/iKa 
m > sjijiHHTHneH na F n caMoconpajKen b npocTpancTBe L2(r). 
PaccMOTpHM pasjiojKenne 4)ynKu;nn / G L2{T) b pa/; 

oo 

f = Y,c,{f)h, (3) 

no nojinoH opTonopMnpoBannoii CHCTeMe {hj)JLi co6cTBennbix cJiynK- 
n^H onepaTopa A. Sflecb Cj{f) — K034)4)nn,nenTbi Oypbe 4)ynKn,nn / 
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no 4)yHKii;HHM hj, KOTopbie sanyiviepoBaHbi trk, hto Mo^yjiH cooTseT- 
CTByiomnx co6cTBeHHbix HHceji oGpasyiOT BospacTaiomyio (necTpo- 
ro) nocjieflOBaTejibHOCTb. CorjiacHO TeopeMe MenbinoBa-PafleMaxepa 
(cnpaBe/iJiHBOH j^Jiii o5mHX opToronajibHbix piiflflB) pa/; (3) cxo/i,HTca 
noHTH Bcioflj Ha r, ecjiH 

oo 

^|c,(/)|2log2(i + l)<oo. (4) 
i=i 

B TepMHHax npHHa/iJiejKHOCTH 4)yHKii;HH / npocTpancTBaM Co6ojieBa 
3TO ycjiOBHe HejibSH nepe4)opMyjiHpoBaTb 3KBHBajieHTHbiM o6pa30M, 
nocKOJibKy fl^jia npoHSBOJibHoro s > 

oo 
3=1 

MojKeM TOjibKO yTBepjK;];aTb, hto ycjioBHe „/ G H^(T) fljia neKOTO- 
poro s > 0" BjieneT cxoflHMOCTb hohth Bciofly na T pHfla (3). Oho ne 
BbipajKaeT afleKBaTHbiM o6pa30M ycjioBHe (4) TeopeMbi MenbinoBa- 
Pa^eMaxepa. 

IIIiipoKoe H coflepjKaTejibHoe o6o6iii;eHHe npocTpancTB Co6ojieBa 
B KaTeropHH rnjibSepTOBbix npocTpancTB 6bijio npeflJiojKeHO Jl. Xep- 
MaH/i,epoM |1181 c. 54] b 1963 rofly. BBe/iennbie iim npocTpancTBa na- 
paMeTpHsyroTca ne hhcjiobmm Ha6opoM, a (flocTaTOHHO oGmefi) Beco- 
Boii 4)yHKu;HeH. B nacTHOCTH, XepManflep paccMOTpeji rHjib6epTOBbi 
npocTpancTBa 

52,m(K") := {u : /U-Fn G L2(M")}, (5) 

II^IIb2,m(k") •= IIm-^^^IIl2(m")- 

Sflecb J^u — npeo6pa30BaHHe Oypbe Me/iJieHHO pacTymero pacnpe- 
flejienna u, aa/iaHHoro b M", /j, ~ BecoBaa 4)yHKii;HH n nepeMennbix. 
B cjiynae, Kor/ia 

M0 = (0^ (0:=(i + ieP)'/', ^e^", sGR, 

Mbi nojiynaeM npocTpancTBo Co6ojieBa i?2,/i(K") = H^{W^). 
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B 1965 roflj npocTpancTBa (5) neaaBHCHMO BsejiH h HccjieflOBajiH 
TaKJKe Jl. P. BojieBHH h B. 11. IlaHeHX |20) . 

HpocTpaHCTBa XepiviaHflepa saHHiviaioT ii;eHTpajibHoe mbcto cpeflH 
npocTpancTB o6o6meHHOH (4)yHKu;HOHajiE.HOH) rjiaflKOCTii. Ohii hbjih- 
K)TCH npeflMCTOM rjiy6oKHX Hccjie^oBaHHli, SHaHHTejibHaa nacTb ko- 
Topbix BbinojiHena b nocjie/iHHe flecHTHjieTHH: cm. CTaTtro Jl. P. Bojie- 
BHHa H B. n. naneaxa |20| . o63op P. A. KajiaGnna h 11. H. JlnsopKiiHa 
|173| . MOHorpacJjHK) X. TpnGejiH [236], HeflaBHHe pa6oTbi C. JX. Moypbi 
|203| . B. OnHKa h B. Tpe6eji3a |206| . B. <I>apKaca h X.-P. Jleonojibfla 
|156) . B. OapKaca, H. 5lKo6a h P. Jl. lllHjiHHra |155) . ^. Xapoc- 
Ke H C. Moypbi |168) h npHBe/ienHyio TaM jiHTepaTypy. PasHbie 
Kjiaccbi npocTpancTB o6o6meHHOH rjia/iKOCTii ecTecTBeHHO BOSHiiKa- 

K)T B TeOpeMaX BJIOJKeHHH 4)yHKU;HOHajIbHbIX npOCTpaHCTB, B TeopHH 

HHTepnojiHLi;HH 4)yHKii;HOHajibHbix npocTpancTB, b cneKTpajibHoii Teo- 
pHH /],H4)4)epeHLi,HajibHbix onepaTopoB, b TeopHH cjiynaftHbix npoi^ec- 

COB. 

Eme B 1963 ropy npocTpancTBa (5) h 6ojiee oGw^ne 6aHaxoBbi npo- 
CTpaHCTBa i?p^^(R"), r/i,e 1 < p < oo, 6bijiH HCHOJibsoBaHbi XepiviaH- 
flepoM |118) p,Jia HccjieflOBaHHH cbohctb pemeHHii ypaBHeHHH c nacT- 

HblMH HpOHSBO/lHblMH C HOCTOHHHblMH K034)4)HH,HeHTaMH, a TaKJKB 
HCKOTOpblX KJiaCCOB ypaBHeHHH C nepeMeHHblMH K034)4)Hn,HeHTaMH, 

aa^aHHbix b eBKjiHflOBbix o6jiacTHX. OflnaKO, b OTJinnne ot co6ojieB- 
CKHX, HpocTpancTBa XepMan^epa ne namjiH mnpoKoro npHMeHeHHH b 
TeopHH o6mHX 3JIJIHnTHHeCKHX ypaBHeHHH Ha MHoroo6pa3HHX H B Teo- 
pHH sjijiHHTHHecKHX KpaeBbix sajiaH. 3to CBHsano c npoflojiJKHTejib- 
HbiM OTcyTCTBHeM KoppeKTHOTO OHpeflejieHHH TaKHX npocTpancTB Ha 
rjia/iKHX MHoroo6pa3HHX (oho He flojiJKHO saBHceTb ot Bbi6opa jio- 
KajibHbix KapT, noKpbiBaioni,HX MHoroo6pa3He) , a TaKJKe OTcyTCTBHeM 
anajiHTHHecKoro annapaTa, npHroflHoro fljia pa6oTbi c TaKHMH npo- 
CTpancTBaMH. 

B cjiynae HpocTpancTB Co6ojieBa TaKofi annapaT ecTb — 3to 
HHTepnojiHu;HH npocTpancTB. Tax, npoHSBOjibHoe HpocTpancTBO Co- 
SojieBa flpo6Horo Hopa^Ka mojkho HOjiyHHTb nyTeM HHTepnojia- 
u;hh HeKOTopoH Hapbi coGojibbckhx npocTpancTB H,ejibix nopH/;KOB. 
nocjie;i;Hee cyH],ecTBeHHo oGjiernaeT KaK Hccjie/],OBaHHe 3thx npo- 
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CTpaHCTB, TaK H /lOKasaTejibCTBO paajiHHHbix TeopeM TeopiiH sjijinn- 
THHecKHX ypaBHeHHii, nocKOJibKy npii HHTepnojiHii;iiii coxpaHHioTCH 
CBoiicTBa orpaHHHeHHOCTH jiHHeHHbix onepaTopoB ii hx neTepoBOCTH 
(npH HeHSMeHHOM /lecJjeKTe) 

IIosTOMy npe^cTaBjiHeTCH paayMHbiM Bbi/i,ejiHTb cpe^H rHjib6ep- 
TOBbix npocTpaHCTB XepMaH/iepa Te, KOTopbie nojiynaiOTCH nocpefl- 
CTBOM HHTepnojiHii,HH (Tenepb yyKe c 4)yHKu;HOHajibHbiM napaMeTpoM) 
nap rHjib6epTOBbix npocTpancTB Co6ojieBa. fl^Jia 3Toro mm bbo^hm 
Kjiacc HSOTponHbix npocTpancTB 

i7«''^(M") := i?2,^(M") AJiH KO = {Crm))- (6) 

3flecb HHCJiOBOH napaMBTp s G M, a (JjyHKi^HOHajibHbiit napaivieTp 
MefljieHHO MenaeTCH na 6ecKOHeHHOCTH no KapanaTa |95l I137| (mojk- 
no CHHTaTb, HTO nojiojKHTejibnaH 4)yHKn,HH ip nocTOHnna Bne OKpecT- 
nocTH 6ecKOHeHHOCTH) . Hanpniviep, b KanecTBe if ^onycKaioTCH jiora- 
pncJ^MHnecKaH 4)yHKD;HH, ee HTepau;HH, jno6bie hx CTenenn, a TaKJKe 
npoH3Be/],enHH TaKHX 4)ynKn,HH. 

Kjiacc npocTpancTB (6) coflepjKHT co6ojieBCKyio rnjibSepTOBy 
niKajiy {-fT*} = {H^'^}, npHBHsan k nen hhcjiobbim napaMeTpoM, no 
rpa^ynpoBan Tonbme, neM co6ojieBCKaH niKajia. TaK, 

H'+%W) C H''^{W) C H'-'{W) fljia jiio6oro e > 0. 

IlosTOMy nncjioBOH napaivieTp s onpeflejiaeT ocnoBnyio (cTeneHHyio) 
rjia^KOCTb, a 4)ynKn;HOHajibHbiH napaMeTp ip saj^aeT ^onojinnTejib- 
nyio (cy6cTeneHHyio) rjia^KOCTb b Kjiacce npocTpancTB (6). B nacT- 
nocTH, ecjiH Lp(t) — )• oo (hjih {p{t) — )• 0) npn t — )• oo, to sa^aeT 
/],onojinHTejibnyio nojioJKHTejibHyio (hjih OTpni^aTejibnyio) rjia^KOCTb. 
T. e. napaMeTp ip yTonnaeT ocHOBHyio rjia/i;KOCTb s. IIosTOMy Kjiacc 
npocTpancTB (6) ecTecTBeHHO HMenoBaTb yTOHHennoH uiKajioii (no 
OTnomennio k ncxo^noH coGojieBCKoit niKajie). 

YTOHHeHHaa niKajia HMeeT BaJKnoe cbohctbo: Ka>K/i;oe npocTpan- 
CTBO H^''^{M.'^) ecTb peayjibTaT nnTepnojiimnn c noflxo/i,Hiii;HM 4)yHK- 
ii,HOHajibHbiM napaMeTpoM napbi co6ojieBCKHX npocTpancTB H^~^{W^) 
n H^~^^{W^), Tfl^e e,6 > 0. 3tot napaMeTp HBjiHeTca npaBHjibno Me- 
naiomeHCH 4)yHKii,HeH na GecKoneHnocTH (no KapaMaTa) nopa^Ka 
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G (0, 1), r^e 6 := e/{e + S). Bojiee Toro, kek OKasajioct, Kjiacc 

npOCTpanCTB (6) SaMKHyT OTHOCHTCJIbHO TaKOii HHTepnOJIHI^HH. 

TaKHM o6pa30M, npocTpancTBa XepMan^epa H^''^{M.'^) oGjia^aroT 

HHTepnOJISIII,HOHHI>IM CBOHCTBOM HO OTHOineHHK) K Co6ojieBCKOH THJIb- 

6epTOBOH niKajie. 9to osHanaeT, hto bchkhh jiHHeiiHbiH onepaTop, 

OrpaHHHeHHMH B KaJKflOM H3 npOCTpaHCTB H^~'^{W^) II H^~^^{M.'^), 

SBjiaeTCH orpaHiiHeHHbiM h b H^''^(W^). HHTepnojiaii,HOHHoe CBoii- 
CTBO HrpaeT TyT pemaiomyio pojifa — oho flaeT bosmomchoctb ycTa- 
HOBHTb TaKHe BascHfaie CBOHCTBa yTOHHeHHoit coSojieBCKoit niKajibi, 
KOTopbie nosBOjiHioT npHMGHJiTb cc B TcopHH 3.n.JiHnTiiHCCKiix ypaBHe- 
HHH. TaK, npH noMon],H HHTepnojiHi;iiii flOKasbiBacTCH, hto npocTpan- 
CTBa iif*'^(M'*), KaK H coSojieBCKHe npocTpancTBa, iiHBapiiaHTHbi ot- 
HOCHTejibHO flH4)4)eoMop4)Hbix npeo6pa30BaHHH M". 3to nosBOJiaeT 
KoppcKTHO onpcflc.niiTb npocTpaiicTBa H^'^(T) iia r.;ia;j,KOM saMKiiy- 
TOM MHoroo6pa3iiii r, nocKOJibKy sanac pacnpeflejieHHH ii Tonojioma 
B HHx He saBHCHT OT Bbi6opa Ha6opa jioKajibHbix KapT, noKpbmaio- 
mHx r. TaKHe 4)yHKH;H0HajibHbie npocTpancTBa Heo6xoflHMbi b leo- 
piiii 9jijiHnTiiHecKHX onepaTopoB na MHoroo6pa3HHX, b TeopHH 3jijiHn- 
THHBCKHx KpaeBbix 3a/i,aH H HeaBHbiM o6pa30M npHcyTCTByiOT B pafle 
npo6jieM anajiHsa. 

OcTaHOBHMCH Ha HeKOTopbix pesyjibTaTax, fleMOHCTpnpyiomHx 
npeiiMymecTBa yTOHHeHHOH niKajibi no cpaBHeHiiio c coGojieBCKoft. 
Ohii othochtch k npHMepaM, paccMOTpeHHbiM Bbime. IlycTb, KaK ii 
npe>K/j,c, A — ajijiimTHHecKHii /i,ii4)4)epeHii,najibHbiH onepaTop na T 
HopsiflKa m. Torfla oh sa^aeT orpaHHneHHbie neTepoBbi onepaiopbi 

A : H'+"'''P{T) H'''^{T) p^jin Bcex s G M, (p e M. 

3flecb A4 — Kjiacc Me^jieHHO MeHHiomHxcH 4)yHKii,iioHajibHbix napa- 

MeTpOB (p, HCHOJIbSOBaHHblX B (6). OlMeTHM, HTO OnepaTOp A OCTaB- 

JIHBT HHBapHaHTHbIM 4)yHKIi;HOHajIbHbIH HapaMeTp (f, yTOHHHIOmHH 

ocHOBHyio rjiaflKOCTb s. KpoMe Toro, BbinojinaeTCH cjie/i;yion],ee CBOii- 
CTBO pcrynHpHOCTii pcmcHiiH ypaBHSHHSi Au = /: 

(/ G H'-'^{T) fljiH HeKOTopbix s£R, p£M) =^ u£ H'+"'''^{T). 

Ha Hero BbiTeKaeT, hto fljia yTOHHeHHoit niKajibi cnpaBe/i,jiHBo cjie- 
;]yK)ni,ee ycHjienne TeopeMbi BjioxcenHH Co6ojieBa: fljiH i],ejioro HHCJia 
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r > H 4)yHKu;HH ip €z Ai BjiojKeHHe paBHO- 

CHJIbHO TOMy, HTO 

oo 
1 

IlosTOMy, ecjiH / G fjr-m+n/2,Lp^Y"j ^jj^ HeKOToporo napaivieTpa 
if £ M, yflOBjieTBopHiomero (7), to pemeHHe u G C^'{T). 

Hofl^oGabie peayjibTaTbi cnpaBe/i,jiHBbi TaKJKe j^Jia sjijinnTHHecKHX 
CHCTCM H fl^jisi peryjiapHbix sjijinnTHHecKHX KpaeBbix 3a/i,aH. 

nepeit^eM Tenepb k anajiHsy cxo/ihmocth cneKTpajibHoro pasjio- 
jKeHHH (3) (onepaTop A nopa/iKa m > npe/inojiaraeTCH neorpaHH- 
HeHHbiM caMoconpHJKeHHbiM B npocTpancTBe L2{T)). YcjioBHe (4) o 
cxo/;hmocth pa^a (3) hohth Bciofly na F SKBHBajieHTHO BKjiioHeHHio 

/ G H'^'^ir), rfle ^{t) := max{l, log t}. 

Oho cymecTBeHHO mnpe ycjioBHH „/ G H''(T) p^jin neKOToporo e > 0". 

CxOflHbIM o5pa30M MOJKHO BbipaSHTb TaKJKe yCJIOBHH 6e3ycAoeHou 

cxoflHMOCTH pa/];a (3) hohth Bcio^y hjih b 6aHaxoBOM npocTpancTBe 
C(r) fljiH ii;ejibix r > 0. 

3th h /ipyrne peayjibTaxbi noKasbiBaioT ckojib nojieanofi h yflo6- 
HOH MOJKeT 5biTb yTOHHeHHas niKajia. Ee mojkho Hcnojib30BaTb TaKJKe 
H B flpyrHX o5jiacTHX coBpeivieHHoro anajiHsa (cm., nanpiiMep, pa6oTbi 
n. MaT3 H y. ToxeHxana [l93], M. Xerjian/ia [T69l [T7D] '). 

npe;i;jiaraeMaH BHHMaHHio HHTaxejiefi MOHorpacJ^HH jx&ei: nepBoe 
CHCTeMaTHHecKoe HSJioJKeHHe xeopHH sjijiHnxHHecKHX (cKajiapHbix h 
MaxpHHHbix) onepaxopoB h peryjiapHbix sjijiHnxHHecKHX KpaeBbix sa- 
flan B yxoHHeHHbix niKajiax npocxpancxB, a xaK>Ke CBHsaHHbix c neii 
BonpocoB HHTepnoji5iii;HH c (|)yHKii,HOHajibHbiM napaMexpoM rHJib6ep- 
xoBbix (aScxpaKXHbix h coGojibbckhx) npocxpancxB. 3xa xeopna no- 
cxpoena aBxopaiviH b neflaBHHX pa6oxax [49] - [59l [63] ^ EHl 12001 - 12021 
12041 - [205] . CoflepjKaHHe h cxpyKxypa MOHorpacJjHH /];ocxaxoHHO noji- 
Ho oxpajKeHbi B ee orjiaBjieHHH. 



FjiaBa 1 



HHTepnojiaii,iiH h 
npocTpancTBa XepMan^epa 

1.1. HHTepnOJIHIl,HH 

c 4)yHKii,HOHajii>Hi>iM napaMGTpoM 

B 3TOM naparpacjje mm paccMOTpHM HHTepnojiimHio c 4)yHKii;HO- 
HajibHbiM napaMeTpoM nap rnjibGepTosbix npocTpancTB. Ona asjiH- 
eTCH ecTecTBeHHbiM o6o6iLi,eHHeM KjiaccHHecKoro HHTepnojiHii,HOHHoro 
MeTOfla >K.-JI. JlnoHca h C. F. Kpeftna |4H c. 41: 11161 c. 253] na cjiy- 
Haii, Kor^a b KanecTBe napaivieTpa HHTepnojiaii,HH 6epeTCH ne hiicjio, a 
flOBOjibHO o6iii,aH 4)yHKii;Ha. HHTepnojiai^na c 4)yHKii,HOHajibHbiM na- 
paMBTpoM 6yfleT o^hmm h3 ochobkbix MeTOflOB HauiHX flOKasaTejibCTB. 

1.1.1. OnpeflejieHHe HHTepnojiau,HH 

HpHBe/ieM onpe/];ejieHHe HHTepnojiaii;HH c 4)yHKLi;HOHajibHbiM na- 
paMeTpoM nap rHjib6epTOBbix npocTpancTB h Hccjie^yeM pafl ee 
CBOHCTB, Heo5xo/];HMbix B flajibHeHuieM. ^Jia Hamnx n;ejieH /locTaTOH- 
Ho orpaHHHHTbca cjiynaeM cenapa6ejibnbix npocTpancTB. 

Onpe^ejieHHe 1.1. Ynopa/ioHeHHyio napy [Xo,Xi] KOMnjieKC- 
nbix rHjib6epTOBbix npocTpancTB Xq h Xi nasoBeM donycmuMoii, ec- 
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Fji. [TJ HHTepnojiau,Ha a npocTpaHCTsa Xepuauflepa, 



jiH npocTpancTBa Xq, Xi cenapa6ejibHbi h cnpaBe;],jiHBO HenpeptiBHoe 
njioTHoe BjioJKeHHe Xi ^ Xq. 

riycTb 3a/];aHa flonycTHMaa napa X = [Xq,Xi] rnjib6epTOBbix 
npocTpancTB. KaK HSBecTHO |4H c. 22; I116[ c. 251], flJiH X cyme- 

CTByeT TaKOli HSOMeTpHHeCKHH H30MOp4)H3M J : Xi -f-)- Xq, hto J 

SBjiaeTCH caMoconpHJKeHHbiM nojioJKHTejibHO onpeflejieHHbiM onepa- 
TopoM B npocTpaHCTse Xq c o6jiacTbio onpe/;ejieHHH Xi. OnepaTop J 
HasbiBaeTCH nopoMcdaK)w,UM ^jih napbi X. 3tot onepaTop onpeflejia- 
eTCH napoH X o/];H03HaHHO. B caMOM /lejie, nycTb onepaTop Ji TaKJKe 
nopoJK^aiomHH napbi X. Tor^a onepaTopbi J h Ji MeTpHHecKH 
paBHbi: ||Ju||xo = ll'^^llxi = ll'^i'ullxo fl-'i^ Jiio6oro u £ Xi. KpoMe 
Toro, 3TH onepaTopbi nojiojKHTejibHO onpeflejienbi. OTCiofla cjie^yeT, 
HTO OHH paBHbi: J = Ji. 

05o3HaHHM Hepe3 B MHOJKecTBO Bcex 4)yHKLi,HH ip : (0, oo) — )• 

(0, oo) TaKHX, HTO: 

a) ip H3MepHMa no Bopejiio na nojiyocH (0,cxd); 

5) ip OTflejiena ot na KaJK^OM MHOJKecTse [r, oo), rj\e r > 0; 

b) ip orpaKHHena na KajKflOM OTpe3Ke [a, 5], rflid < a < 6 < oo. 
riycTb £ B. B npocTpancTBe Xq onpe^ejien KaK 4)yHKii;HH ot 

J onepaTop ip{J). 06o3HaHHM Hepe3 [Xo,Xi]^ hjih, Kopone, X^ o6- 
jiacTb onpe/i,ejieHHH onepaTopa ip{J), na^ejieHHyio CKajiapHbiM npo- 
HSBe^eHHeM {ui,U2)x^ '■= {''PiJ)ui,'4'iJ)u2)xo ^ cooTBeTCTByioii];eH 



HpocTpaHCTBO X^ cenapa6ejibHoe rHjib6epTOBO, npHHeM cnpaBefl- 
jiHBO HenpepbiBHoe njioTHoe BjiojKeHHe X^ ^ Xq. ^eiicTBHTejibHO, 
Spec J C [r, oo) n ip{t) > c npn t > r fl^jin HCKOTopbix nojioJKHTejib- 
Hbix HHceji r, c. (KaK o6biHHo, Spec J o6o3HaHaeT cneKTp onepaTopa 
J.) rToBTOMy SpecV'('/) ^ [c, oo), hto bjichct sa co6oh H30MeTpHHe- 

CKHli H30MOp4)H3M 1p{J) ■ X^ -H- Xq. OTCKJfla BblTeKaeT nOJIHOTa H 

cenapa6ejibHOCTb npocTpancTBa X^ (a TaKJKe to, hto 4)yHKii,HH || • 
nojioJKHTejibHO onpeflejiena h HBjiaeTca HopMoii). ^ajiee, nocKOJib- 
Ky onepaTop il)~^{J) orpaHHHen b npocTpancTBe Xq, to onepaTop 
BjiojKeHHH I = ip~^{J)ip{J) : X^p — )• Xq orpaHHHen. 3to BjioJKeHHe 
njioTHO, TaK KaK o6jiacTb onpeflejieHHH onepaTopa ip{J) ~- njioTnoe 
jinneiinoe MHorooGpasne b npocTpancTBe Xq. 
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SaMenaHHe 1.1. HycTb 4)yHKii,HH ipjtp £ B TaKHe, hto x -0 b 
OKpecTHocTH oo. Topfla B cHjiy onpeflejieHHH MHOJKecTBa B cnpaBe/;- 
jiHBO if >i ua Spec J. CjieflOBaTejibHO, = c tohhoctbio flo 

BKBHBajieHTHOCTH HOpM. (KaK o6bIHHO, BbipaJKeHHC (p ^ ip OSHaHa- 

eT, HTO o6e 4)yHKu;HH (/p/i/> h orpaHHHeHbi na cooTBeTCTByiomeM 
MHOJKecTBe; npn 3tom 4)yHKii,HH a^p npeflnojiaraioTCH nojioJKHTejib- 

HblMH.) 

Onpe^ejieHHe 1.2. OyHKii,Hio ^ £ B nasoBeM unmepnoAn- 
ii,uoHHUM napaMempoM, ecjiH fljia npoHSBOJibHbix flonycTHMbix nap 
X = [Xo,Xi], Y = [yo,yi] rHjib6epTOBbix npocTpancTB h /i,jih jiio5o- 
ro jiHHeliHoro OTo6paJKeHHa T, sa/iaHHoro na Xq, BbinojiHHeTCH cjie- 
flyiomee ycjioBHe. Ecjih npn j G {0, 1} cyjKeHHe OTo6paJKeHHH T na 
npocTpancTBO Xj HBjiHeTCH orpaHHHeHHbiM onepaTopoM T : Xj ^ Yj, 
TO H cyjKeHHe oTo6pajKeHHH T Ha npocTpaHCTBO X^ 5iBji5ieTC5i orpa- 
HHHeHHbiM onepaTopoM T : X^ — )• Y^. 

Hnane roBopa, napaMeTp ip HHTepnojiHii,HOHHbiH Tor/];a h TOJibKO 
Tor^a, Kor^a OToGpajKenne X i— )■ X^ HBjiaeTCH HHTepnojiHii;HOHHbiM 
4)yHKTopoM, 3a/],aHHbiM Ha KaTeropHH flonycTHMbix nap X rnjibGep- 
TOBbix HpocTpancTB [9l c. 41; 11121 c. 18]. Ecjiii napaMeTp ^p HHTep- 
nojiHu;HonnbiH, to 6yflisM roBopnTb, hto npocTpancTBO X^ nojiyne- 
Ho uHmepnoAHV,ueu c cf}yHKii,uoHaA'bHUM napaMempoM tp ^onycTHMoli 
napbi X. 

^ajiee mm nccjie^yeM ocnoBnbie CBolicTBa OTo6pajKeHHH X i— )■ X^ . 

1.1.2. BjioxceHHa npocTpancTB 

HsynHM neKOTopbie CBoncTBa HHTepnojiHu;HH, CBHsannbie c bjio- 
jKennaMH npocTpancTB. 

TeopeMa 1.1. IJycmb napaMemp ip £ B UHmepnoAsiv^uoHHUu, 
a X = [Xq,Xi] — donycmuMasi napa zuAbOepmoeux npocmpaHcme. 
Tozda eepHU Henpepuenue nAomnue eAOMcenusi Xi X^ Xq. 

^OKasaTejiBCTBO. B cnjiy cKasannoro Bbime ocTajiocb j\ovia- 
saTb cyni,ecTBOBaHHe nenpepbiBHoro njioTnoro Bjio^Kenna Xi X^. 
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PaccMOTpHM orpaHHHeHHbie onepaTopti BjiojKeHHa I : Xi — t- Xq h 
/ : Xi — )■ Xi. HocKOJibKy napaMeip ■0 HHTepnojiaLi;HOHHbiH, ohh Bjie- 
KyT orpaHHHeHHOCTb onepaTopa BjioJKeHHH / : Xi — ?■ X^, t. e. nenpe- 

pblBHOCTb BJIOJKeHHH Xi ^ X^. 

^OKaJKeM ero njioTHOCTb. BosbMeM npoHSBOJibHoe u £ X^. To- 
rjia, V := 'ip{J)u S Xq, r^e J — nopo>K;],aK)iii;HH onepaTop p^Jin napbi 
X. riocKOjibKy Xi njioTHO b Xq, cymecTByeT nocjie^OBaTejibHOCTb 
(vk) C Xi TaKaa, hto Vk ^ v b Xq npn k ^ oo. OTCiofla BbiTexaeT 

CXOflHMOCTb 

Uk ■= 4^^^ {J)vk ^ {J)v = u B X^ npH A: — )• oo. 

OcTaeTCH saMeTHTb, hto 

Uk = ^-\j)J-^Jvk = J-^iJ-\j)Jvk G Xi. 

TeopeMa 11.11 ^OKasana. 

TeopeMa 1.2. Ilycmb cfjyHKV^uu ijj^x^ ^ maKue, umo (f)yHKij,un 
ip/x ozpaHunena e OKpecmHocmu oo. Tozda Bah KaMcdou donycmu- 
Moil napu X = [Xq,Xi] zujib6epmoeux npocmpaHcme cnpaeedAU- 
60 HenpepuBHoe u nAomnoe eAOMcenue X^ ^ X^. Ecau eAOOKCHue 
Xi ^ Xq KOMnanmHO u 'ip{t)/xit) — ?• npu t — )• oo, mo eAOMcenue 
Xy- ^ X^ maKMce KOMnanmHO. 

/J^OKasaTejibCTBO. IlycTb J — nopo>KflaK)in;HH onepaTop fljia na- 
pbi X. SaivieTHM, HTO Spec J C [r, oo) fljia neKOToporo HHCjia r > 0. 
Ho ycjioBHio ip{t)/xit) < c npH t >r, cjie;];oBaTejibHo, 

X^ = Domx(J) ^ Domip{J) = X^, ||^(J)n||xo < c -"Iko ■ 

OTCKJfla Ha ocHOBaHHH onpeflejieHHH npocTpancTB Xy. h X^ nojiynaeM 
HenpepbiBHOCTb BjioJKeHHS Xy. ^ X^. 
/],OKajKeM ero njioTHOCTb. 

PaCCMOTpHM HSOMeTpHHeCKHe H30MOp4)H3MbI 1p{ J) X^ -H- Xq H 

xiJ) '■ Xy, o Xq. IlycTb u G X^, Tor/i,a il:{J)u G Xq. HocKOJibKy 
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npocTpancTBO hjiotho BjiojKeHO b Xq, cymecTByeT nocjie^oBa- 
TejibHOCTb (vk) C X^ TaKaH, hto vj. —7- ip{J)u B Xo npn k — t- oo. 
CjieflOBaTejibHo, Tp~^{J) Vk ^ u b X^ npn k — )• oo. 3p,ecb 

ij-\j)vk=iJ~\j)x-\j)x{J) Vk = 

TeM caMbiM flOKasana njioTHOCTb BjiojKeHHH X^ ^ X^. 

HpeflnojiojKHM Tenepb, hto BjioJKeHiie Xi ^ Xq KOMnaKTHO 

H 'll^{t)/x{t) — >• npH t —7- oo. ^OKaJKeM KOMnaKTHOCTb BJIOJKe- 

HHs X^ ^ X^. riycTb (tifc) — npoHSBOJibHaa orpaHHHeHHaa no- 
cjie/i,OBaTejibHOCTb b X^. HocKOjibKy nocjie^oBaTejibHOCTb sjieivieH- 
TOB Wk '■= J~^x{J)uk orpaKHHena b Xi, h3 nee mojkho Bbifle- 
jiHTb 4)yH/],aMeHTajibHyio b Xq noflnocjie/ioBaTejibHOCTb 3jieMeHTOB 
Wk„ = x{J) Uk„- HoKajKeM, hto no;],nocjie^oBaTejibHocTb 
4)yH;i,aMeHTajibHa b X^. 

IlycTb Et,t > r, — pasjiojKeHHe eflHHHLi;bi b Xq, cooTBeTCTByiomee 
caMoconpajKeHHOMy onepaTopy J. SannmeM: 

\Wk„ -UkJlx^ = UiJ) iUk„ -UkJWxo = 

\mj)x~\j)Jiwk„-wkj\\%,= 

oo 

J ^P\t)x-\t)t' d\mwk„ - Wkjfx,. (1.1) 

r 

Bbi6epeM npoHSBOjibHoe e > 0. CymecTByeT hhcjio q = Q{e) > r 
TaKoe, HTo ip{t)/x{t) < {2co)^^e npn t > q n 

Co := sup{ ll^fcllxi : k G N} < oo. 
Cjie;],OBaTejibHo, ^jia jiK)5bix HOMepoB n, m 

oo 

J i^\t)x"\t)t''d\\Etiw,„-w>,jfxo < 

Q 

oo 

{2cor^e' I t'd\\Et{wk^-Wkjfxo < 
e 
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{2c^)-^e^\\J{wk^-WkJ\\l, = 
{2c^)-^e'\\wu^-WkJ\l, < (1.2) 

KpoMe Toro, BBH^y HepaBeHCTsa < c npn t >r HMeeivi: 

s 

J iP\t)x-Ht)t^d\\Et{wk^-Wkjfx, < 

r 

8 

c^Q^ j d\\Et{wk„ -WkJifx^ < 

r 

q'^ - uJkmWxo ^ ^ n,m -s-oo. (1.3) 

Tenepb cooTHomeHHH (jl.ip — (jl.3p BjieKyT sa co5oh HepaBencTBO 
\\uk^ — Uk^Wx^ < 2e fljiH flocTaTOHHo 6ojibmHx HOMepoB n,m. Cjie- 
flOBaTejibHO, no/];nocjie/],OBaTejibHOCTb (ufc„) (jayHflaivieHTajibHa b npo- 
CTpaHCTBe X^, HTO osHanaeT KOMnaKTHOCTb BjioJKeHHH Xy. ^ X^. 
TeopeMa 11.21 flOKaaana. 

1.1.3. Cbohctbo peHTepau,HH 

9tO cbohctbo COCTOHT B TOM, HTO HOBTOpHOC npHMeHeHHC HHTCp- 

nojiHu;HH c 4)yHKii,HOHajibHbiM napaMBTpoM j^aeT CHOBa HHTepnojiH- 
ii,Hio c HeKOTopbiM 4)yHKu;HOHajibHbiM napaMCTpoM. 

TeopeMa 1.3. Uycm-b f,g,il^ G B, npuneM (pyHKti,un f/g ozpa- 
Huuena e OKpecmHocmu oo. /I^ah Kaotcdou donycmuMou napu X 
zuAb6epmoeux npocmpaHcme cnpaeedAueo [Xf,Xg]^ = X^ c pa- 
eeHcmeoM HopM. 3decb ^yHKU^UH u £ B onpedeAena no cfiopMyAe 
u}(t) := f [t) 'ilj{g{t) / f {t)) npu t > 0. Ecau f,g,ip — unmepnoAHyuoH- 
Hue napaMempu, mo oj — moMce UHmepnoAHyuoHHUu napaMemp. 

^OKasaTejiBCTBO. IIocKOJibKy 4)yHKii,HH f/g orpaHHHena b 
OKpecTHOCTH OO, napa [Xf, Xg] flonycTHMaa no TeopeMe ll.2| n u € B. 
TcM caMbiM npocTpancTBa [Xf,Xg]^ h onpe^ejieHbi. ^OKaJKCM hx 
paBencTBo. 
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HycTb onepaTop J — nopoJKflaKjmHH j^jiii napti X = [Xq,Xi], rpis 
Spec J C [r, oo) fljia neKOToporo HHCjia r > 0. HivieeM HSOMeTpHHe- 

CKHe H30MOp4)H3MbI 

/(J) : Xf o Xo, g{J) : X, o Xq, 
B:= f-Hj)g{J):Xg^Xf. 

ByfleM paccMaTpHBaTb B KaK saiviKHyTbiH onepaTop b npocTpancTBe 
Xf c o6jiacTbK) onpe;];ejieHHH Xg. OnepaTop B — nopojK/iaiomHH p^jia 
napbi nocKOjibKy oh nojiojKHTejibHO onpeflejieHHbm a caMO- 

conpHJKeHHbiH B Xf. IlepBoe BbiTeKaeT us ycjioBHH f{t)/g{t) < c npn 
t > r: 

{Bu,u)xf = {g{J)u,f{J)u)xo > 
if (J) f{J) u)xo = \\u\\xj , ue Xf. 

BTopoe Tenepb cjie^yeT h3 Toro, hto — peryjiapnaa TOHKa onepa- 
Topa B. 

IlpH noMomH cneKTpajibHOH TeopeMbi npuBep^eu onepaTop J, ca- 
MoconpajKeHHbiH b npocTpancTBe Xq, k BH^y yMHOJKeHHH na d^yaK- 
i^Hio: J = I~^{a ■ I). 3flecb I : Xq ^ L2{U,d^) — hsombtph- 

HeCKHH H30MOp4)H3M, [U ^ fj,) — npOCTpaHCTBO C KOHeHHOH MepOH, 
a : [/ — 7- [r, oo) — H3MepHMaH 4)yHKIi;HH. H30MeTpHHeCKHH H30M0p- 

4)H3M If (J) : Xf -f-T- L2{U,dfj,) npHBO/iHT onepaTop B, caivioconpa- 
jKeHHbiii B Xf, K BHfly yMHOJKeHHH Ha 4)yHKi],Hio (g/f) o a: 

If (J) Bu = Ig{J) u = {goa)Iu = 
{g o a) ir\j)f{J) u = {{g/f) o a) If {J) u, n G Xg. 

Cjie/],OBaTejibHO, fl^jin npoH3BOjibHoro u G X^ cnpaBe/iJiHBO 

mB)n\\x, = \mo{g/f)oa) ■ {If{J)u)\\L^^u,ci,) = 
\\{ujoa) ■ (/n)||i2(f/,d/.) = ll'^('^)^^IUo- 

SaMeTHM 3flecb, hto 4)yHKLi;HH f/co orpanHHeHa b OKpecTHOCTH oo, 
OTKy^a Xi^ ^ Xf n nosTOMy f{J)u onpe^ejieHO. TaKHM o6pa30M, 
/];oKa3aHo paBencTBo [Xf,Xg]^ = X^. 
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npe^nojioxcHM Tenepb, hto f,g,^ — HHTepnojiHii,HOHHbie napa- 
MeTpbi. rioKajKeMjHTO u — HHTepnojiimHOHHbiH napaMBTp. IlycTb flo- 
nycTHMbie napbi X = [Xq,Xi], Y = \Yq,Yi] h jiHHeiiHoe OTo6pajKe- 
HHe T — TaKHe JKe KaK b onpe^ejieHHH 11.21 HMeeM orpaHHHeHHbie 
onepaTopbi T : X f ^ Yj a T : Xg — )■ Yg, hto BjieneT aa co6oh orpa- 
HHHeHHOCTb onepaTopa T : [Xf,Xg]^ — t- Ho yjKe /i,OKa3aH- 

HOMy, [Xf,Xg]^ = Xij H [y/-,yg]^ = Y^. CjiefloeaTejibHO, onpe/iejieH 
H orpaHHHeH onepaTop T : X^^ — )• 1^, t. e. a; — HHTepnojiHii;HOHHbiH 
napaMBTp. 

Teopeivia 11.31 flOKasana. 

1.1.4. HHTepnOJIHLl,H5I 

/],BoiicTBeHHi>ix npocTpancTB 

IlycTb H — riijib6epTOBO npocTpancTBO. 06o3HaHHM nepes H' 
npocTpancTBO, flBolicTBeHHoe k H, t. e. HopMHpoBaHHoe npocTpan- 
CTBO Bcex jiHHeHHbix HenpepbiBHbix 4)yHKLi;HOHajioB I : H ^ C Ho 
TeopeMe O. Pncca, oTo6pajKeHHe 5 : f i— )■ { ■,v)h, r^e v £ H, onpe- 
flejiaeT aHTHjiHHeHHbiit HSOMeTpHHecKiiii H30Mop4)ii3M S : H -H- H' . 
OTCiofla cjie^yeT, hto npocTpancTBO H' rHjib6epTOBo: HopMa b neM 
nopoJK^eHa CKajiapHbiM npoH3Be/];eHHeM {l,m)H' '■= {S~^l, S~^m)H- 

OtMBTHM, HTO Mbl He OTOJK/];eCTBJIHeM H 11 H' C nOMOIII,bIO H30M0p- 
4)H3Ma 5. 

TeopeMa 1.4. Uycm-b (jjyHKV,UH ip £ B manaH, umo (pyHKii^uM 
'il^{t)/t ozpaHuuena e OKpecmHocmu oo . flAH naMcdou donycmuMou na- 
pu [Xq,Xi] 2UAb6epmoeux npocmpancme cnpaeednueo [X(,Xq]^ = 
[Xo,Xi]^ c paeencmeoM HopM. 3decb cfiyHKU^UH onpedeAena no 

cfjopMyAe := t/ip{t) npu f > 0. Ecau -0 — UHmepnoAHii^uoHHUu 
napaMemp, mo x ^ moMce UHmepnoAjm,uoHHUu napaMemp. 

^OKasaTejiBCTBO. SaMeTiiM, hto napa [X(,Xq] flonycTHMaa npn 

eCTeCTBeHHOM OTOJKfleCTBJieHHH 4)yHKU;HOHajIOB H3 Xq C IIX CyjKeHHH- 

MH Ha HpocTpaHCTBO Xi. Hs ycjioBHH TeopeMbi BbiTeKaeT, hto X ^ 13. 
TeM caMbiM rHjib6epTOBbi npocTpancTBa [X(,Xq]^ h [Xo,Xi]^ onpe- 
flejieHbi. ^oKajKeM hx paBencTBo. 
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HycTb onepaTop J : Xi -f-T- Xq nopojK^aiomHli /i,jih napbi [Xq, Xi]. 

PaCCMOTpHM HSOMeTpHHeCKHe H30MOp4)H3MbI Sj : Xj -(r^ Xj, j = 0, 1, 

(JjHrypHpyKJmHe b TeopeMe O. Pncca. OnepaTop J', conpHJKeHHbilt c 
onepaTopoM J, y/i,OBjieTBopHeT paBencTBy J' = SiJ~^Sq . 3to bbi- 
TBKaeT H3 cjie/iyiomeH ii;enoHKH cooTHomeHHii: 

{J'l)u = l{Ju) = {Ju, S^H)x, = (n, J-'S^H)x, = 
{SiJ^^ Sq^I)u fljiH Bcex I E Xq, u G Xi. 

IIoBTOMy onepaTop J' ocymecTBjiaeT HSOMeTpHHecKHH h30mop4)H3m 

J' = SiJ-^Sq^ : X'q ^ X[. (1.4) 

SaMeTHM 3fleCE., HTO H3 paBeHCTB 

{u,JS^H)x, = {J-\S^H)x, = l{J-^u), 
{u,J~^SqH)x, = {J-'u,SqH)x, = l{J-\), 

cnpaBe/i;jiHBbix j^jisi npoHSBOJibHbix / G Xq ^ X[, u G Xq, cjie^yeT 

CBOHCTBO 

JS-^l = J-^Sq^I G Xi fljiH Bcex / G X'q. (1.5) 

ByfleM paccMaTpHBaTb J' kbk saMKHyTbifi onepaTop b npocTpan- 
CTBe X[ c o6jiacTbK) onpe^ejieHHa Xq. OnepaTop J' — nopoJKflaio- 
ii];hh fl^jia napbi [X[ , Xq] , nocKOjibKy oh nojioJKHTejibHO onpeflejien- 
Hbifi H caMoconpajKeHHbiit b X[. HepBoe cbohctbo BbiTexaeT h3 no- 
jiojKHTejibHOH onpe/],ejieHHocTH onepaTopa J b npocTpancTBe Xq h 
cBOHCTBa (ll.Sh : 

{J'l,l)x[ = {SiJ-'Sq'1,1)x'^ = {J-'SqH,S^'1)x, = 

iJj-^SQH,js^H)xo = iJJS^H,js^H)xo > 

cWJS^-^lWxfj = c\\S-^^l\\x^ = c\\l\\'x[- 

3flecb HHCJio c > He saBHCHT OT I G Xq. BTopoe cbohctbo Tenepb 
cjie^yeT h3 toto, hto — peryjiapnaa TOHKa onepaTopa J' b CHjiy 
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BocnojibsyeMCH npHBe/i,eHHeM onepaTopa J k BH/];y yMHOJKeHHH na 
4)yHKii,Hio J = /~^(a • /) H3 /lOKasaTejibCTBa xeopeMbi 11.31 HsoMeT- 

pHHeCKHii H30MOp4)H3M 

IJS^^ : X[ o L2{U,dfi) (1.6) 
npHBo;i;HT onepaTop J' k Bupy yMHOJKeHHH na Ty yKe 4)yHKLi,HK) a: 

{ijs^^)j'i = iSqH = ijj-^SqH = 

a ■ IJ^^Sq^I = a ■ IJS^^l j^jir jiio6oro / G X'q 

(mbi BocnojibsoBajiHCb cJjopMyjiaMH (II. 4p h (II. Sh ). 

B CHjiy TeopeMbi 11.21 BbinojiHHioTCH nenpepbiBHbie njioTHbie bjio- 
jKeHHa Xq ^ [X[,X'q]^ h [Xo,Xi]^ ^ Xq. BTopoe h3 hhx Bjie- 
HeT HenpepblBHOCTb H njIOTHOCTb BJIOJKeHHH Xq [Xo,Xi]^. Ilo- 

KajKeM, HTo HopMbi B npocTpaHCTBax [X(,Xq]^ h [Xo,Xi]^ coBna- 
flaioT Ha njioTHOM noflMHOJKecTBe Xq. ^jih npoH3BOjibHbix / G Xq, 
u G [Xq,Xi]^ 3annmeM: 

l{u) = {u,Sq^I)xo = {x{J)u,x'^{J)Sq^I)xo = 
{v,x-\J)Sq'1)x„ 

Tfie V := xi-J)"^ € Xq. OTCiofla 

M [Xo.Xi]^ = sup{ / \\u\\ [Xo,Xi]^ ■■ u G [Xo,Xi]^, u / 0} = 
^^Y>{\{v,X'^{J)Sq^I)xo\ / \\v\\xo ■■ V e Xq, V J^O} = 
\\x-\j)So'l\\xo = \\IX-\j)SQH\\L,iu4t.) = 
IKx^^oa) ■ ISQ^l\\L2{u,di^)- 

C flpyroH CTopoHbi, npHMenaa H30Mop4)H3Mbi (|1.6p h (|1.4p . sannmeM: 

m\ix[,xi,u = Mjywxi = \\x'HJ')j'i\\xi = 

\\{ijs^')x-HJV'i\\L,iu,df^) = 

\\ix''oa)-iIJS^')J'lh^^u,d,) = 
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TaKHM oGpasoM, HopMbi B npocTpaHCTBax [X(,Xq]^ h [Xo,Xi]^ cob- 
naflaioT na hjiothom no/iMHOJKecTBe Xq. HoaTOMy npocTpancTBa cob- 
naflaioT. 

IlpeflnojioJKHM Tenepb, hto ip — HHTepnojiHii,HOHHbiH napaMexp. 
HoKaJKeM, HTO X ~ TOJKe HHTepnojiHii;HOHHbili napaMexp. IlycTb flo- 
nycTHMbie napbi X = [Xq,Xi], Y = [Yq,Yi] h jiHHeliHoe oTo6pa>Ke- 
HHe T — TaKHe JKe KaK b onpejiejieHHH [L2] HepeHflH k conpajKeHHOMy 
onepaTopy T' , nojiy^HM orpaHHHeHHbie onepaTopbi T' '.Y- ^ X'-, Tp,e 
j = 0, 1. IlocKOJibKy napaMBTp ip HHTepnojiHLi,HOHHbiH, HMeeM orpa- 
HHHeHHbiH onepaTop T' : IY(,Yq]^ — ?■ [X(,Xq]^. Ho flOKaaaHHOMy, 
[X[,X^]^ = [Xo,Xi]'^ H [Yl,Y^]^ = [Yo,Yiy^ c pabencTBOM HopM. 
Cjie^oBaTejibHO, orpaniiHen onepaTop T' : \Yq,Yi]'^ — )■ [Xo,Xi]^. 
OTCiofla, nepefiflH ko BTopoMy conpajKCHHOMy onepaTopy T" , nojiy- 
HHM orpaHHHeHHbiii onepaTop T" : [Xo,Xi]^ — t- [Yqi^i]^- Otojk- 
/lecTBjiHH BTopbie conpajKeHHbie npocTpancTba c Hcxo^HbiMH rnjib- 
6epT0BbiMH npocTpancTbaMH, Gyj^eu HMeTb orpaHHHeHHbiit onepaTop 
T : [Xq,Xi]^ — )• [loj^ilx- 9to osHanaeT, hto x ~ HHTepnojiaLi;HOH- 
HbiH napaMCTp. 

TeopeMa 11.41 flOKasana. 

Otmbthm, hto flJiH HeKOToporo flocTaTOHHO niHpoKoro Kjiacca 
4)yHKii,HOHajibHbix HHTepnojiHD;iioHHbix napaMeTpoB TeopeMa II. 41 jo- 
Kaaana F. IHjieHsaK |125| c. 52] (TeopeMa 2). 

B npHjioJKeHHax 6biBaeT yflflGuo b KanecTBe ^BoficTBeHHoro npo- 
CTpaHCTBa H' 6paTb npocTpancTBO Bcex aHmujinaeAabix nenpepbib- 
Hbix 4)yHKLi;HOHajioB Ha H. ^jih TaKoro npocTpancTBa H' TeopeMa ll.41 
OHeBH/];HO, coxpaHHeT CHjiy. B ;];ajibHeHmeM hs KOHTeKCTa Bcerfla 6y- 

JieT HCHO, H3 KaKHX 4)yHKLi;HOHajIOB , JIHHeiiHblX HJIH aHTHJIHHeilHblX, 

cocTOHT npocTpancTBO H'. 

1.1.5. HHTepnojiHLi,Ha opToroHajibHbix cyMM 

npOCTpaHCTB 

HanoMHHM, HTO opToroHajibHaa cyMMa KoneHHoro hjih cneTHoro 
MHOJKecTba cenapa6ejibHbix rHjib6epTOBbix npocTpancTB caMa hbjih- 
eTcs cenapa6ejibHbiM rHjib6epTObbiM npocTpancTbOM. 
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TeopeMa 1.5. Ilycmb sadauo KOHeuHoe uau cuemHoe mho- 
ofcecmeo donycmuMux nap zuAb6epmoeux npocmpaHcme := 
[X^^\ x[^^], k £ u. IIpednoAOMCUM, umo MHOMcecmeo HopM one- 
pamopoe eAOMcenusi xj*^^ ^ ^o'^^ /c G w, ozpaHuueHO. Tozda Oah 
npou360AbHou (f)yHKV,uu tp G B cnpaeedAueo 

c paeeHcmeoM HopM. 

^OKasaTejiBCTBO. IlycTb = N (cjiynaii KoneHHoro MHOJKecTBa 
u paccMaTpHBaeTca anajiornHHO h npoiii,e |125l c. 53]). HpocTpaHCTBa 



k=l k=l 



rHjiB6epTOBbi H cenapa6ejiBHbie. HenpepBiBHOCTb BjioJKeHHH Xi ^ 
Xq OHeBHflHa B CHjiy ycjioBHH TeopeMBi. HoKajKeM, hto 3to bjio- 
jKeHHe njioTHoe. IlycTB u := {ui,U2,---) G -^o- JX^^ npoHSBOjiB- 
HBix HOMepoB n, k cymecTByeT sjieMeHT v^^k ^ xj'^^ TaKoii, hto 
\\uk — Vnk\\-if(k) < 1/n. OSpasyeM nocjie/i,OBaTejibHOCTb BeKTopoB 

?;("■) := (^Vn,l, ■ ■ ■ ,Vn,n,0,0, . . .) G Xi. HMeeM: 

n oo 
\\u-v'^''^\xo=^\\uk-Vn,k\\xo+ ll^^fcllxo ^ 



n 



k=l k=n+l 
oo 

+ 5^ ll'Wfcllxo ~^ npH n — )• oo. 



n 

k=n+l 

SnaHHT, Xi njioTHO b npocTpancTBe Xq, h napa X := [Xo,Xi] flony- 
CTHMaa. 

IlycTb onepaTop J^. nopojKflaiomHH fl^jia napbi X^''^ Henocpe/i,- 
CTBeHHO npoBepaeTCH, hto onepaTop J := (Ji,J2,...) nopojKflaio- 
ii];hh fljiH napbi X. HoKajKeM, hto il^{J) = (V'(</i), ^'(•^2); • • •)) ^fl^ 
Dom^/'(J) = ^'^iX^\ IlpHBefleM onepaTop J^. k Bupy yiviHOJKe- 

Hua Ha 4>yHK^HIo: IkJk = ak ■ h- 3/],ecb 4 : X^''^ o L2{Vk,diJ,k) 
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— HSOMeTpHHeCKHH H30MOp4)H3M, Vfc — npOCTpaHCTBO C KOHeHHOH 

MepoH fj,k, 4)yHKLi;HH Uk '■ Vk ^ (0,00) HSMepHMaa. He yMeHbinaa 
oGmHOCTH, MOJKHO CHHTaTb, HTO MHOJKecTBa Vfc nonapHO He nepece- 
KaiOTCH. HojiojKHM V := Ufc^i^fc- rio/iMHOJKecTBO 17 C y HasbiBaeM 
HSMepHMbiM, ecjiH p^jin jiio6oro HOMepa k MHOJKecTBO CiVk hsmb- 
pHMo oTHocHTejibHo Mepbi fik- Ha (T-ajire6pe HSMepHMbix MHOJKecTB 
Q CV BBefleM cj-KOHeHHyK) Mepy := X^fc^i ^J'k{^f^Vk)■ Ajis npo- 
HSBOJiBHoro BeKTopa u := (mi,U2, . . .) G Xq onpe^ejiHeM HSMepHMbie 
4)yHKLi;nH Ju H a Ha MHOJKecTBe V no 4)opMyjiaM (/u)(A) := (Ifc'Ufc)(A) 
H q;(A) := Q;fc(A) npn A G V^. HMeeM HSOMeTpHHecKHH h30mop4)H3m 
I : Xo o L2{V,d^). Oh npHBo^HT onepaTop J k Bujxy yMHOJKeHHH 
Ha 4)yHKH,Hio a, nocKOJibKy 

(/Jn)(A) = {IkJkUk){X) = ak{X){IkUk){X) = a(A)(/n)(A) 
fljia jiK)6bix u £ Xi H A G Vfc. Tenepb MOJKeM sanncaTb: 

X^ = DomV'(J) = {u £ Xo : {tp o a) ■ (lu) G L2(y, d//)} = 

00 

{uGXq: ^ IKV'oafc) • (4ufc)|li2(y,,dMfc) < 00 } = 
fc=i 

00 00 
{u: Ufc G DomV'(Jfc), ^ ||V'(JA:)nA;||^(fc) < 00 } = 

k=l ° k=l 

KpoMe Toro, fl,mi jiK)6oro u G Dom^(J) cnpaBe/iJiHBo 

(IV(J)n)(A) = V(a(A)) (Itx)(A) = ^(afc(A)) (4nfc)(A) = 
{Ik%b{Jk)uk){X) = {l{i>{Ji)ui,^(J2)u2,...)){X) npH AGVfc. 

Cjie;],OBaTejibHo, tp{J)u = {ij{Ji)ui,ijj{J2)u2, ■ ■ ■), oTKy/],a 

\Mx^ = \\'4>iJ)u\\xo = W^Wukf (k) = hkfw 

k=l ° k=l 



TeopeMa 11.51 /lOKasana. 
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1.1.6. HHTepnojiau,HH noflnpocTpancTB 

H (JjaKTOpnpOCTpaHCTB 

HanoMHHM, HTO no onpe^ejiennK) no^npocTpaHCTSo rHjib6epTO- 
Ba npocTpancTBa saMKHyTO. ^ajiee 6y/];yT paccMaTpHBaTbCH, Boo6iri;e 
roBopH, HeopToroHajibHbie npoeKTopbi na noflnpocTpancTBO. 

TeopeMa 1.6. Tlycmb X = [Xq,Xi\ — donycmuMan napa zuAt- 
6epmoeux npocmpaHcme, a Yq — nodnpocmpaHcmeo e Xq. Tozda 
Yi := Xi n Iq — nodnpocmpaHcmeo e Xi. TIpednoAOMCUM, nmo cy- 
mecmeyem AuneuHoe omo6paMceHue P, Komopoe dnn KaMcdozo j G 
{0, 1} neAnemcH npocKmopoM npocmpancmea Xj na nodnpocmpaH- 
cmeo Yj. Tozda napu \Yq^Yi\, [Xq/Yq,Xi/Yi\ donycmuMue u dnn 
npouseoAbHozo UHmepnoARV,uoHHOzo napaMcmpa ip £ B cnpaeednueu 
CAcdyiomuc paecHcmea npocmpancme c aKeueaACHmHocmbm HopM e 
Hux: 

[Yq,Yi]^ = nFo, [X^/Y,,,Xi/Yi]^ = X^/{X^r\Y^). (1.7) 
3dect> Xjp DYq — nodnpocmpaHcmeo e X^ . 

/J^OKaSaTejItCTBO. HoCKOJIbKy BJIOJKeHHH Xi ^ Xq h X^ ^ Xq 

HenpepbiBHbi, jinneftHbie MHoroo6pa3HH Yi = Xi n Yq h X^ D Yq sa- 
MKHyTbi B npocTpancTBax Xi h X^ cooTBeTCTBeHHO. Ilapbi [Yojli] h 
[Xq/Io) -'^i/^i] flonycTHMbie, Tax KaK Yi — njioTHoe no^MHOJKecTBO 
B npocTpancTBe Yq. Ilocjie/iHee ^OKasbiBaeTCH cjie/];yiomHM o5pa30M. 
JXjih npoHSBOJibHoro u G Yq cymecTByeT nocjie/ioBaTejibHOCTb 3jie- 
MeHTOB Uk G Xi TaKaa, hto ^ u b Xq npii A; — t- oo. OTciofla b 
CHjiy ycjioBHH TeopeMbi nojiynaeM Puk — >• Pu = u b Xq npn /c — >■ oo, 
rfle Puk E Yi, T. e. ynoManyTyio njioTHOCTb. TaKHM o6pa30M, jieBbie h 
npaBbie nacTH paBencTB (II. 7p onpe/iejieHbi KoppeKTHO. ^OKasaTejib- 
CTBO 3THX paBencTB npoBO/iHTCH aHajiorHHHO flOKasaTejibCTBy TeopeM 
1.17.1/1 H 1.17.2/1 H3 KHHra X. Tpn6ejiH c. 136, 138]. Teope- 
Ma 11.61 /lOKasana. 

1.1.7. HHTepnoji5m,Ha HexepoBbix onepaTopoB 

HanoMHHM cjie/i;yK)in,ee onpe/],ejieHHe. 
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Onpe^ejieHHe 1.3. JlHHeliHbiH orpaHHHeHHbm onepaTop T : 
X — 7- y, rfle X, Y — 6aHaxoBbi npocTpancTBa, nasbiBaeTCH neme- 
poeuM, ecjiH ero nflpo kerT h Koa/ipo cokerT := Y/T{X) KOHen- 
HOMepHbie. MndeKCOM neTepoBoro onepaTopa T nasbiBaeTca hhcjio 
indT := dim kerT — dim{Y/ T{X)). 

Otmbthm, hto o6jiacTb sHaHeHHfi neTepoBoro onepaTopa saMKHy- 
Ta [1221 c. 246] (jieMMa 19.1.1). 

TeopeMa 1.7. Uycmb aadano dee donycmuMue napu X = 
[Xq,Xi] uY = [yoi^i] euAb6epmoeux npocmpaHcme. Uycnib, Kpo- 
Me mozo, Ha Xq sadano AuneuHoe omo6pacHceHue T , djiH Komopozo 
cymecmeymm ozpanuueHHue nemepoeu onepamopu T : Xj Yj, zde 
j S {0, 1}, UMetom^ue o6uj,ee ndpo N u odunaKoeuu undeKC k. Tozda 
Bah npouseoAbHozo unmepnoAsmuoHHOzo napaMempa ip ^ B ozpanu- 
ueHHUu onepamop T : X^ — t- Y^ nemepoe c ndpoM N , o6AacmbH) 
SHaueHuu Y^ D T{Xo) u meM Mce undeKCOM x. 

^OKasaTejibCTBO. Ho ycjioBHio, HMeeM orpaHHHeHHbie onepaTO- 
pbi Tj := T : Xj ^ Yj n := T : X^ — >• Y^. PaccMOTpHM conpHJKen- 
Hbie K HHM orpaHHHeHHbie onepaTopbi Tj : Y^' — )• h : 1^ — )■ X'^. 
B CHjiy xeopeMbi 11.11 BbinojiHaroxcg nenpepbiBHbie njioTHbie BjiojKeHHa 
Xi ^ X^ ^ Xq m Yi ^ Y^ ^ Yq. HosTOMy 

ker Ti C ker C ker Tq h ker Tq C ker C ker T[ . 

Ho, no ycjioBHio, kerTj = N n 

dim ker Tj = dimYj /T{Xj) = — x + dimA'^. 

CjieflOBaTejibHO, kerT^ = h kerT^ = kerTj =: M, rjj^e dimM = 
— X + dimA^. HxaK, onepaTop T : X^ — )■ Y^ HMeeT KoneHHOMep- 
Hbie aflpo H /lecJjeKTHoe noflnpocTpancTBO M, y/i,OBjieTBopHiomHe 
paBBHCTBy dimA^ — dimM = x. OcTaeTca noKaaaTb, hto T{X^) = 
Y^ n T(Xq), nocKOJibKy Torj^a T{X^) saiviKHyTO b npocTpancTBe Y^ 
H dim y^/T(X^) = dimM. 

^JIH 3TOrO paCCMOTpHM rOMeOMOp4)H3MbI 

T : Xj/N o T{Xj) npH j G {0, 1}. (1.8) 
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OhH KaHOHHHeCKHM o6pa30M nopOJKfleHbl OrpaHHHeHHblMH HBTepo- 

BbiMH onepaTopaMH Tj. HanoMHHM, hto T{Xj) — no/inpocTpaHCTBO 
B Yj. ripHMeHHB K (jl.Sp HHTepnojiHu;Hio c napaMBTpoM nojiyHHM 
eii],e oflHH roMeoMop4)H3M 

T : [Xo/iV, Xi/N]^ ^ [r(Xo), T{Xi)]^. (1.9) 

SaMeTiiM 3flecb, hto napa [Xq/N,Xi/N], oneBH/iHO, flonycTHMaa, ot- 
Ky/];a b CHjiy (jl.Sp BbiTeKaeT /lonycTHMOCTb napbi \T{Xq),T{Xi)\. 
OnHineM HHTepnojiimHOHHbie npocTpancTBa, b KOTopbix /;eficTByeT 
roMeoMop4)H3M (jl.9p . 

PaccMOTpHM opToroHajibHyio cyiviiviy = N ® E. Ee cyjKe- 
HHe Ha npocTpancTBO Xi SBjiaeTca npHMolt cyMMolt noflnpocTpancTB 
Xi = N +{EnXi). 06o3HaHHM Hepe3 P opTonpoeKTop npocTpancTBa 
Xq Ha N . Tor^a ero cyjKenHe na npocTpancTBO Xi HBjiaeTCH npoeK- 
TopoM 3Toro npocTpancTBa na A^, cooTBeTCTByioniHM BTopoii cyMMe. 
Cjie/i,OBaTejibHO, b CHjiy TeopeMbi ll.6l H pabencTBa X^r\N = N cnpa- 

[Xq/N,Xi/N]^=X^/N (1.10) 

C SKBHBajieHTHOCTbK) HOpM. 

^ajiee, paccMOTpHM opToronajibHyio cyMMy Yq = T[Xq) © Zq, 
Tj\e dimZo < oo. OTCiofla, nocKOjibKy Yi hjiotho b npocTpancTBe Yq, 
Mbi nojiynaeM b CHjiy jieMMbi 2.1 h3 pa6oTbi |24| pasjioJKeHHe npo- 
CTpaHCTBa Yq b npHMyio cyMMy Yq = T{Xq) -i- Zi, r^e Zi — neKOTO- 
poe KOHeHHOMepHoe no^npocTpaHCTBO b Yi . CyjKeHHe stoh cyMMbi na 
npocTpancTBO Yi iiivieeT bh/i; Yi = (T(Xo) H Yi) + Zi. SaivieTHM 3/],ecb, 
HTO r(Xo) r\Yi = T{Xi). 3to paBeHCTBO BbiTexaeT h3 cjie/],yiomero 
npeflCTaBjieHHH 3aMKHyTOH o6jiacTH 3HaHeHHfi onepaTopa Tj-. 

T{Xj) = {f £ Yj : l{f) = flJiH jiio6oro / G M} 

npH j G {0, 1}. TaKHM o6pa30M, mm HMeeM npHMbie cyMMbi Yq = 
T{Xq) + Zi VI Yi = T{Xi) + Z\^ npHHeM BTopaa cyMMa HBjiaeTCH 
cyjKeHHeM nepBoft. 05o3HaHHM Hepe3 Q npoeKTop npocTpancTBa Yq 
Ha noflnpocTpancTBO r(Xo), cooTBeTCTByiomHM nepBoli cyMMe. Tor/],a 
cyjKeHHe onepaTopa Q na Yi sBjiaeTca npoeKTopoM npocTpancTBa Y\ 
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Ha noflnpocTpancTBO T{Xi) = Yir]T{Xo), cooTBeTCTsyiomHM BTopoii 
cyMMe. HosTOMy b CHjiy xeopeMbi 11.41 MoacHO sanncaTb 

[T{Xo),T{Xi)]^ = Y^nT{Xo) (1.11) 

C 9KBHBajieHTHOCTbIO HOpM. 

Tenepb, npHMeHHH paBencTBa (|1.10p h (jl.lip k roMeoMopcJjHSMy 
(|1.9p . nojiynaeM roMeoMopcJjHSM T : X^/N ^ D T{Xq). Orciojia 
cjiejxyeT paBencTBO 

T{X^) = T{X^,/N) = Y^r\ T(Xo), 

Ha KOTopoM H saKaHHHsaeTCH /lOKasaTejibCTBO TeopeMbi 11.71 

Otmbthm, hto anajior TeopeMbi 11.71 joKasan >K. >KeHMOHa |161|. 
c. 281] flJiH npoHSBOjibHoro HHTepnoji5m;noHoro cJayHKTopa, aaflaHHO- 
ro Ha KaTeropHH Bcex coBMecTHMbix nap GanaxoBbix npocTpancTB. 
HpHBefleHHoe hm ^OKaaaTejibCTBO cxojKe c HaniHM. 

1.1.8. Oii,eHKa HopMbi onepaTopa 

B HHTepnojiau,HOHHMx npocTpaHCTBax 

floKaJKeM cjie/],yiomyio TeopeMy. 

TeopeMa 1.8. /Jasi sadauHux UHmepnoAHt^uoHHOso napaMempa 
ip £ B u HUCAa m > cyiu,ecmeyem hucao c = c{tp, m) > maKoe, 
umo 

\\T\\x^^Y^ < cmax{ ||r||x,^y, : i = 0, l}. (1.12) 

3decb X = [Xq, Xi] uY = [Iqi ^i] ^ npouseoAbuue donycmuMue na- 
pu zuAb6epmoeux npocmpaHcme, djiH Komopux HopMU onepamopoe 
eAOMcenuu Xi ^ Xq u Yi ^ Yq hc npeeocxodnm hucao m, a T ~ 
npouaeoA-bHoe AuneuHoe omo6paMceHue, sadauHoe na npocmpaHcmee 
Xq u onpedeASiK)W,ee ozpanuueHHue onepamopu T : Xj ^ Yj npu 
j G {0, 1}. UocmonHHaH c ne saeucum om X , Y u T . 

/l^OKasaTejiBCTBO. IlpeflnojiojKHM, hto TeopeMa ne Bepna. Tor^a 
||Tfc|| (fc) (k) > knik flJiH KajKfloro A; G N. (1-13) 
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Sflecb := [Xi^'^xf^] II y('=) := [yj''\y/^^] - HeKOTopbie pp- 

nycTHMbie napbi riijib6epT0Bbix npocTpancTB, pflu KOTopbix HopMbi 

(k) (k) (k) (k) 

onepaTopoB BjioJKeHiiH ^ Xq ii Yq He npeBocxo- 

fl^T Hiicjio m, a Tfc — neKOTopoe jmneiiHoe OToGpaJKeniie, saflaHHoe 
Ha npocTpancTBe Aq ii onpe/iejiaiomee orpaHHHeHHbie onepaTopbi 

(k) (k) 

Tfc : Xj — )• 1^ , r^e j G {0, 1}. IlpH 3tom HcnojibsyeTCH o5o3HaHe- 
HHe 

ruk := max{ ||rfc||^(fc)^^(fe), \\Tk\\ ^(k) ^y'-''^ 

}>0. 

PaccMOTpHM orpaHHHeHHbie onepaTopbi 

T ■.U= {ui,U2,...) I-)- (m^^TiUi, 7712^ T2U2, . . ■), 

^^©^f^©^f^ JG{0,1}. (1.14) 

k=l k=l 

Hx orpaHHHeHHocTb BbiTeKaeT hs cjie/iyiomHx nepaBencTB 



k=i ' 

00 

m^, ^ ll^fc||^(fc)^(fc) ll'"fc||^{ft) < ^ ll'Wfc 



|2 



A:=l ^ ^ ^ k=l ^ 

IIocKOjibKy napaMCTp ip HHTepnojiHLi;HOHHbili, to h3 orpaHiiHeHHOCTii 
onepaTopoB (jl.l4p BbiTeKaeT, hto cjie^yiomHii onepaTop OHpeflejien h 
orpaHHHen: 



k=l k=l k=l k=l 



3to b CHjiy TeopeMbi 11.51 CBH/i,eTejibCTByeT 06 orpaHHHeHHOCTii one- 
paTopa 



k=l k=l 



IlycTb Co " HopMa SToro onepaTopa. ^jih KajK/i,oro HOMepa A; pac- 



CMOTpHM BeKTOp It^*^^ := {ui, . . . ,Uk, ■ ■ ■) TaKOH, HTO Uk G X^''^ 
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Uj = npH j ^ k. HivieeM: 

\\TkUk\\y(k)=mk\\Tu'^''^\\^ U) < 
"ifcCo llu^'^^ll^oo = ruk Co \\uk\\ ^{k) 

fljia Bcex Ufc G Cjie^oBaTejibHO, 

ll^fcllxC^'^yC^) - '^0 "ifc flJiH KajKfloro HOMepa k, 

HTO npoTHBopeHHT ycjioBHK) (jl.l3p . TaKLiM o6pa30M, name npeflno- 
jioJKeHHe jioJKHO, H SHaHHT, TeopeMa 11.81 Bepna. 

Otmbthm, hto HepaBeHCTBO (|1.12p . rpfi nocToaHHaa c He saBH- 
CHT OT T (ho MOJKeT saBHCBTB OT X n Y) , BbiHOJiHiieTCH fl^jisi jiio6oro 
HHTepnoji5in;HOHHoro 4)yHKTopa, saflaHHoro na KaTeropiiii nap thjib- 
6epTOBbix jih6o GanaxoBbix npocTpancTB |361 c. 34]. TeopeMa II . 81 vch- 

JIHBaeT 3T0T (JjaKT npHMeHHTejIbHO K HHTepHOJIHU,HOHHOMy (JayHKTopy 

X ^ x^. 

^onycTHMyK) napy [Xo,Xi] rHjib6epTOBbix npocTpancTB nasbiBa- 
BM HopMaAbHoil, BCjiH ||ti||xo — 1 1 ""1 1^1 ^''^^ Jiio6oro u S Xi. B CHjiy 
TeopeMbi 11.81 HOCTOJiHHaH c B HepaBCHCTBe (I1.12P ne saBHCHT ot ^o- 
nycTHMbix nap X, Y n onepaTopa T, ecjiH 3th napbi HopMajibHbie. 
SaMeTHM, HTO BCHKyio flonycTHMyio napy [Xo,Xi] mojkho cflejiaTb 
HopMajibHOH, saMennB, Hanpnivrep, b npocTpancTBe Xq HopMy ||t(||xo 
Ha npoHopn;HOHajibHyio HopMy /i;||u||xo) r/ie < k < m"^, am — 
HopMa onepaTopa BjiojKennH Xi Xq. 

1.1.9. KpHTepnii HHTepnojiaii,HOHHOCTH 
4)yHKLi,HOHajit.Horo napaMeTpa 

Onnpaacb na peayjibTaTbi >K. IleTpe \212\ [9l c. 153], flOKa>KeM 
KpHTepnn Toro, hto 4)yHKu;Ha ip £ B HBJiHeTca HHTepnojiHn,HOHHbiM 
HapaMBTpoM. 

Onpe^ejieHHe 1.4. IlycTb sa^aHbi 4)yHKn;HH ip : (0,oo) — )• 
(0, oo) H HHCJio r > 0. OyHKu,HH ip nasbiBaeTca nceedoeozHymoil 
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Fji. [TJ HHTepnojiau,Ha a npocTpaHCTsa Xepuauflepa, 



Ha nojiynpHMOH (r, cxd), ecjiH cymecTsyeT BornyTaH 4)yHKii;HH ipi : 
(r, oo) —7- (0,cxd) TaKaa, hto if^^t) x il^iit) npn t > r. OyHKii,HH ip na- 
sbiBaeTca nceBflOBorHyToii b OKpecTHOCTH oo, ecjiH ona nceBflOBorny- 
Ta Ha HeKOTopoii HOJiynpHMoii (r, oo), rpid r — /i,ocTaTOHHo 6ojii>moe 

HHCJIO. 

TeopeMa 1.9. OyHK-nun -0 G S HejinemcH UHmepnoAsinuoHHUM 
napaMempoM mozda u moAbKO mozda, Kozda ona nceedoeozHyma e 
OKpecniHocmu oo. 

^OKasaTejibCTBy 3toh TeopeMbi Hpe^HomjieM ^Be jieMMbi. 

JleMMa 1.1. Uycm-b (pyuKt^uH -0 npunadAecHcum MHOMcecmey B 
u nceedoeozHyma e OKpecmHocmu oo. Tozda cymecmeyem eozHymasi 
cfjyHKV,UH ipo : (0, oo) — )• (0, oo) maKan, nmo Bah Ka^cdozo Hucjia e > 
cnpaeedAueo coomHomeHue ip{t) x "00(0 npu t > e. 

^OKasaTejiBCTBO jicmmbi II. 1L CorjiacHO ycjioBHio cyH];ecTBy- 
lOT TaKHe HHCjio r ^ 1 H BornyTaH 4)yHKu;HH : (r, oo) — )• (0, oo), 
HTO '0(0 ^ V'i(0 npH t > r. IlocKOJibKy 4)yHKD;HH ■01 BornyTa h 
HOjiojKHTejiBHa Ha HOJiyocH (r, oo), ona TaM (necTporo) BospacTaeT. 
KpoMe Toro, KayKpflA cjjHKCHpoBaHHoii tohkh Iq G (r, oo) cJjyHK- 
n,HH HaKjioHa {tpi{t) — ipi{tQ))/{t — to), t G {r,oo) \ {to}, (necTporo) 
yGbiBaeT. Cjie/i,OBaTejibHO, b tohkb r + 1 (j3yHKu;Ha ^/^i HMeeT npa- 
Byio KacaTejibHyio, o5pa3yK)Hi;yio ocTpbift hjih nyjieBoii yroji c ocbio 
a6cu;Hcc. Sa^a^HM na nojiyocH [0, oo) c]3yHKH,Hio -02 t&k, HTo6bi ee 
rpacJjHK coBHa/iaji na npoMejKyTKe [0, r + 1) c yKasaHHoii KacaTejib- 
HOH, a Ha nojiyocH [r + 1, oo) — c rpac|)HKOM 4)yHKii;HH ■0i. OyHKii,Ha 
■02 BoapacTaeT na [0,oo) h BornyTa na (0,oo). HocjieflHee BbiTexaeT 

H3 TOrO, HTO flJIH KaJKflOH (JjHKCHpOBaHHOH TOHKH to £ (0, Oo) (JjyHK- 

u,HH HaKjioHa {tp2{t) — tp2{to))/{t — to), t G (0, oo) \ {to}, y6biBaeT. 

riojIOJKHM ■0o(^) '■= 0'2(i) + |'02(O)| + 1. OyHKH.HH IpQ HOJIOJKHTejIbHa, 

BospacTaeT h BornyTa na nojiyocH (0,oo). BbiSepeM npoHSBOJibHoe 
HHCjio e > 0. SaMBTHM, HTo ip{t) X 1 X '0o(^) npH t G [e,r + 1 + e]. 
JXajiee, nocKOJibKy 4)yHKii,HH 0^2 BospacTaeT h nojioJKHTejibHa na no- 
jiyocH [r + 1,00), HMeeM: |'02(O)| + 1 < cip2{t) npn t > r + 1, Tfl(S 
c := (|V'2(0)| + l)/'02(?' + 1) > 0. OTCK);];a nojiynaeM cooTHomeHHe 
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tplt) X ipiit) = ■02 (i) ^ i^oit) npH t > r + 1. TaKHM oGpasoM, 
0(t) X ipo{t) npH t>£, HTO H Tpe6oBajiocb flOKasaTb. 

JleMMa 1.2. Ilycmb sadanu ^yHKV,UH £ B u hucao r > 0. 
OyuKV^UH nceedoeozHyma na noAynpHMOu (r, oo) mozda u moAbKO 
mozda, Kozda cymecmeyem hucao c > maKoe, umo 

ip{t)/ijj{s) < c max{l, t/s} dAH ah)6ux t,s > r. 

^OKasaTejiBCTBO jieMMti 11.21 B cjiynae r = 3Ta jieMMa flfl- 
Kaaana >K. HeTpe |212[ [9l c. 152, 153] (npii 3tom ycjioBHe ip € B 
HSJiHinnee). B cjiynae r > flocTaTOHHOCTb ycTanaBjiHEaeTCH ana- 
jiorHHHO. Heo6xoflHMOCTb JKe cbo/i,htch k cjiynaio r = c noMombio 
jieMMbi [LTI ^eiicTBHTejibHO, npe^nojiojKiiB, hto ip nceB/ioBornyTa na 
(r, oo), paccMOTpHM 4)yHKLi,Hio i/jQ H3 3TOH jieMMbi, r/i,e e = r. Tor/];a 

ip{t)/ip{s) X ipo{t)/Tpo{s) < comax{l, t/s} 

jljisi jiio6bix t,s > r. (Ha caMOM flejie cq = 1 fl^Jisi BornyTOH 4)yHKii;HH 
ipQ |212| ). JleMMa [L2] joKasana. 

^OKasaTejiBCTBO TeopeMti 11.91 /^ocmamoHHOcmb. Ilpe/inojio- 
JKHM, HTo 4)yHKLi;HJi tp £ B nceB/i,oBorHyTa b oKpecTHocTH oo. ^OKa- 

JKBM, HTO OHa HBJIHeTCH HHTepnOJIHII,HOHHbIM napaMCTpOM. 

Bbi6epeM npoHSBOjibHbie /lonycTHMbie napbi X = [Xq,Xi], Y = 
[Yq,Yi] rHjib6epTOBbix npocTpancTB h jiHHeiiHoe OToGpajKenne T ra- 
KHe JKe KaK b onpe^ejieHHH 11.21 IlycTb onepaTopbi Jx '■ Xi o Xq h 
Jy '■ Yi -H- Yq nopojKflaiomHe j^jisi nap X n Y cooTBeTCTBeHHO. Hpn 
noMomH cneKTpajibHOH TeopeMbi npHBe/ieM sth onepaTopbi, caMoco- 
npaxceHHbie b Xq iiYq,k Bnp^y yMHOJKeHHH na 4)yHKii;Hio: 

Jx = IxHa-Ix) H Jy =/y^(/3-/y). (1.15) 

SfleCb Ix '■ Xq -H- L2{U,d^) H /y : Yq ^ L2{V,dv) — HSOMeTpHHe- 
CKHe H30MOp4)H3MbI, ([/, (l) H (V, v) — npOCTpaHCTBa C KOHeHHblMH 

MepaMH, a a :[/—)• (0, oo) h /3 : 1/ — )• (0, oo) — HSMepHMbie 4)yHKii;HH. 
HocKOJibKy orpaHHHeHbi onepaTopbi T : Xq — )• Yq h T : Xi — >• 11, to 
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Fji. [TJ HHTepnojiau,Ha a npocTpaHCTsa Xepuauflepa, 



TaKJKe orpaHHHeHbi h onepaTopbi 

lyTJ-i : L2iU,dfj.) ^ L2iV,du), (1.16) 
Iy Jy T J^^ I^^ ■ L2{U, dp) L2{V, dv). (1.17) 

B CHjiy (jl.lSp HMeeM: 

IyJyTJ^^I^^ = {p-lY)TI^\a-^-). 

CjieflOBaTejibHO, (|1.17p BjieneT orpaHHHeHHOCTb onepaTopa 

IyTr^' = 

■ {Iy JyT J^^ I^^){a-) : L2{U,a'^dn) ^ L2{V, p'^du). (1.18) 

IlycTb BornyTaH 4)yHKii;HH tpo : (0, oo) — )• (0, oo) TaKaa jkc KaK b 
jieMMe 11.11 Otmbthm, hto £ B h (cm. saMenaHHe II. ip 

= X^g, = C 9KBHBajieHTHOCTbK) HOpM. (1-19) 

KaK ycTaHOBHji >K. IleTpe |212| [9l c. 153], nceBflOBornyTOCTb nojio- 
jKHTejibHOH 4)yHKLi;HH Ha nojiyocH (0, oo) paBHOCHjibna ee HHTepno- 
jiimHOHHOCTH B CMbicjie onpeflejieHHH , flaHHoro b [9l c. 151]. HosTOMy 
4)yHKii;HH ipQ orpaHHHeHHOCTb onepaTopoB ()1.16p . (jl.lSp BjieneT 
3a co6oH orpaHHHeHHOCTb onepaTopa 

IyTI^^: L2{U,{iJooa^)dfi)^L2{V,{^Pool3^)du). (1.20) 

riepelifleM ot (|1.20p k onepaTopy T : X^^ — )• Y^^ c noMombio hsombt- 

pHHeCKHX H30MOp4)H3MOB 1po{Jx) '■ -'^i/'O ^ -^0 ^ ^^oi Jy) '■ Y-ipo ^ ^0- 

HpHBe^eM Hx K BUffy yMHOJKeHHH Ha 4)yHKu;Hio: 

Ix ipo{Jx) = (V'o o q) • /x : ^ L2{U, dfj.), 
Iy MJy) = (^0 o /3) • /y : Y^, o L2{V, du). 

IIojiyHHM H30MeTpHHeCKHe H30MOp4)H3MbI 

Ix = (V'o ^ o a) ■ {Ix i^o{Jx)) ■■ X^o ^ L2{U, (V'^ o a) dp), 
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ly = o (3) . {Iy MJy)) ■■ Y^, o L2{V, {4^^ o /3) du). 
Ohh BMecTe c (11.20p BjieKyT sa co6oh orpaHHHeHHOCTb onepaTopa 
T = Iy^{Iy T I^^)Ix ■ y^g. 
TaKHM o6pa30M, bbh/jj paBencTB (|1.19p HMeeivi: 
(T : Xj ^ Yj, j = 0, 1) ^ (T : X^, Y^,) ^ {T : X^ ^ Y^), 

rflid jiHHefiHbie onepaTopti orpaHHHeHbi. SnaHHT, no onpejejieHHro \T7Il 
4)yHKii,Ha ijj — HHTepnojiaLi,HOHHbiH napaMCTp. ^ocTaTOHHocTb ppKa- 
sana. 

Heo6xoduMocmb. IlpeflnojioJKHM, hto 4)yHKii,HH G B HBjiJieTca 
HHTepnojiHu;HOHHbiM napaMBTpoM. HoKajKeM, hto ona nceBflOBornyTa 
B OKpecTHOCTH oo. ByfleM paccyjKflaTb no/];o6HO \212\ c. 152]. 

PaccMOTpHM npocTpancTBO L2{U,dfi), rj^e U = {0, 1}, /i({0}) = 
IJ,{{1}) = 1, H onpe/iejiHM na hbm jiHHeliHoe OTo6paJKeHHe T no dpop- 
Myjie: {Tu){0) = 0, (Tn)(l) = u(0), rpfi u £ L2{U,dfi). BbiSepeM 
npoHSBOjibHbie HHCJia s,t > In nojiojKHM a;(0) := s^, w(l) := i^. 
HMeeM flonycTHMyio napy npocTpancTs X := [L2{U, dii),L2{U, u d/x)] 
H orpaHHHeHHbie onepaTopbi 

T : L2{U,dfi) L2{U,dn) h T : L2{U,ujdn) L2{U,ujd^i) 

C HOpMaMH 1 H t/s COOTBeTCTBeHHO. OTCIOfla, nOCKOJIbKy if) — HH- 

TepnojiHu;HOHHbiH napaMBTp, nojiynaeM orpannnennbiii onepaTop T : 
X^ — )• X^ , nopMa KOToporo b cnjiy TeopeMbi r/^e 6epeM Y = X 
H m = 1, yflOBjieTBopaeT nepasencTBy 

||r||x^^x^ < c max{l,t/s}. (1.21) 

Sflecb nncjio c > ne saBHCHT ot t,s > 1. 

HeTpy/;no BbinncjiHTb nopMy b npocxpancTBe X^ . B caMOM ^g- 
jie, onepaTop J yMnoJKennH na 4)yHKu;mo w^/^ HBjiHeTCH nopojKflaio- 
n^HM fljia napbi X. Cjie/];oBaTejibno, nocKOJibxy tp{J) — sto onepaTop 
yMHOJKeHHa na 4)ynKn;nio ip o uj^^"^ , mojkbm sanncaTb: 

ll^^ll^, = ll(^ ° ^"^) ■ AUu4,) = ^'(^) 1^(0)1' + ^'(^) 1^(1)1'' 

\\Tu\\\=i^\t)\um\ 
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Fji. [TJ HHTepnojiau,Ha a npocTpaHCTsa Xepuauflepa, 



OTCK)fla nojiynaeM: 

\\T\\x^^x^=mii^{s)- (1.22) 

Tenepb cooTHomeHHa (|1.21|) . (|1.22|) BjiexyT sa co5oh HepaBencTBO 

ip{t)/ip{s) < c max{l,t/s} fljia jiio6bix t,s > 1. 

TlocjieffHee b CHjiy jieMMBi [L2] paBHOCHjibHO nceB/];oBorHyTOCTH cjjyHK- 
ii;hh ip Ha nojiyocH (l,oo). HeoGxo^HMOCTb flOKasana. 
TeopeMa 11.91 flOKaaana. 

B saKjiioHeHHe SToro nyHKTa npuBej^eu onncaHHe Bcex rnjibGep- 
TOBbix HHTepnojiaLi;HOHHbix npocTpancTB pjia saflaHHoii flonycTHMoli 
napbi rHjib6epTOBbix npocTpancTB. 

Onpe^ejieHHe 1.5. THjibGepTOBO npocTpancTBO H nasbiBaeT- 
CH UHmepnoAHVjUOHHUM fljiH flonycTHMOH napbi rnjibGepTOBbix npo- 
CTpaHCTB [Xo,Xi], ecjiH: 

(i) cnpaBe/iJiHBbi nenpepbiBHbie BjiojKeHHH Xi ^ H ^ Xq; 

(ii) npoHSBOjibHbiH jiHHeHHbiH onepaTop T : Xq — )■ Xq, orpanHHen- 
Hbifi Ha KajK/ioM H3 npocTpancTB Xq h Xi, HBjiaeTca TaKJKe 
orpaHHHeHHbiM onepaTopoM na npocTpancTBe H. 

Cjie/],yioiii,Hii BajKHbift pesyjibTaT npHHa/i,Jie>KHT B. H. Obhhhhh- 
KOBy [2081 c. 511] (TeopeMa 11.4.1). 

npeflJio:»<;eHHe 1.1. Uycmt X = [Xq,Xi] — npouseoAbHan 
donycmuMasi napa zuAb6epmoeux npocmpaHcme. Ecau zujib6epmo- 
eo npocmpaHcmeo H neAnemcH UHmepnoAHV,uoHHUM dnn amou na- 
pu, mo cymecmeyem nceedoeozHyman e OKpecmHocmu oo ^yuKV^UH 
ip £ B maKan, umo npocmpaHcmea H u X^ coenadamm c moHHO- 
crribK) do SKeueaAeHmHocmu Hopjvi. 

Ha npefljiojKeHHH 11.11 h TeopeMbi 11.91 HeMe^jieHHO BbiTeKaeT cjiefl- 

CTBHe. 
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CjieflCTBHe 1.1. Knacc ecex zuM}6epmoeux npocmpaHcme, uh- 
mepnoAjmuoHHUx Bah sadauHou donycmuMou napu X 2UAb6epmo- 
eux npocmpaHcme, coenadaem (c moHHOcmbH) do 9KeueaAeHmHocmu 
HopM ) c KJiaccoM npocmpaHcme , zde ip € B — npouseojibuan ncee- 
doeoznymasi ^yuKV^UH e OKpecmnocmu oo. 



1.2. ITpaEHJIbHO MGHHIOmHeCH 4)yHKIl,HH 

H HX o6o6ii],eHHe 

IlpaBHjibHO MeHHiomHecH 4)yHKLi;HH (h cjia6o 3KBHBajieHTHbie hm) 
HrpaKiT c^yH/iiaMeHTajibHyio pojib b Hameii pa6oTe. C hx noMombro 
napaMBTpHsyioTca npocTpancTBa XepiviaHflepa. 3th cjayHKi^HH TaKJKe 

HCHOJIbSyiOTCH B KaHBCTBe HapaMCTpOB HHTepHOJIHU;HH. 

1.2.1. IIpaBHJibHO MeHaiomHeca 4)yHKij,HH 

npHBe;i;eM cjie/iyiomee BajKHoe p^jisi nac oHpe;],ejieHHe. 

Onpe^ejieHHe 1.6. IIojiojKHTejibHaH 4)yHKu;Ha ip, sa^aHHaa na 
BeHi,ecTBeHHOH HOJiyocH [6, oo), HasbiBaeTCH npaeujibuo MeHMK)iu,euc^ 
Ha oo 4)yHKu;HeH HopaflKa G M, ecjiH ip HSMepHMa ho Bopejiio na 
[6o)C«) /IJIH HeKOToporo nncjia bQ>b a yflOBjieTBopaeT ycjioBHio 

lim tihR = ^jijj jiio6oro A > 0. (1.23) 

IIpaBHJibHO MeHHiomaHCH Ha oo 4)yHKH,Ha HopH/i,Ka 9 = HasbiBaeTca 
MedneHHO MeHmow,eucsi na oo. 

IIoHHTHe HpaBHjibHO MeHHioH;eHCH 4)yHKu;HH BBe^eno H. Kapa- 
MaTOH B 1930 r. b pa6oTe |174| (npn stom paccMaTpHBajiHCb nenpe- 

pblBHbie 4)yHKH;HH). IIpaBHJibHO MeHHIOmHeCH 4)yHKU;HH HpHMblKaiOT 

K CTeneHHbiM, xopomo Hsynenbi h hmbiot MHoroHHCjiennbie npHjiojKe- 
HHa, B ocHOBHOM, 6jiaroflapH hx oco6oh pojiH B TeopeMax Tay6epoBa 
THHa (cm. MOHorpa4)HH [95l[T37l[T92l[2T7] ). 
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Fji. [TJ HHTepnojiau,Ha a npocTpaHCTsa Xepuauflepa, 



06o3HaHHM Hepes SV MHOJKecTBO Bcex Me/iJieHHO MeHHiomnxcH 
Ha oo 4)yHKii,HH. OneEHflHO, hto ijj — npasHjibHO MenaiomaHCH na oo 
4)yHKLi;Ha nopa/iKa Tor/ia h tojibko Tor^a, Kor^a il^{t) = t^(p{t) npn 
t S> 1 flJiH HeKOTopoii 4)yHKii,HH ip £ SV. IlosTOMy npH HsyHeHHH npa- 

BHJIbHO MeHHIOmHXCH 4)yHKII,HH /];OCTaTOHHO OrpaHHHHTbCH MeflJieHHO 
MeHaK)II];HMHCH 4)yHKII,HHMII. 

HpHBefleM HaH6ojiee HSBecTHbili (sTajioHHbili) npHMep |95| c. 48 - 
50] MefljieHHO MenaiomeHCH 4)yHKii,HH. 

IIpHMep 1.1. IlycTb sa^aHbi A; € N Bein;ecTBeHHbix HHceji ri, 

r2, . . ., Tfc. IIOJIOJKHM 

= (logt)''! (loglogt)''^ . . . (log...logt)''* npH t>l. 
Tor^a (/? G SV. 

OyHKLi;HH, paccMOTpeHHbie b stom npHMepe, oGpasyroT Tax na- 
sbiBaeMyio Aozapuij^MUHecKyw MyAbmuiuKaAy, HMeromyio pafl npnjio- 
jKeHHH B TeopHH 4)yHKLi;HOHajibHbix npocTpaHCTB. ^pyrne npHMepbi 
4)yHKu;Hli Kjiacca SV 6yflyT npHBe^eHbi HHJKe. 

C4)opMyjiHpyeM ^Ba (J^yH^aMeHTajibHbix CBolicTBa uej^jieHHO ue- 
HHK)mHXCH cjjyHKi^HH. Ohh /lOKasaHbi H. KapaMaTOH |174l I176| ^jih 
HenpepbiBHbix 4)yHKii,HH h necKOJibKO nosjKe paflOM aBTopoB fljiH h3- 
MepHMbix 4)yHKu;HH (cm. MOHorpacJjHH |95l c. 10, 14; I137| c. 6, 12] h 
npHBefleHHbie TaM ccbijikh). 

npeflJio:»<;eHHe 1.2 (Teopena o paBHOMepHoft cxo^hmocth) . 
Tlycmb if G SV. Tozda Bah Jim6ozo (puKcupoeaHHOzo ompeana [a, 6], 
zde < a < b < oo, omHomenue ip{\t)/ip{t) cmpeMumcn k 1 npu 
t — )• oo paenoMepHo oniHocumejibHO A G [a, 6] . 

npeflJio:a<;eHHe 1.3 (TeopeMa o npeflCTaBjieHHH) . Tlycmb ip G 
SV., mozda 




b 



npu t >b 



(1.24) 
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dnn HCKomopux HUCAa b > 0, Henpepuenou c^yuKv^uu a : [b, oo) — )• M, 
cmpeMMineucH k nyAto e oo, u usMepuMou no BopeAfo ozpaHuueHHOu 
(pyuKv^uu (5 : [6, oo) — M, UMeiow^eu kohchhuu npeden e oo. 06- 
pamnoe maKMce eepno: ecnnaH (pyHK%uH euda ()1.24p npuHadAeMcum 
KJiaccy SV. 

SaMenaHHe 1.2. OyHKu;Ha bh^r (|1.24p . r^e /3(t) = const, nasbi- 
BaeTca HopMupoeauHou MefljieHHO MeHaiomeitca 4)yHKLi,HeH. ^Jis nee 
a(r) = t99'(t)/99(t) [Mlc. 15]. 

Hs npefljioJKeHHH 11.31 BbiTeKaeT nojiesHoe flocTaTOHHoe ycjioBiie 
MefljieHHoro HSMeneHHH 4)yHKLi;HH (cm., nanpHMep, |95l c. 15]). 

IIpefljiojKeHHe 1.4. Uycnib ducpcfjepeHii^upyeMan (pyuKii^uH 
if : (6, oo) — )• (0,oo) ydoeAemeopnem ycjioeuw tip' {t) / ip[t) — )• npu 
t — )■ oo. Tosda if £ SV. 

npe/;jioJKeHHe 11.41 npHBO^HT k cjieflyromHM TpeM HHTepecHbiM 
npHMepaM Me^jieHHO MenaiomHXCH 4)yHKii;HH. 

IIpHMep 1.2. IlycTE. ^/'(t) := expip{t) npn t S> 1, rj^e (JjyHKi^HH 
(/? BSHTa H3 npHMepa ll.H b KOTopoM nojiaraeM ri < 1. Tor/];a ^/^ G SV. 

IIpHMep 1.3. HycTb a, /3,7 G M, npHHeM /37^0h0<7<1. 
lIojiojKHM cj(t) = a + /3sin In'^t, 93(t) = (In t)'^(*) npn t > 1. Tor^a 
^ G SV. 

IIpHMep 1.4. IlycTb a, 7 G M, npHHeM a7^0H0<7</3<l. 
IIojiojKHM r(t) = a(ln t)~^sin In' t h (/^(i) = i''^*^ npn t > 1. Tor^a 
G SV. 

IIpHMep 11.41 HHxepeceH tbm, hto nocKOJiBKy 

lnip{t) = a(ln t)^''^ sin In^t, 

TO fljia 4)yHKii;HH (/^(f) MHOJKecTBO npe^ejibHBix npn t — )• oo tohck 
sanojinaeT bck) nojiyocb (0, oo). 
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1.2.2. KBasHnpaBHJibHO MenaiomHeca 4)yHKu,HH 

Mm 5y/i,eM HcnojibsosaTb npasHjibHO MenaiomHecH 4)yHKii,HH no- 
pH/;Ka G (0, 1) b KanecTse HHTepnojiHii;HOHHbix napaMeTpoB. B ch- 
jiy saMeHaHHH 11.11 cbohctbo 6biTb HHTepnojiHLi;HOHHt.iM napaMBTpoM 
Hacjie;i;yeTca npn nepexofle k (cjia6o) SKBHBajieHTHoii cjayHKi^iiH. IIo- 
3TOMy nojiesHo cjie/];yK)ii],ee o6o6ii];eHHe noHHTHH npaBHjiBHo Menaio- 
meftcH 4)yHKu;HH. 

Onpe^ejieHHe 1.7. HojioiKHTejibHyio 4)yHKii,Hio ip, saflaHHyio na 
BemecTBeHHoit nojiyocH [6, oo), nasbiBaeivi KeasunpaeuAtHO mchhio- 
vneilcR Ha oo cjiyHKi^Helt nopa/iKa G R, ecjiH cymecTByioT hhcjio 
6i > 6 H npaBHjibHO MenaiomaHCH na oo 4)yHKii,HH -01 : [5i,oo) — )• 
(0, oo) nopHflKa 9 TaKHe, hto ■(/'(t) x V'lCO npn t > 6i. OyHKii,Hio, 
KBasHnpaBHjibHO MenaiomyiocH na oo nopa/iKa 6 = 0, nasbiBaeM ?cea- 
suMedjiEHHO MeHmomeucR na oo. 

05o3HaHHM Hepes QSV MHOJKecTBO Bcex KBasHMe^jieHHO Menaio- 
miixcH Ha oo 4)yHKu;HH. BocnojibsoBaBiHHCb npefljioJKeHiieM II. 3| ho- 
jiyHHM cjie/iyiomee onncaHHe Kjiacca QSV. 

TeopeMa 1.10. KAacc QSV cocmoum us ecex cfiynKv^uu euda 
p.24p . zde HUCAO b > 0, (jjyHKU,UH a : [6, oo) — )• M uenpepuena u 
cmpeMumcn k hi/aio e oo, a ^yuKv^un f3 : [6, oo) — t- M ogpaHuuena. 

/J^OKasaTejiBCTBO. Ho onpejiejieHHio [L71 if G QSV Tor/];a h tojib- 
Ko Tor^a, Kor^a ip{t) = uj{t)(pi{t) npn t S> 1, r^e G SV, a hojiojkh- 
TejibHaa 4)yHKu;HH orpaHHHena h OTflejiena ot nyjiH b OKpecTHOCTH 
oo. HosTOMy B cHjiy npe/],jiojKeHHH 11.31 ^ QSV 



rfle (J)yHKu;HH a n /3 yflOBjieTBopaioT ycjioBHio SToro npe/iJioJKeHHH, 
a HHCjio 6 S> 1. OTCiofla cjiep^yer TeopeMa ll.lO| nocKOJibKy 4)yHKLi;HH 
logw + (3 orpaHHHeHa na nojiyocH [6, oo). TeopeMa 11.101 joKaaaHa. 

^ajiee (J^yH^aMeHTajibHyK) pojib Syj^eT HrpaTb cjieflyioin,ee HHTep- 
nojiau;HOHHoe cbohctbo KBasHnpaBHjibHo MeHaioHi,HxcH cJ^yHKi^Hii. 




b 
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TeopeMa 1.11. Uycmh (pyuKi^uji ip E B KeaaunpaeuAtHO Me- 
HRiomaHCH Ha oo nopsidna 9, zde Q < 9 < 1. Tozda ip neAHemcH 
UHmepnoAMUiUOHHUM napaMempoM. 

/^OKasaTejiBCTBO. SannmeM ip{t) = t^(p{t) npn t > 0, r^e ip G 
QSV. Ha ocHOBaHHH TeopeMbi II.IUI npe^cTaBHM 4)yHKii,Hio if b BH^e 
(|1.24p . rjie 4)yHKu;HH a n /3 yflOBjieTBopaioT ycjioBHio stoh TeopeMbi. 
riojiojKHM e := mm{6, 1 — ^} > h Bbi6epeM hhcjio > b TaKoe, 
HTo < e npH t > be- J\^^ npoHSBOjiBHbix t, s > 6e B cHjiy (jl.24p 

HMeeM: 



t 

dT < 



cexp 



t 

e 



dT 

T 



cmax{{t/sY,{s/tY} . 



3/i;ecb HHCjio c > ne saBHCHT or t n s, TaK KaK 4)yHKLi;HJi /3 orpann- 
Hena. OTCiofla, nocKOjibKy < 9 ziz e < 1, nojiynaeM: 

cmax |(t/s)^+^ (t/sf^^^ < cmax{l, t/s}, t,s> be- 

Cjie^OBaTejibHO, b CHjiy jieMMbi [L2] cj^yHKUHg ip & B nceB/ioBorHyTa b 
OKpecTHOCTH OO. 3to corjiacHO Teopeivie 11.91 paBHOCHjibHO TOMy, hto 
if) — HHTepnojiimHOHHbiH napaMeTp. TeopeMa 11.111 joKasana . 

SaMenaHHe 1.3. IlpsMoe flOKaaaTejibCTBo TeopeMbi 11.111 (6e3 iic- 
nojibsoBaHHH TeopeMbi ll.9p npHBe/i,eHO aBTopaMH |50) (n. 2). 

SaMenaHHe 1.4. TeopeMa 11.111 ne Bepna b npe/iejibHbix cjiyna- 
ax0 = OH0 = l flajKe, ecjiH /lonojiHHTejibHO npe^nojioJKHTb, hto 
npii t — )• oo BbinojiHHeTca ycjioBHe ipi't) — )• oo b cjiynae = jih6o 
— )• B cjiynae 9=1. IlpHBefleM cooTBeTCTByiomiie npiiMepbi. 

npHMep 1.5. Cjiyw 6* = 0. HycTb h{t) := (Int)-!/^ sinln^/^t 
npii t > 1. Onpe/i,ejiHM 4)yHKii,Hio cjie/iyiomiiM o6pa30M: ip{t) := 
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fHt) -)- Int npH t > 3 n iplt) := 1 npn < t < 3. SaivieTHM, hto 
■0 € H ^lJ{t) —7- oo npH t — t- oo. Henocpe;];cTBeHHO ycTanaBjiH- 
BaeTCH cxoflHMOCTb t'ip'{t)/'ip{t) —7- npH t — )■ oo. OTCiofla b CHjiy 
npe^jiojKeHHH 11.41 cjieflyeT, hto dpyaKu^n tp MefljieHHO MeHHromaHCH 
Ha oo. HoKajKeM, hto ona He aBjiaeTCH nceB/i,OBorHyTOH b OKpecTHO- 
CTH oo H, cjie;];oBaTejibHO, b CHjiy TeopeMbi 11.91 ne SBjiaeTca HHTepno- 
jiai^HOHHbiM napaMBTpoM. PaccMOTpHM nocjieflOBaTejiBHOCTii HHceji 
tk ■= exp((27rA; + vr/2)^) h := exp((27rA; + vr)^), r^e G N. Bbihhc- 
jiaeM: h{tk) = {2TTk + 7r/2)~^ h /i(sfc) = 0, OTKy^a 

lnij{tk) > h{tk) In tk = {27rk + Tr/2f 

H tp{sk) = 1 + (27r/c + vr)^. Cjie^oBaTejibHO, 

V'(tfc) ^ exp((27rA: + 7r/2)2) 
i;{sk) - (1 + (2^A; + 7r)4) 

npH A; — )• oo. Ho tk < Sfe, snaHHT, b CHjiy jieMMbi [1.21 (|)VHKiiHg V He 
MOJKeT 5biTb nceB/ioBorHyTOH b OKpecTHOCTH oo. 

IIpHMep 1.6. CjiyHait 9=1. BocnojibsoBaBmncb cJ^yHKi^Hefi ip 
H3 npHMepa II. 5| nojiojKiiM V'i(^) •= npn t > 0. Ho onpe^e- 

jieHHRD, 4)yHKii;HH ■01 npaBHjibHO MeHHromaHCH Ha oo nopa^Ka 6 = 1. 
SaMeTHM, HTO ipi £ B a ipi{t)/t = l/ip{t) — )• npn t — )• oo. B cHjiy 
TeopeMbi 11.41 (jpvHKHHg ■01 He HBjiaeTCH HHTepnojiau;HOHHbiM napaMeT- 
poM, HOCKOjibKy B HpoTHBHOM cjiyHae HHTepnojiHi^HOHHbiM HapaMeT- 
poM 6bijia 6bi 4)yHKu;Ha ijj^t) = t/ipi{t), hto, KaK 6bijio noKasano b 
npe;],bi^yHi;eM npHMepe, neBosMOJKHo. 

^ajiee ^yjxyr HcnojibaoBanbi cjie^yioH^He CBolicTBa Kjiacca QSV. 

TeopeMa 1.12. Uycmb % G QSV. CnpaeedAueu CAedyiom^ue 
ymeepjKdeHusi. 

(i) Cyiu,ecmeyem noAOMCumtAbHaH (jiyuKv^usi ^pi G C°°((0;oo)) n 
SV maKan, umo {p{t) x <pi{t) npu t ^ 1. 

(ii) JJam npouseoAbHoso uucAa 6 > cnpaeedAueo t~^ip{t) u 
t^ip{t) — )■ oo npu t — )■ oo. 
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(iii) 0yHKii,uu (p + x, '■PXj '■p/x "-P^ > 2(?e cr G M, npuimdAeMcam 
KAaccy QSV 

(iv) EcAU HUCAO > 0, npuHCM 6 CAyuae 9 = cnpaeedAueo (p{t) — )• 
oo npu t — )■ oo, TOO CAOMcnaa ^yuKV^UH x{t^'p{t)) apzyMenma t 
npuHadAeMcum KAaccy QSV. 

^OKasaTejibCTBO. Ecjih ^onojiHHTejibHO npe^nojiojKHTt, hto 
(/?, X £ SV, TO nojiyHHM HSBecTHbie [951 c. 23 - 25] cBoltcTBa Mefl- 
jieHHO MeHHiomHxca 4)yHKu;HH. (IlpH 3TOM B nyHKTe (i) 5yfleT j\a,yKe 
CHjiBHaa SKBHBajieHTHOCTb (p[t) ~ npH t ^ oo.) OTCiofla neMe^- 

jieHHo BbiTeKaioT nyHKTbi (i), (ii), (iii) fljia 4)yHKu;Hii (p,x^ QSV. 

^OKajKeM nyHKT (iv). HycTb hhcjio A > 0. Tax KaK ip G QSV, 
TO BejiHHHHa ip{\t) / ip{t) orpaHHHeHa h OT^ejiena ot nyjiH npn t ^ 1. 
IlosTOMy B CHjiy npefljiojKeHHH II. 2| fljiH npoHSBOJibHoli nojiojKHTejib- 
HOH 4)yHKii;HH xi £ SV, yflOBjieTBoparomeit ycjiOBHio Xii^r) ^ x{t)i 
r S> 1, Mbi iiMeeM 



Sflecb Mbi BocnojibsoBajiHCb xeM, hto r^{t) — )• oo npn t — )• oo. Cjie- 
/lOBaTejibHO, 4)yHKii,HH xiit^fi^)) Me/;jieHHO MeHHioiii,aHCH na oo. Ho 
x{t^'p{t)) ^ Xi{t^^{t)) npH t ^ 1. SnaHHT, (JjyHKi^HH x{t^'p{t)) npn- 
Ha/];jiejKaT Kjiaccy QSV. HynKT (iv), a c hhm h TeopeMa 11.121 joKaaa- 

Hbl. 

HaM noHaflo6HTCH TaKJKe cjie^yiomee o6o6n];eHHe yTBepjK^eHHa 
(iv) TeopeMbi 11.121 Ha cjiynaii, Kor^a = h ip{t) ^ oo npn t — t- oo. 

TeopeMa 1.13. Uycmb aadanu (fjyHKii,uu p : [b,oo) — )• (0, oo) u 
X ■ (0, oo) —7- (0,oo) KAacca QSV. UpednoAOMCUM, umo ^yuKv^un 1/ip 
ozpaHUHCHa na noAyocu [6, oo), a cfiyuKv^uu X ^ 1/x ozpaHuuenu na 
KaMcdoM ompesKC [01,02], zde < oi < 02 < 00. Tozda CAOCHCHan 
(jiyHKV,UH xi^it)) apzyMCHma t npuHadAeMcam KAaccy QSV. 



XI ((At)V(At)) /xi (tV(i)) 
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/J^OKasaTejiBCTBO. Ilo ycjiosHio ip{t) > r npn t > b flJiH neKO- 
Toporo HHCjia r > 0. CorjiacHO TeopeMe 11.121 (i) cymecTByeT hhcjio 
bi > max{6, r} h HenpepbiBHbie Me/iJieHHO MenaiomHeca na oo cJjyHK- 
^HH ipi,xi ■ [bi,oo) (0,oo) TaKHe, hto ip{t) x (pi{t) h x{t) x Xi{t) 

npH t > bl. IIpH 3TOM MOJKHO CHHTaTb, HTO v^i (t) > r npH t > bl- 

^oonpe;i;ejiHM: ^piit) := 921(61) h Xi(^) Xii^i) npH < t < 61. To- 
Tfl,8L ifi,Xi £ C'((0,oo)) H (/?i(t) > r npn t > 0, a TaKJKe xi^) ^ Xi(*) 
npH t > r BBH^y ycjioBHH flOKasbiBaeMoli TeopeMbi. IloKajKeM, hto 
x{'-p{t)) X Xi(95i(^)) npH t > 61 H 4)yHKii;Ha xi(</'i(i)) Mefljienno Mena- 
romaacH na 00. OTciofla nocjie^yeT Tpe6yeMoe cbohctbo x°V ^ QSV. 

IlycTb t > bl. IIocKOjibKy < ipi{t) / ip(t) < c p,JiR neKOToporo 
HHCJia c > 1, B CHjiy npejjioaceHHg [L2] HMeeM fljia 4)yHKu;HH xi ^ SV 

xiiMt)) / xii'fit)) = XI (^'^(*)) /xii^it)) ^ 1 

npH ip{t) — )• 00. IIosTOMy cymecTByeT hhcjio q > r TaKoe, hto 
Xi ((/?(*)) Xi{'fi{i)) npH (/7(t) > £». KpoMe Toro, 

xMt)) X x(v'(t)) 1 x(95i(i)) ^ xi(^i(t)) 

npH r < (/3(t) < Q. Cjie^oBaTejibHO, 

X(v^(i)) ^< Xi{'^{i)) ^ Xi(v'i(i)) npH t > 61. 

OHKCHpyeM HHCJio A > 0. ^OKajKeM, hto 

Xi((/3i(At))/x:i((/3i(t)) ^ 1 npHt->oo. 

Bbi6epeM npoHSBOjibHO hhcjio e > 0. TaK KaK (pi G SV, to li\{t) := 
(pi[\t) / 'pi{t) — )• 1 npH t — 7- 00. B HacTHOCTH, 1/2 < /3a (i) ^ 2 npn 
t > > 0. OTCiofla B CHjiy npejuioacenHg [L2] jjig 4)yHKii;HH xi € SV 
HaH/i,eTCH HHCjio k = k{e) > r TaKoe, hto 

\xiM^t))/xiMt))-i\ = 

\xiWx{t)ipi{t))/xi{Mt)) - 1| < e (1.25) 
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npH t > t\ n (pi{t) > k. KpoMe Toro, nocKOjibKy 4)yHKi];Ha xi > 
paBHOMepHO HenpepbiBHa na OTpesKe [r, /c + 1] , cymecTByeT hhcjio 
m = m{e) > TaKoe, hto 

|xi(v^i(Ai)) - xiiMm = \xi{Mt)Mt)) - xiiMm < 

emin{xi('7") : r < t < k} npn t > m, r < ipi{t) < k. 
SnaHHT, 

Xi(y'i(At) /xi V'Ut - 1 = — — < e 1.26 

npH t > m H r < (^i(t) < A;. Tenepb cooTHomeHHH (|1.25|) h (|1.2b|) 
BjieKyT sa co6oh HepaBencTBO 



xiiMt)) 



<£ npH t > max{t\,m}. 



IlocjieflHee bbh/j^ npoHSBOjibHocTH Bbi6opa HHCjia e > osHanaeT, 
HTO Xi(v'i(Ai))/xi(¥'i(*)) ~^ 1 npH t — )• oo. Cjie/ioBaTejibHO, 4)yHK- 
ii;hh xi(95i(t)) MefljieHHo MeHHiom,aHCH na oo. TeopeMa ll.l3l iioKa3aHa. 



1.2.3. BcnoMoraxejifcHbie pesyjibTaTbi 

B 3TOM nyHKTe mbi flOKajKeivi flfia. BcnoMoraTejibHbix yTBepjKfleHHH 
o CBOHCTsax Kjiacca QSV, KOTopbie naivi noHa/],o6HTCH Bnocjie^cTSHH. 

JleMMa 1.3. Tlycmb (f)yHKV,UH ip G QSV noAocucumeA'bHa na no- 
Jiyocu [l;oo] u ogpaHuuena eMecme c cpyuKv^ueu 1/ip na naoicdoM om- 
pesKe [l;b], zde 1 < b < oo. Tozda Bah npouaeoAbHozo uucAa e > 
cymecmeyem hucao c(e) > maKoe, nmo Oah Am6ux t > 1 u s > 1 
eunoAHHemcH Hepaeencmeo 

^(,t)/ip{s)<c{e){l + \t-s\Y. (1.27) 

^OKasaTejiBCTBO ^ocTaTOHHO npoBecTH fljia cjiynaH, Kor^a 
< e < 1. B CHjiy xeopeMbi 11.101 npejcTasHM if no dpopuyjie (|1.24p . 
HocKOJibKy TaM a(r) — ?■ npn r — ?■ oo, to HaH/i,eTca hhcjio 6^ > 1 
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TaKoe, HTO |a(T)| < e npn r > be- BostMeM npoHSBOJibHbie HHCjia 
t > 1 H s > 1. ^ajiee b flOKasaTCJibCTBe 6yj\eM o6o3HaHaTb nepes 
ci, C2, C3 KOHeHHbie nojioJKHTejiBHbie nocToaHHbie, He saBHCHmne ot 
t H s. ^OKaJKeM ()1.27p OT^ejibHO ^jia neTbipex bosmojkhmx cjiynaeB 
pacnojiojKeHHH HHceji ins OTHOCHTejibHO h^. 

HepBbiH cjiynaii: t > 6e, s > ft^. B CHjiy (I1.24P HivieeM: 



t t 



ip{t) fair) , 
— ^ = exp / ar < exp 

ip{s) J T 



'-dr 

T 



max <! ( -V , f-V I = max + + \ < 



sJ \tJ ] [V s J \ t 

{i + \t-s\Y. 

BTopoii cjiynaii: t > 6^ h 1 < s < feg. B CHjiy xeopeivibi 11.121 (ii) h 

yCJIOBHH 3TOH JieMMbI HMeeM: ip[t) < Cl H l/ip{s) < Cl. OTCK)/],a 

^<c?f = cHs+{t-s)r< 

99(5) 

cf{be + \t-s\)' < cfbe{l + \t-s\)'. 

TpeTHH cjiynafi: 1 < t < b^ n s > b^. AnajiorHnHO npeflbi/iymeMy 
cjiynaio nojiynaeM: l/(p{s) < C2S^, ip{t) < C2 h, cjieflOBaTejibHO, 



ciibe + \s-t\)' <C^be{l + \t 



HeTBepTbiH cjiynaii: l<t<6£Hl<s<6e. Oh TpHBHajien: 

ip{t)/ip{s) <cs<cs{i + \t-s\y. 

TaKHM o6pa30M, HepaBencTBo (jl.27p cHpaBe/i,jiHBo p^jis npoHs- 
BOjibHbix t > 1 H s > 1. JleMMa [L3] joKasana. 

JleMMa 1.4. Tlycmb cftyHKi^un G QSV noAoofcumeAbHa, nenpe- 
puena na noAyocu [l;oo) u ydoeAemeopHem ycAoeum 

00 

:= /"— < 00. (1.28) 
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Tozda cymecmeyem maKan (pyHKi^uH ipQ E SV, noAoofcumeAbHaH u 
Henpepuenan na [1; oo), umo ipQ{t) / 'ipi{t) — )■ npu t — )■ cxd u 

oo 

dt , , 

<oo. (1.29) 



1 



tVo(i) 



^OKasaTejiBCTBO. BsH^y TeopeMbi 11.121 (i) mojkho 6e3 noTepn 

o6in;HOCTH CHHTaTb, HTO V'l G C{{^,00)) n SV. IIOJIOJKHM 



oo 

dt 



'^it)-=jj^ ^ Mt) ■■= Mt) npHi>l. (1.30) 

t 

Ho ycjiOBHio, 4)yHKu;H5i (p KOHeHHaa nojiojKHTejitHasi na [1;(X)), npn- 
HeM (p{t) — )• npH t —7- oo. KpoMe Toro, HivieeT nenpepbiBHyio npo- 
H3BO/];HyiO if '(t) = -{t%l)i{t)y^, t > 1. OTCioAa BBH^y BKJIIOHeHHH 
ipi G SV BbiHHCJiaeM no npaBHjiy JlonHTajiH npn jiio6om A > 0: 

SnaHHT, ip G SV. 06paTHMCH Tenepb k cJjyHKi^HH ipQ. Ona hojiojkh- 
TejibHa H HenpepbiBHa na [1; oo). HocKOJibKy ipi,ip G SV, to 'i/'o ^ SV 
no onpe/iejiennio HBjiaeTca Me^jieHHO MenaiomencH 4)yHKu;HeH na oo. 
KpoMe Toro, Vo(O/'0i(O = \/ fit) ~^ npn t — )■ oo, n 



oo oo 

dt f dt f dip{t) f dr 



tMt) J tMi)VW) J VW) J ^ 
11 1 Ji 



< oo. 



TaKHM o6pa30M, il)^ yflOBjieTBopaeT ycjioBHHM jieMMbi. JleMMa fTT^ iio- 
Kasana. 



1.3. IlpocTpaHCTBa XepMan^epa 
H yTOHHeHHaa niKajia 

B 3TOM naparpacjie mm paccMOTpnivi BaJKHbifi Kjiacc npocTpancTB 
XepMaH/],epa, napaMeTpnsoBannbix c noMombio npaBHjibno Menaio- 
ii];hxch 4)yHKu;HH. 3to ocnoBnoii Kjiacc npocTpancTB, b xoTopoM 6y;]yT 
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Fji. [TJ HHTepnojiau,Ha a npocTpaHCTsa Xepuauflepa, 



HsyneHbi sjijinnTHHecKHe onepaTopbi. Mm HasbisaeM ero yTOHHeHHoit 
niKajioH. 

1.3.1. IIpeflBapHTejiijHMe CBefleHHH h oSosHaneHHa 

Mm HcnojibsyeM cjie/iyiomHe o6menpHHHTbie o6o3HaHeHHH kom- 
njieKCHMX jiHHeHHMX TonojiorHHecKHX npocTpancTB ochobhmx 4)yHK- 
ii,HH H pacnpeflejieHHii (o6o6iri;eHHbix 4)yHKii,HH), saflaHHMX b esKjiH- 
/;oBOM npocTpancTBe M" (cm., nanpHMep, |21l 1221 [2261 1227] ): 

C^(M") := 2?(M") — npocTpancTBO Bcex 6ecKOHeHHO /iHcj^cj^e- 
peHii;HpyeMbix (JjyHKi^HH u : M" — t- C c KOMnaKTHbiMH hochtb- 



5(M") — npocTpancTBO IIlBapii;a Bcex 6ecKOHeHHO /iHcJjcJaepeH- 

II,HpyeMbIX 4)yHKIi;HH U : M" — >• C C KOHeHHblMH HopiviaMH 



max{ (1 + |aXx)| : x E M", \a\ <m}, m = 0,1,2,...; 



3fl^ecb H flajiee a = (qi, . . . , a^) — MyjibTHHHfleKC (beKTop c ii,e- 
jiMMH HeoTpHu;aTejibHMMH KoopflHHaTaMii) , |a| := ai + . . 



OTBeTCTByiomaH MyjibTHHHfleKcy a; 

— ;i;BOHCTBeHHoe k 5(R"') npocTpancTBO pacnpe/],ejieHHH 
MeflJieHHoro pocTa, saj^auubix b M"; 

P'(M") — flBOHCTBeHHoe K P(M") npocTpancTBO Bcex pacnpe- 
fl^ejieanA, sa^aHHbix b M". 

C TOHKH speHHH npHjioJKeHHH HaM yppGso TpaKTOBaTb pacnpe^e- 
jieHHa KaK aHTHjiHHeliHbie 4)yHKii;HOHajiM. HosTOMy b KanecTse 9Jie- 

MeHTOB /l,BOHCTBeHHMX npOCTpaHCTB 5'(M"') H P'(M"') MM 6epeM aHTH- 

jiHHeHHbie HenpepbiBHbie 4)yHKLi;HOHajiM na 5(M") h P(M") cooTBeT- 
CTBeHHO. BaaHMHaH /iBoltcTBeHHOCTb npocTpaHCTB OCHOBHMX dpysK- 
ii,HH H pacnpeflejieHHH b M" paccMaxpHBaeTCH OTHOCHTCjibHO pacniH- 
peHHa no nenpepbiBHOCTH nojiyTopajiHHcfiHoit cjaopMbi 




jismh; 
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9to pacniHpeHHe mm o6o3HaHaeM TaKJKe nepes (u,v)^n; oho pasHO 
3HaHeHHK) pacnpeflejieHHH u na ochobhoh 4)yHKLi;HH v. 

BcHKaa jioKajibHO cyiviMHpyeMaa no JIe6ery 4)yHKii;HH u : M" — t- C 
OTOJKflecTBjiHeTca c pacnpeflejieHHeM — aHTHjiHHeHHbiM dpyuKu^noHa- 
jioM V I— )• {u,v)Kn, sa^aHHOM Ha 4)yHKii;HHX v € P(M"); TaKoe pac- 
npe/iejieHHe nasbiBaeTCH peryjiapHbiM. B 3tom CMbicjie cnpaBe/];jiHBbi 
HenpepbiBHbie h njioTHbie BjioJKeHHH 



Mbi o6o3HaHaeM nepes J^u hjih KopoTKO u npeoGpasoBanne Oypbe 
pacHpe^ejieHHa u E 5'(M'^). Ecjih u E 5(M"'), to naMH HcnojibsyeTCH 
cjie/i,yion],aH 4)opMyjia npeoGpasoBaHHa Oypbe: 



Sflecb, KaK o6biHHO, i — MHHMaH eflHHHu;a, a a;-^ := + . . .+XnCn — 
CKajiHpHoe HpoHSBe^eHHe BeKTopoB x,(, £ M"'. IlpeoGpasoBaHHe Oy- 
pbe HBjiHeTCH roMeoMopcjjHSMOM npocTpancTBa 5(M'^) na ce6ii. 06- 
paTHoe npeo6pa30BaHne Oypbe BbiHHCjiaeTca no 4)opMyjie 



HpeoGpasoBanne Oypbe npo/i,ojiJKaeTCH no nenpepbiBHOCTH flp roMeo- 
Mop4)H3Ma npocTpancTBa 5'(M") na ce6a, npn stom coxpanaeTca pa- 
BencTBO HapceBajia 

iu,v)Rn = (27r)"(M,w)Kn fijiii Bcex u E 5'(M"), v E 

Hocjieflnee mojkbt 6biTb bshto b KanecTBe onpe/iejienna npeoGpaso- 
Banna Oypbe pacnpe/],ejienHH u E 

HanoMnHM eme neKOTopbie CTan/i,apTnbie o5o3nanenHH 4)ynKn;H- 
onajibnbix npocTpancTB. HpocTpancTBo Lp(M") coctoht h3 Bcex ns- 



P(R") ^ 5(M") ^ 5'(R") ^ P'(M"). 




e^^'^ u{x) dx 
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Fji. [TJ HHTepnojiau,Ha a npocTpaHCTsa Xepuauflepa, 



MepHMbix no Jle6ery 4)yHKu;HH u : M" — )• C TaKHX, hto 

ll"lli,..,:=/l«Wr<i.<co np„ l<p<c„. 

II^IIloo{K") esssupj \u{x)\ : x G M"} < oo npn p = co. 
IlpocTpaHCTBO Lp(M"), Tj\e 1 < p < oo, GanaxoBO OTHOCHTejibHO Hop- 

MM npH 3TOM, eCTeCTBeHHO, OTOJK/I,eCTBJIHIOT (JjyHKI^HH, 

coBna/iaiomHe b M" hohth Bciofly. B cjiynae p = 2 3to npocTpan- 
CTBO CTaHOBHTca THjibGepTOBbiM: HopMa B HeM nopoJKfleHa CKajIHp- 
HbiM npoH3Be/];eHHeM {u,v)-sp- HpeoGpasoBaHHe Oypbe, yMHOJKeHHoe 
Ha (27r)~"/^, JiBjiaeTCH HSOMeTpHHecKHM H30Mop4)H3MOM npocTpaH- 
CTBa L2(M") Ha ceGa. 

KaKo5biHHo, C^(M"), Tj\e u;ejioe A; > 0, oSosHanaeT npocTpancTBO 
Bcex 4)yHKD;HH u : — >• C, HMeiomHX HenpepbiBHbie nacTHbie npo- 

HSBO/lHbie flO HOpH/lKa A: BKJiroHHTejIbHO. Ho^HpOCTpaHCTBO C^(R"') 
COCTOHT H3 TaKHX 4)yHKH,HH U G C'^(M"), y KOTOpblX Bce HaCTHbie 

HpoHBBOflHbie flfl Hopa^Ka k BKjiioHHTejibHO orpaHHHeHbi B M". ripo- 
CTpaHCTBO C^{W) 5aHaxoBo OTHOCHTejibHO HOpMbI 

sup{|aXx)| : X G M", |a| < k}. 
HaM HOHa/],o5HTCH TaKJKe npocTpancTBa 

C°°(M") := Pi C^XIR"), C^(M") := n C'bXlR")- 
fc>0 A;>0 

1.3.2. IIpocTpaHCTBa XepMaHflepa 

HpHBefleM OHpe/],ejieHHe 4)yHKH,HOHajibHbix npocTpancTB, BBeflen- 
Hbix H HsyneHHbix Jl. XepMan^epoM b MOHorpacJ^HH |118| c. 54] 
(cm. TaKJKe |12H c. 13]). 3th npocTpancTBa coctoht h3 pacnpe/i,e- 
jieHHH, saflaHHbix b M", rjjfi n G N, h o6o3HaHaioTCH nepes i?p^^(R"'). 
3/i;ecb H flajiee b stom nynKTe hhcjio p yflOBjieTBopaeT nepaBencTBy 
1 < p < oo, a 4)yHKu,HH p = //(^) HepeMeHHOH ^ G HOJiojKHTejibna, 
HenpepbiBHa h HBjiaeTCH BecoBoii b CMbicjie cjie;];yiou];ero onpe/iejie- 
HHa. 
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Onpe^ejieHHe 1.8. OyHKu;Hio /i : — )• (0, oo) HasbisaiOT eeco- 
eou, ecjiH cymecTByioT HHCJia c > 1 h / > TaKHe, hto 



Cjie/];yioii],ee onpe/],ejieHHe HBjiaeTCH 6a3HCHbiM fljiH nac. 

Onpe^ejieHHe 1.9. TIpocmpaHcmeoM XepMandepa Bp^^(R^) na- 
sbisaioT jiHHeiiHoe npocTpancTBO Bcex pacnpeflejieHHH u G 5'(M'^) 
TaKHx, HTo npeo6pa30BaHHe Oypte u HBjiHeTCH jioKajibHo cyMMH- 
pyeMoii no JIe5ery b M" 4)yHKu;Heli, y;],OBjieTBopjiiomeli BKjiioHeHHio 
/UM G Lp(M"). B npocTpancTBe Bp^^(M^) bbo^htch HopMa no cJ^opMy- 

■"^ II'"IIbp,m(I8") ■= IIA^^IIlp(M")- 

HpocTpancTBO -Bp^^(M") nojiHO OTnocHTejibHO BBefleHHon b hbm 

HOpMbI H HenpepblBHO BJIOJKeHO B 5'(M"). EcjIH 1 < p < C«, TO 3TO 

npocTpancTBO cenapa6ejibHO, h MnojKecTBO Cq^(M") njioTno b neivi 
(cm. |118| c. 54], Teopeivia 2.2.1). Oco6biH HHTepec npeflCTasjiHeT cjiy- 
Haii p = 2, Kor/ia npocTpancTBO i?p^^(M") rHjib6epTOBO. 

SaMenaHHe 1.5. Jl. Xepivian/iep |118| c. 51] HSHanajibno npefl- 
nojiaraeT, hto 4)ynKn,HH /x yflOBjieTBopaeT 6ojiee CHjibnoMy ycjioBHK), 
HeM p.3ip . a HMenno: cymecTByioT nojioJKHTejibHbie nncjia c n / Ta- 

KHe, HTO 



OflnaKO noTOM saMenaeT [1181 c. 54], hto MHOJKecTBa (JsynKi^nii, y^o- 
BjieTBopHiomne ycjioBHHM (|1.3ip n (jl.32p npHBO^ST k o/i,noMy h TOMy 
jKe Kjiaccy npocTpancTB Bp^^iM""). 

SaMenaHHe 1.6. Jl. P. Bojibbmh h B. IT. Xlaneax |20) bbcjih h 
HsyHHjiH npocTpancTBa i/p(M"), 1 < p < oo, Tecno CBSsannbie c 
npocTpancTBaMH XepMandepa. A HMenno, 



ITpn 3TOM B cjiynae p 7^ 2 na BecoByio 4)ynKn;Hio naKjia/ibiBajincb 
flonojinHTejibnbie ycjioBHH. B rnjib6epTOBOM cjiynae p = 2 npocTpan- 
CTBa i?p,^(M") H ifp (M") coBna/i,aK)T. 






(1.32) 



H^{W) := {u G 5'(R") : ^-^^u) G Lp(M")}. 
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Fji. [TJ HHTepnojiau,Ha a npocTpaHCTsa Xepuauflepa, 



Cpe^H cBoiicTB npocTpancTB XepMan^epa BbiflejiHM cjieflyromyio 
BajKHyio TeopeMy BjioJKeHHH c. 59]. 

npeflJio:»<;eHHe 1.5. Ilycmb p,q G [l,oo], = 1, nenpe- 

puenan ^yHKV,UH p : R" — )• (0, oo) eecoean, u i^eyioe hucao k > 0. 
Tozda ycAoeue 

{I + f p-\0 ^ L,{R^^) (1.33) 
eAeuem Henpepuenoe eAOMcenue i?p^^(lR") ^ C^(]R"). 06pamHo, ec- 

AU 

{u G 5p,^(M") : suppu CV} C C'^(M") 

HeKomopozo omKpumozo nenycmozo MHOoicecmea V C R", mo 
eMnoAHHemcH ycAoeue (ll.33p . 

1.3.3. yTOHHeHHaa lUKajia 

C TOHKH speHHH npHjioJKeHHH K sjijiHnTHHecKHM onepaTopaM HaM 
i;ejiecoo6pa3HO orpaHHHHTbCH HSOTponHbiMH rnjib6epTOBbiMH npo- 
CTpaHCTBaMH XepMaHflepa i?2,/x(IK")) r/ie /x(^) = s G M, 

ip G QSV. Sflecb H flajiee (^) := (1 + + . . . + ^^)"^/^ — crjiajKen- 
Hbili MOflyjib BeKTopa = (^i, . . . ,(^„) G M". 3to npocTpancTBO mbi 
o6o3HaHHM Hepes i7*''^(R"). HecKOjibKO fleTajiHsnpyH Bbi6op cJ^yHK- 
ii,HOHajibHoro napaMBTpa ip, npHBe^eM onpe/];ejieHHe npocTpancTBa 

05o3HaHHM Hepes MHOJKecTBo Bcex 4)yHKLi,HH if : [l;oo) — )• 
(0; oo) TaKHX, hto: 

(i) (f iisMepHMa no Bopejiio na nojiyocH [1; oo); 

(ii) 4)yHKii;HH ip a 1/ip orpanHHenbi na KajK^OM OTpesKe r/;e 
1 < 6 < oo; 

(iii) If G QSV. 

Hs TeopeMbi 11.101 cpasy nojiynaeM cjieflyiomee onncaHHe Kjiac- 
ca M: 

ipe M ip{t) = exp^/3(t) + J drj npn t > 1; 
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3flecb 4)yHKii,HH a nenpepbiBHa h a(r) — )• npn r — )• oo, a 4)yHKi];Ha 
/3 HSMepHMa no Bopejiio h orpanHHena na nojiyocH [l,oo). 

IlycTb s eRvL If e M. 

Onpe^ejieHHe 1.10. JlnHefiHoe npocTpancTBo H^''-'^(M^) cocto- 
HT, no onpe^ejieHHK), ns Bcex pacnpeflejiennii u G TaKHX, hto 

npeoGpasoBaHHe Oypbe u HBjiHeTCH jioKajibHO cyMMHpyeMoli no Jle- 
6ery b M" 4)yHKu;HeH, yflOBjieTBopinomen ycjiOBHio 

B npocTpancTBe /f^''^(M") onpe^ejieno CKajiJipHoe nponsBe^eHHe no 
4)opMyjie 

(ni,U2)H=.^(Rn) := J {0'^'(p\{0)^{OMO d^- 
R" 

Oho CTan^apTnbiM o5pa30M nopojK^aeT nopMy. 

B cHjiy jieMMbi [L3] 4) vnKnnH /x(^) = (O^'fiiO) HBjiaeTCH BecoBoii. 
B caMOM flejie, fljia jiio6bix £,,rj G M" HMeeivi: 

c{i + m-{v)\t^^'<c{i + \^-v\P'-\ 

rflid nocToannaa c > ne saBHCHT ot ^ h Ecjin 4)yHKii,Ha (p nenpe- 
pbiBHa, TO HpocTpancTBO H^''^{W^) = i?2,/i(I^"') — HacTHbiii cjiynaft 
npocTpancTBa XepiviaH/iepa. Otmbthm, hto saMena ycjioBHa nenpe- 
pbiBHOCTH na 6ojiee cjia6oe ycjioBHe HSMepHMOCTH ho Bopejiro, cfle- 
jiannaa npn onpe^ejiennn MHOJKecTBa 4)ynKn,noHajibHbix napa- 
MBTpoB (p, ne npnBO/iHT k hobbim npocTpancTBaM. /],eHCTBHTejibHO, 
BBUjxy TeopeMbi 11.121 (i), fljiH KajK^oro (p G M cyn^ecTByeT cJjynK- 
h;hh (fi G C°°([l,oo)) n TaKaa, hto if ^ (pi na Hojiyocn [l,oo), h 
snaHHT, npocTpancTBa H^''^{W^) n H^''^^{W^) paBHbi c TonnocTbio ^o 
3KBHBajienTHOCTH nopM. 
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Fji. [TJ HHTepnojiau,Ha a npocTpaHCTsa XepMaa^epa 



B BajKHOM HacTHOM cjiyHae 93 = 1 npocTpancTBO H'^''^{W^) coBna- 
flaeT c rHjib6epTOBbiM npocTpancTBOM Co6ojieBa i?*(M") nopa^Ka s. 
B o5meM cjiynae cnpaBefljiHBO cjie^yiomee yTBepjKfleHHe. 

JleMMa 1.5. Ilycmb s G M u G M. Tozda eunoAHfimmcn 
HenpepuBHue eAOCHceHun 

H-'+%W) ^ H'^^iW) ^ H'-^W) dAH AH)6ozo e > 0. (1.34) 

^OKasaTejibCTBO. IlycTb e > 0. HocKOJibKy (/? G C QSV, to 
B CHjiy xeopeMBi 11.121 (ii) HMeeM: < (p{t) < npn t S> 1. OTCiofla 
H H3 onpeflejieHHH Kjiacca M cjiep^yer cymecTBOBaHHe HHCjia c > 1 
TaKOrO, HTO C~^t~^ < ip{t) < Ct^ flJIH Bcex t >1. IlosTOMy 

c-HO'~' < < ciO''^' flJiH Jiio6oro e e IK"- 

Hocjie/iHee cpasy me bjibhct nenpepbiBHbie BjioJKeHHH (|1.34p . JleM- 
Ma 11.51 flpKasaua. 

BjioJKeHHa ()1.34p nojiesHO BanncaTb b TaKoli cjsopMe: 

£>0 £>0 

(1.35) 

KaK bh/i,hm, b ceMeitcTBe npocTpancTB 

{i7"''^(M") ■.seM,feM} (1.36) 

HHCJioBoit napaMBTp s aa^acT ocHOBHyio (cTeneHHyio) rjia;];KocTb, a 
4)yHKii;HOHajibHbiH napaMexp ip onpe^ejiaeT flonojiHHTejibHyio rjia/i,- 

KOCTb, nOflHHHeHHyiO OCHOBHOH. B SaBHCHMOCTH OT TOrO, 6yfleT JIH 

ip{t) — >• 00 HjiH (/7(t) — )• npH t — 7- 00, napaMBTp ip sa^aeT flonoji- 
HHTejibHyio jih6o nojioJKHTejibHyK), jih6o OTpHi^aTejibHyro rjiaflKOCTb. 
Hnane roBopa, napaMeTp ip yTOHHseT ocHOBHyio s-rjia^KOCTb. IIosto- 
My ecTecTBeHHO ^axb cjie/],yioiii,ee onpe/i,ejieHHe. 

OnpeflejieHHe 1.11. CeMeiicTBO 4)yHKii;HOHajibHbix npo- 
CTpaHCTB (I1.36P HasbiBaeM ymouHeHHOu iukuaou b R" (no oTHome- 
HHIO K co6ojieBCKOH uiKajie) . 
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1.3.4. CBoficTBa yTOHHeHHofi niKajiM 

Cbhsb MejKfly yTOHHeHHoii h co6ojieBCKOH niKajiaMH npocTpancTB 
He HCHepnbiBaeTCH BjiojKeHHHMH (jl.35p . OKasbiBaeTCH, KajKfloe npo- 

CTpaHCTBO yTOHHeHHOH niKajIbl MOJKHO nOJiyHHTE. nOCpeflCTBOM HH- 

TepnojiHu;HH c no/ixoflamHM 4)yHKu;HOHajibHbiM napaMeTpoM napti 
rnjib6epTOBbix npocTpancTB Co6ojieBa. 

TeopeMa 1.14. Uycmb sadanu cfiyHKu^uH (p £ Ai u noAoofcu- 
meAbHue uucjia e, 5. TIoaomcum 



(i) cf)yHKii,UH ip npuHadAeMcum MHOMcecmey B u sieARemcsi unmep- 
noAHV,uoHHUM napaMempoM; 

(ii) dAR npouseoAbHozo s G M cnpaeedAueo 



c paeeHcmeoM HopM. 

^OKasaTejibCTBO. (i) B ciijiy TeopeMbi 11.121 (ii), (iv) 4)yHKii;Ha 
ip npHHa^jieJKHT MHOJKecTBy B a HBjiHeTCH KBasnnpaBHjibHO MeHaro- 
maHca Ha oo nopH/iKa 9 = e/{£ + S) G (0, 1). Cjie^oBaTejibHo, ip — 
HHTepnojiHu;HOHHbiH napaMBTp na ocHOBaHHH TeopeMbi 11.111 IlyHKT 
(i) flOKasan. 

(ii) IlycTb s G M. Ilapa co6ojieBCKHX npocTpancTB i7^~^(M"), 
ffs+S^-^n^ flonycTHMaH, npHHeM nceBflo^HcJxJ^epeHi^HajibHbiit onepa- 
Top c CHMBOjioM (S,)'^'^^ HBjiHeTCH nopojKflaiomHM onepaTopoM J p^jin 
3TOH napbi. IlpH noMomH npeo6pa30BaHiiH Oypbe 



onepaTop J npHBO^HTca k Bm^y yMHOJKeHHH na 4)yHKii,Hio {^)^~^ ap- 
ryMeHTa ^ G M". Cjie^oBaTejibHO, onepaTop ip{J) npHBO/iHTca k bh- 
yMHOJKeHHH na 4)yHKii,Hio '^PiiO'^'^^) = iO^^iiO)- OTcio/],a BBH/i,y 




Tog da: 



[i7"-=(M"),i7"+'5(M")] = H''^(M'') 
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Fji. [TJ HHTepnojiau,Ha a npocTpaHCTsa Xepuauflepa, 



p.35p nojiynaeM: 



[H-'-^{W),H'+\W)]^ = 




KpoMe Toro, HopMa b npocTpancTBe [if* ^(M"), ir*+^(M' 



)] paBHa 



||V'(J)n||^^.-.(Kn) 




1/2 



IlyHKT (ii) /lOKasaH. 

Teopeivia 11.141 /lOKasana. 

Otmbthm, hto HHTepnojiHu;HH c c|)yHKii;HOHajibHE.iM napaMCTpoM 
npocTpancTB Co6ojieBa, XepMan/iepa h HeKOToptix flpyrnx paccMOT- 
pena b paSoTax M. IIIexTepa |224| . F. IIIjieHsaK |125| . K. MepyHHii 
|197| H O. Ko6oca, J\. JI. OepnaH/iesa |145| . 

B cjieflyiomeft TeopeMe PfimA Heo6xo;],HMbie naM CBoftcTBa yTOH- 

HeHHOH IIIKajIbl B R". 

TeopeMa 1.15. Uycmb s G M u 93,991 G Ai. Cnpaeedjiueu cjie- 
dymm^ue ymeepMcdenusi. 

(i) flAH AH)6oso e > eunoAHHemcn Henpepuenoe u nAomnoe bao- 

(ii) OyuKi^un (p{t)/(pi{t) ozpaHuuena e OKpecmHocmu 6ecK0HeHH0- 
cmu mozda u moAbKO mozda, Kozda H^''^^{W^) H^''^{M.'^). 
dmo BAOOfceHue Henpepuenoe u nAomnoe. 
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(iii) Uycnib sadano ii,eAoe k > 0. YcAoeue 



oo 



I 



dt 



< oo 



(1.37) 



1 



paenocuAbHO eAOMceHuw 



(1.38) 



9mo eAOMcenue Henpepueno. 

(iv) TIpocmpaHcmea i?**''^(M"') u iJ~'*'^/'^(R") esauMHO deoucmeeH- 
Hu omHocumeAbHO pacmupeHUH no uenpepueHocmu CKaAHpnozo 
npouseedenuH e L2iW^). 

^OKaaaTejiBCTBO. (i) B CHjiy jieMMbi 11.51 HMeeM nenpepbisHbie 

BJIOJKeHHH 



i?"+^'^i(M") ^ H'+''^{MJ') ^ F"''^(M") /iJiH jiio6oro e > 0. 



OhH njIOTHbl, nOCKOJIbKy MHOJKeCTBO C^(M") HJIOTHO B KaJKflOM H3 

sanHcaHHbix npocTpancTB. YTBep^KfleHiie (i) flOKasano. 

(ii) HocKOjibKy (p,(pi £ A4, to (]3yHKii,HH (p/(pi orpaHHHena b 
OKpecTHOCTH SecKOHeHHOCTH Tor^a H TOjibKO Torfla, Kor/;a < 



CMi(e) /IJia Jiio6oro C G I^"- 3flecb := f^iiO ■= 



^ nocTOHHHaa c > He saBHCHT ot ^. JI. XepManflep 
;];oKa3aji |1181 c. 55] (Teopeivia 2.2.2), hto HepaBencTBO fj,{^) < c/ii(^) 

paBHOCHJIbHO HenpepblBHOMy BJIOJKeHHIO 



3to Bjio>KeHHe hjiotho, Tax KaK MHOJKecTBo Cq°(M"') hjiotho b sann- 
caHHbix npocTpancTBax. YTBepjK/ieHHe (ii) flOKasano. 



(iii) IlycTb ii;ejioe A: > 0. CorjiacHO npefljioJKeHHio II. 5^ r/jid nojia- 
raeM fi{^) := ^0'«+"-/2 (^((^)) n p = 2, HMeeM 



if' 



-^.^i(M") = 52,^,1 (M") ^ 52,/.(M") = H''^{W). 



I 



di 



<00 ^ ^fc+n/2,^^j^n) ^ C^(]R"). 



(1.39) 
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Fji. [TJ HHTepnojiau,Ha a npocTpaHCTsa Xepuauflepa, 



ITpH 3TOM BjiojKeHHe HenpepbiBHO. HepexoflH b HHTerpajie k ccjaepn- 
HecKHM Koop;];HHaTaM H flejiEH saMeny nepeivieHHOH t = (1 + r^)^/^, 
sannmeM: 

oo 

di f r"-i dr 



7 (l + r2)«/2(^2((l+ ^2)1/2) 



1 

oo , , , oo 



. it' - lY""-'^/' tdt _ f c.nit)dt 

t-^Ht) 1)1/2 tipHt) ■ ^'-^"^ 

1 1 

SflecE, c > — HeKOTopoe hhcjio, a a;„(t) := — Ot- 

MeTHM, HTo 4)yHKii,HH H 1/wn orpaHHHeHbi Ha HOJiyocH [2,oo), H 

nOCKOJIBKy 71 > 1, TO 

2 

UJnit)dt < oo. 

1 

BBH^y onpe/],ejieHHH MHOJKecTBa Ai (J)yHKi];Ha ip~''{t) orpaHHHena na 
OTpesKe [1, 2]. Cjie^oBaTejibHO, 

CO oo 

dt f dt 

< oo <^ / — TT-- < oo 4^ 



tif'^it) J tif'^it) 

1 2 

oo oo 

< OO 4^ / < oo. 



2 

OTCHDfla B CHjiy (jl.40p nojiynaeM 



oo 



<oo ^ < oo. (1.41) 



t^2(i) J (^)n^2(^^)) 

1 R" 

OopMyjibi (|1.39p H (|1.4ip flaioT yTBepjK/ieHHe (iii). 

(iv) yTBepjK/],eHHe (iv) — sto HacTHbifi cjiynaii TeopeMbi 2.2.9 h3 
MOHorpacJjHH XepMaH/iepa |1181 c. 61]. Otmbthm, hto ip £ Ai 4^ 
l/(p € Ai, H 3HaHHT, npocTpancTBO i^~'^'^/'^(]R") npHHa/iJiejKHT yTOH- 
HeHHOH niKajie. 

TeopeMa 11.151 /lOKaaana. 
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1.4. PaBHOMepHO sjiJinnTHHecKHe 

onepaTopbi b yTOHHGHHOH niKajie 

SflecE. ME.I HsyHHM paBHOMepHO 3jijiHnTHHecKHe nceB/],oflii4)4)epeH- 
i^HajibHbie onepaTopbi, 3a/];aHHbie b eBKjiHflOBOM npocTpancTBe M". 
Mbi nojiyHHM anpHopnyio oii,eHKy pemeHHa sjijinnTHHecKoro ypasne- 
HHH B yTOHHeHHOH uiKajie npocTpancTB h iiccjieflyeM ero BHyTpeHHioio 
rjia/iKOCTb. 

1.4.1. nceBflo/],HcJ)4)epeHii,HajibHi>ie onepaTopM 

05cTOHTejibHoe HSJioJKeHHe TeopHH nceBflOflH4)4)epeHij;najibHbix 
onepaTopoB (H^O) npHse^eHO, nanpHMep, b MOHorpacJaHHX |1091I110"1 
11221 1126| H B o63ope [3] . J\jisi y/],o5cTBa HHTaTejiH nanoMHiiM onpe/],e- 
jieHHe nceBflOflii4)4)epeHi];HajibHoro onepaTopa b h CBHsaHHbie c 
HHM noHHTHH, Heo6xo/];HMbie HaM. By/ieM nojibsoBaTbCH b ochobhom 
TepMHHOjiorHeii h o5o3HaHeHHHMH H3 o63opa M. C. ArpaHOBHHa [3] 



IlycTb m S R. 06o3HaHHM Hepe3 S"^(R^") MHOJKecTBO Bcex dpyuK- 
ii;hh a £ C°°{M?^), KOTopbie yflOBjieTBoparoT cjie^yiomeMy ycjioBHio: 
jlJisi npoH3BOjibHbix MyjibTHHHfleKCOB o, /3 cymecTByeT hhcjio Ca^p > 

TaKOe, HTO 



Onpe^ejieHHe 1.12. nceedoduc^c^epemi^uaA-bHuu onepamop A b 
R" c cuMBOAOM a G 5""(R^") 3a/];aeTCH (J^opiviyjioH 



3flecb u — npoH3BOJibHaH 4)yHKu;HH H3 npocTpaHCTBa 5(R"). 

06o3HaHHM Hepe3 ^'™(R") Kjiacc Bcex H^O b R" c CHMBOjiaiviH 



(§ 1, 3). 



d^d^^a{x,C)\< 



Ca,l3 (0""''^' flJIH Jiio5bix X, ^ G R". 




H3 



5™(R2"). 
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Fji. [TJ HHTepnojiau,Ha a npocTpaHCTsa Xepuauflepa, 



BajKHbifi npHMep 11^0 Kjiacca ^"(M") /];aeT jiHHeHHbili /];H4)4)e- 
peHLi,HajibHbiH onepaTop 

A{x,D):= a^i^)D'' (1-42) 

|/i|<m 

nopH/i,Ka mac K034)4)HLi;HeHTaMn G Cb(M"'). Ero chmboji paseH 

\fi\<m 

3flecb /i = (/ii, . . . , fin) ~ MyjibTHHH/];eKC, := i'^' 9^ , h Kax o6biH- 
Ho, ^'^ := ^ . . . ^n" flJiii BeKTopa ^ = (^1, . . . , (npeo5pa30Ba- 
HHe Oypbe nepebOflHT onepaTop flHcJjcjaepeHi^iipoBaHHH b onepa- 
TOp yMHOJKeHHH Ha ^^.) 

SaMeTHM, HTO c yBejiHHeHHeM napaMeTpa m Kjiacc ^'™(M") pac- 
innpaeTCH. riojiojKHM 

*-°°(R") := Pi *™(M"), *~(M") := \J ^'"(M"). 

BcaKHH HJIP A E HenpepbiBeH b 5(M"') h e/iHHCTBeHHbiM 

o6pa30M npoflOJiJKaeTCH flo jiHHeiiHoro nenpepbiBHoro onepaTopa b 
3tot onepaTop TaKJKe oGosHanaeTCH nepes A. 

^ajiee nepeft^eM k 6ojiee ysKOMy h uanGojiee BaJKHOMy ^jih npn- 
jiojKeHHH ceMelicTBy nojiHOflHopo/];Hbix (hjih KjiaccmecKiix) H^O. 
CnaHajia BBe/],eM MHOJKecTBO oflHopo^Hbix chmbojiob nopaflKa m G M. 
06o3HaHHM Hepes S^iM?"^) MHOJKecTBO Bcex 6ecKOHeHHO /];H4)4)e- 
peHLi,HpyeMbix KOMnjieKCHOSHaHHbix 4)yHKii,HH 3a/];aHHbix npn 

X, ^ G H ^ 7^ 0, KOTopbie y;i;oBjieTBopaK)T cjie^yromHM ycjiOBHHM: 

(i) b{x,X^) = X^b{x,^) npoHSBOjibHoro A > 0; 

(ii) flJiH npoHSBOJibHbix MyjibTHHHfleKCOB a, (3 cymecTByeT hhcjio 

Ca,/3 > TaKOe, HTO 

I bix, I < c«,^ ICP-I'^' flJiH Jiio6bix X, e G M", e ^ 0. 
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Onpe^ejieHHe 1.13. IlycTb A — H^O hs ^™(M") c chmbojiom 
a(a;,^). A nasbiBaeTca noAuodHopodnuM (hjih KAaccuuecKUM) HJJ,0 
nopH;],Ka m, ecjiH nafifleTca Taxaa y6biBaioii];aH (cTporo) nocjiefloea- 
TejibHOCTb BemecTBeHHbix HHceji niQ = m, mj, j = 1, 2, . . ., CTpeMH- 
maHCH K — oo, H cymecTByeT TaKaa nocjie/ioBaTejibHOCTb o/];Hopo;],Hbix 
ciiMBOjioB aj G S^^ (R^"), j = 0, 1, 2, . . ., hto 

i=o 

fljiH KajKfloro ii,ejioro /c > 0. HpH 3tom 4)yHKii,HH ao(x,^) npe^nojia- 
raeTCH otjihhhoh ot TOJKflecTBeHHoro nyjiH, a cJ^yHKi^na 6 £ C^(M") 
nojiaraeTCH paBHoii 1 bhb HeKOTopoii OKpecTHOCTH nanajia ii paBHoii 
B HecKOjibKO MeHbinelt ero OKpecTHOCTH. OyHKi^HH ao(x,^) nasbiBa- 
eTCH zjiaeHUM cumboaom nojiHOflHopo/iHoro H^O A. 

06o3HaHHM Hepes ^'^(M") Kjiacc Bcex nojiHO/iHopoflHbix H^O 
B M" nopa/iKa m. Oh He saBHCHT ot yKasaHHoro Bbi6opa 4)yHK- 
n;HH 0. SaMeTHM, hto HOCKOJibKy rjiaBHbili chmboji HOJiHOflHopofl- 
Horo n^O Hpe^HOjiaraeTCH ne paBHbiM TOJK/iecTBeHHO nyjiK), to 

*^h(I^") n ^ph(I^") = npH m / r. 

^HcJxJ^epeHi^HajibHbiii onepaTop (|1.42p npHnafljiejKHT k Kjiaccy 

^'^(M'^), eCJIH OTJIHHeH OT TOJK^eCTBeHHOrO HyjIH XOTH 6bl OflHH KOSCJ)- 

4)HLi;HeHT a^(x) c |//| = m. FjiaBKbiH chmboji stoto onepaTopa hmcct 

|/x|=m 

Hac HHTepecyHDT nojiHOflHopo^nbie H^O paBHOMepno 3jijiHnTH- 
HecKHe B W^. HanoMHiiM hx onpe^ejieHHe. 

Onpe^ejieHHe 1.14. H^O A G h ero rjiaBHbili chmboji 

ao(a;,^) nasbiBaioTca paenoMepHO ajuiunmuHecKUMU b W^, ecjiii cy- 
mecTByeT hhcjio c > TaKoe, hto |ao(x, > c flJiH jiio6bix x, ^ G M" 
c|e| = l. 

BajKHO, hto paBHOMepno sjijTHHTHHecKHH n/],0 A HMeeT Hapa- 
MBTpHKC T. e. CHpaBefljiHBO cjiBflyiomee yTBepjK^eHHe [3l c. 20] 
(TeopcMa 1.8.3). 
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Fji. [TJ HHTepnojiau,Ha a npocTpaHCTsa Xepuauflepa, 



npeflJio:»ceHHe 1.6. Uycmh 11/^0 A G ^'^(M") paenoMepHO 9a- 
AunmuuecKuu e M". Tozda cyw,ecmeyem IJ/JO B G ^~^{W^) paeno- 
MepHO 3JuiunmuHecKuu e maKou, umo 

BA = I + Ti, AB = I + T2, (1.43) 

gde Ti uT2 — HCKomopue II/JO U3 a I — moMcdecmeeH- 

Huu onepamop e S'{W^). 



1.4.2. AnpHopnaa OLi,eHKa pemeHHa 

riycTE, 3a/];aH H^O A G ^'^(M"), Tfxe m G M. B 3tom h cjie^yio- 
meM nyHKTax npe/inojiaraeTCH, hto II^O A paBHOMepno sjijinnTHHe- 
CKHH B M". PaccMOTpHM ypaBHCHHe Au = / B R". ^Jia ero peineHHa 
u ycTanoBHM anpnopnyK) oi];eHKy b yTOHHeHHoli niKajie. 

npe/i;BapHTejibHO /lOKaJKeM cjie/iyromyio jieMMy o ^eiicTBHH npo- 
HSBOjibHoro n^O B yTOHHeHHOH niKajie. 

JleMMa 1.6. nycmb G - B/JO Knacca zde r E M. Tozda 

cyMcenue o'mo6pacnceHusi u i— )• Gu, u G HeAnemcn jiuhcuhum 

ozpaHuueHHUM onepamopoM 

G : //'^'^(M") ^ //'^-^'^(M") (1.44) 

Oasi npouseoAbHux napaMempoe o" G M n 99 G 7W. 

/J^OKasaTejiBCTBO. B coGojibbckom cjiynae ip = 1 3Ta jieMMa h3- 
BecTHa (cm., HanpHMep, [3l c. 10] (TeopeMa 1.1.2) jin6o [122^ c. 107] 
(TeopeMa 18.1.13)). BbiSepeM npoHSBOJiBHbie cr G M h 93 G A4. Pac- 
CMOTpHM jiHHeliHbie orpaHHHeHHbie onepaTopbi 

G : /7'^^i(M") ^ ^'^^^-'■(R"). 

IlpHMeHHM HHTepnojiau;Hio c (]3yHKu;HOHajibHbiM napaMeTpoM ip h3 
TeopeMbi 11.141 r/i,e nojiaraeM e = (5 = 1. B CHjiy ee nyHKTa (i) HMeeM 
orpaHHHeHHbiit onepaTop 

G: [H''-\W'),H''+\W')]^^ [i7'^-'^-i(M"),i7'^-'^+i(M")]^. 



\1.4[ PsLBHOMepHo 9jijiHnTHHecKHe onepaTopbi 



71 



OTCiofla B CHjiy nynxTa (ii) BbiTeKaeT, hto H^O G onpe/i,ejiHeT orpa- 
HHHeHHbiH onepaTop (ll.44p . JleMMa [L6] flOKasana. 

KaK BHflHM, n^O Kjiacca ^'''(M") noHHJKaeT na r ocHOBHyio rjia^- 
KOCTb a H ocTaBjiaeT HHBapHaHTHoii flonojiHHTejibHyro rjiaflKOCTt. ip 
npocTpancTBa if°"''^(M"). 

B CHjiy jieMMBi [L6l HMeeM orpaHHHeHHbilt onepaTop 

fljiH npoHSBOjiBHbix napaMBTpoB s & M a (p £ M. 

TeopeMa 1.16. Uycmb s €z M, a > u ip G A4. Cymecmeyem 
HUCAO c = c(s, (7,p) > maKoe, umo dnn npouseoAmozo pacnpedeAe- 
HUH u € H'^'^^''^ (W^) cnpaeedAuea anpuopnan ov,eHKa 

< c ( ||74n||j|^s,.p(i5n) + ||u|| 

)■ (1-45) 

^OKasaTejiBCTBO. BocnojibsyeMca npe;i;jio>KeHHeM 11.61 B CHjiy 
nepBoro pabencTBa b (|1.43p sannmeM u = BAu — Tin. OTCiofla cjie- 
flyeT oii;eHKa (|1.45p : 

BAu\\^a + m,ip(^n^ + 1 1 Tl U 1 1 J|/s + m,<j) ("Jgn ^ < 
C ||74u||j^s,<p(]Rn) + C ||n||j^s + m-<7,^(Kn). 

3flecb c — MaKCHMyM HopM onepaTopoB 

B : H''^{W) if*+"^'^(M"), (1.46) 
Ti : i/^+™-'^.</'(M") ^ i/^+™.'^(M"). (1.47) 

9th onepaTopbi orpaHHHeHHbie b CHjiy jicmmm 11.61 h npeflJioJKeHHH 
11.61 TeopeMa [LIB] flOKasana. 

3Ta TeopeMa yTonnaeT HSBecTHyio anpnopnyio OLi;eHKy pemeHHa 
paBHOMepHO 3jijiHnTHHecKoro ypaBHeHHH b co6ojieBCKoli niKajie (cjiy- 
Haft = 1) [U c. 20] (TeopeMa 1.8.4). 
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Fji. [TJ HHTepnojiau,Ha a npocTpaHCTsa Xepuauflepa, 



1.4.3. rjia/],KOCTi> pemeHHa 

npe^nojiOvKHM, HTO npaBaH nacTb ypaBHeHHH Au = f hmcct 
HeKOTopyio BHyTpeHHioio rjia^KOCTb b yTOHHeHHoli niKajie Ha sap^au- 
HOM OTKpblTOM HenyCTOM MHOJKeCTBe V C M". HsyHHM BHyTpeHHioio 
rjiaflKOCTH peineHHH u na 3tom MHOJKecTBe. PaccMOTpHM cnanajia cjiy- 
Hali, Kor/i,a V = M". 06o3HaHHM nepea i?~°°(M") o6T>eflHHeHHe Bcex 
HpocTpancTB H^''^{M."'), r^e s £ M, ip £ Ai. B jiHHeiiHOM npocTpan- 
CTBe BBOflHTca TOHOJiorna HH/iyKTHBHoro npeflejia. 

TeopeMa 1.17. IIpednoAOMCUM, umo u G HejinemcH 
pemenueM ypaenenusi Au = f e R", zde f £ i7*''^(M") dnsi neKomo- 
pux napaMempoe s u ip £ Ai. Tozda u G //*+'"''^(M"') 

/J^OKasaTejiBCTBO. B CHjiy xeopeMbi ll.lSI (i) j\Ji5i pacnpe/];ejieHH5i 
u £ i7^°°(M") cyin,ecTByeT hhcjio o" > TaKoe, hto 

u £ (1.48) 

OTCiofla H H3 ycjioBHa TeopeMbi nojiynaeM na ocHOBaHHH 4)opMyji 
(jl.43p . (jl.46p . (|1.47p Tpe6yeMoe cbohctbo: 

u = BAu - Tiu = Bf- Tiu £ i/"+'"'^(M"). 

TeopeMa 11.171 flOKasana. 

PaccMOTpHM Tenepb o6mHH cjiyHaii, Kor/i,a V — npoHSBOjibHoe 
OTKpbiToe HenycToe HOflMHOJKecTBO npocTpancTBa M". IIojiojkhm 

H[^f{V) := {w £ H-^{W) ■.xw£ i/"'^(M") 
jlJisi Bcex X G (^^(K"), suppx C V, dist(supp x, 5^) > O}; 

sflecb a £ M n if £ Ai. Tonojioriia b npocTpancTBe H^^^{V) sa/iaeTCH 
nojiynopMaMH w i— t- ||x ^ll_f/'^'¥'(R")j r^e 4)yHKii,HH x — Te JKe, hto h b 
onpe/iejieHHH 3Toro npocTpancTBa. 

TeopeMa 1.18. UpednoAOMCUM, umo u £ H~°°{W^) HeAHemcH 
peiuenueM ypaeneHun Au = f na MHOMcecmee V , zde f £ H^^f{V) 
djiH HCKomopux napaMempoe s £ u if £ Ai. Tozda u £ H^^"^''^ (V) . 
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^OKasaTejiBCTBO. HoKajKeM, hto h3 ycjioBHH / G H^^^(V) bm- 
TeKaeT cjieflyiomee cbohctbo noBbimeHHa BHyTpeHHeit rjiaflKOCTH pe- 
meHHa ypaBHeHHH Au = f: flJiH KajK/ioro HHCjia r > 1 cnpaBefljiHBa 
HMnjiHKaii;HH 

u G F47+"''^(F) ^ n G H^-r+^+'^^^iV). (1.49) 

ripoHSBOjiBHO Bbi6epeM 4)yHKi;Hio X £ C{^(M") TaKyro, hto 

suppx C y H dist(suppx, > 0. (1.50) 

^jiH Hee cymecTByeT 4)yHKn,HH rj G C^(M") TaKaa, hto 

supp?7 C V, dist(suppr7, dV) > 0, rj = 1 b oKpecTHocTH suppx- 

(1.51) 

^eftcTBHTejibHO, Mbi MOJKeM onpe/i,ejiHTb yKasaHHyio 4)yHKii,iiio npn 
noMomn onepaii;HH CBepTKH rj := X2s*'^e-, r^e e := dist(suppx, c^^)/4, 
X2e — HHflHKaTop 2e-OKpecTHOCTH MHOJKecTBa suppx, a 4)yHKn,HH 
oje £ C°°(M") yflOBjieTBopaeT ycjioBHSM 

> 0, suppwg C {x G K'^ : ||x|| < e}, y uJe{x)dx = 1. 

Henocpe/];cTBeHHO mojkho y6e;i,HTbCH b tom, hto TaKaa 4)yHKii;HH i] 
npHHafljiejKHT Kjiaccy C^(M") h HMeeT cjie/iyiomee cbohctbo: ?7 = 1 b 

e-OKpeCTHOCTH MHOJKeCTBa SUpp X H = BHe 3e-OKpeCTHOCTH 3Toro 

jKe MHOJKCCTBa, T. 6. Y] yflOBjieTBopacT ycjiOBHSM (|1.5ip . 

IlepecTaBHB H^O A h onepaTop yMHOJKeHHH na 4)yHKii;Hio x, sa- 
HHineM 

Axu = Axrju = X Arju + A'rju = 
X Au + X ^i'n ~ 1)^^ + = 
= xf + xMv-'^)u + A'riu B M". (1.52) 

Sflecb HJIP A' G ^'"^^-'^(M") — KOMMyTaTop H^O A h onepaTopa 

yMHOJKeHHH Ha 4)yHKH,HK> X- B CHJiy JieMMbI [L6] hmccm OrpaHHHeHHblH 

onepaTop 

A' : //«-^+™.^(M") ^ i/"-'^+i''^(M"). 
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Fji. [TJ HHTepnojiau,Ha a npocTpaHCTsa Xepuauflepa, 



C jie/i,OBaTejibHo , 

u G ^ A'riu E /^^-^•+i'^(E"). (1.53) 

^ajiee, na ocHOBaniiH ycjioBHH / G h BBH/],y HepaBencTBa 

r > 1 HMeeM 

x/G//''^(M")-^//'^''+^'^(M"). (1.54) 
KpoMe Toro, TaK KaK HOCHTejiH 4)yHKii;Hii ^ h r/ — 1 He nepeceKaioTCH, 

TO n^o 

xA(r?-l)GvI;-~(M«). 

3to cpasy cjie^yeT h3 4)opMyjibi fljiH CHMBOjia KOMno3Hii;HH flByx 
n^O: X-^ H onepaTopa yMHOJKeHHH na 4)yHKii,Hio rj—1 (cm. [31 c. 13], 
TeopeMa 1.2.4). OTCiofla, nocKOjiBKy j^jia u € H~°°{W^) cnpaBefljiHBO 
(I1.48P npH HeKOTopoM o" > 0, mbi HMeeM b CHjiy jieMMbi [L6] BKjiioHeHHe 

X A{-n - l)u e H'-'+^^^iW'). (1.55) 

Ha ocHOBaHHH 4)opMyji (ll.52p - (|1.55p h TeopeMbi 11.171 hojiv naeM . 

HTO 

u G Ff^7+™''^(y) ^ G /7^-''+i'^(M") ^ 

XU £ iJ«-^'-+i+"^:V(M"). 

TeM caMbiM flOKasano (I1.49P SBUffy npoHSBOJibHOCTH Bbi6opa dpyuK- 
Li,HH X £ (^^(M"), y;];oBjieTBopaioiii,eH ycjioBHio (|1.50p . 

Tenepb npn noMorn;H HMnjiHKaii;HH ()1.49p jierKO BbiBecTH bkjiio- 
HeHHe u S H^^^{V). Mojkho CHHTaTb, hto b dpopuyjie (|1.48p hhcjio 
a > 11,6 jioe. nocjieflo- 
BaTejibHO fljia r = a, a — 1, . . . ,1, bbiboahm Tpe6yeMoe BKjiioHeHHe: 

u £ (l^) ^ ue Ff„7+^+'"''^(y) ^ . . . 

TeopeMa 11.181 /lOKasana. 

TeopeMa 11.181 yTOHHHeT npHMeHHTejibHO k niKajie npocTpancTB 
H^''^{M.'^) H3BecTHbie yTBepjK^eHHH o noBbimeHHH BHyTpeHHefi rjia^- 

KOCTH pemeHHH JIHHeHHblX 3JIJIHnTHHeCKHX ypaBHeHHH B C060JieBCK0H 



\1.4[ PsLBHOMepHo 9jijiHnTHHecKHe onepaTopbi 
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uiKajie (cm., HanpHMep, [111 c. 189; [26l c. 77; 11091 c. 72]). KaK bh^hm, 
yTOHHCHHaa rjia;];KOCTb (p npaBoii nacTH sjijinnTHHecKoro ypaBHeHna 
HacjieflyeTCH ero peineHHeM. Ecjih onepaTop A /];H4)4)epeHD;HajibHbiH 
H MHOJKecTBO V orpaHHHeHO, TO TeopeMa 11.181 co/iepacHTCH b TeopeMe 
JI. XepMaH^epa |118l c. 237] o peryjiapnocTH penieHufi rHnosjijinnTH- 
HecKHX ypaBHeHHii, BbipaJKeHHOH b TepMHHax npocTpancTB i?p^^(M"'). 

SaMenaHHe 1.7. Cjie^yeT pasjinnaTb enympeHHtoK) h AOKaAb- 
Hym rjia^KOCTb na OTKpbiTOM MHOJKecTBe V C M". HpocTpaHCTBO 
pacnpeflejieHHH, HMeiomnx /];aHHyio jioKajibHyio rjia/],KOCTb na 3tom 
MHOJKecTBe, onpe/;ejiHeTCH cjie^yiomHM o6pa30M: 



B cjiynae, Kor^a MHOJKecTBO V orpanHHeno, npocTpancTBa H^j^^{V) 
H H^^^iV) coBnaflaioT. Ecjih jkc V HeorpaHHHeHHO, to MOJKeT 6biTb 
CTporoe BKjiioHeHHe H^^^{V) C H^^^(V). ^jih JioKajibHoft yTOHHCH- 
Holi rjiaflKOCTH cnpaBe^jiHB anajior TeopcMbi I1.18| b ee cJjopMyjinpoB- 
Ke cjie/];yeT tojibko saMCHHTb int na loc b oGosHaHeHHax npocTpancTB. 
Oh jierKO bbibo/^htch h3 TeopcMbi 11.181 

TeopeMa 1 1 . 1 8 1 H03BOjiaeT ycTanoBHTb najiHHHe nenpepbiBHbix npo- 
HSBO^Hbix y pemeHHH ypaBHeHHH Au = f. Tlpn 3tom HcnojibsycTCH 
TeopeMa 1 1.1 51 (iii). 

TeopeMa 1.19. Uycnib aadano ii,eAoe hucao r > u (pynn- 
i^UH (p G A4, ydoeAemeopHwmaH ycAoeuw (jl.37p . UpednoAOMCUM, 
umo pacnpedeACHue u E H^°°{W^) neAHemcH peiuenueM ypaeneHUH 
Au = f Ha oniKpumoM MHOJfcecmee V C M", gde 



Tozda pemtHue u UMeem na MHOMcecmee V Henpepuenue uacm- 
Hue npouseodnue do nopndKa r eKAWHumeAbHO, npuueM smu npo- 
uaeodnue oepanuueHU na KaofcdoM MHOMcecmee Vq <ZV maKOM, umo 
dist(Vo, dV) > 0. B uacmHocmu, ecAU V = M", mo u e C{J(M"). 



Xwe H^'^PiW) p^jiR Bcex X G suppx C V}. 



rr—m+n/2,ip 
int 



{V). 
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/J^OKasaTejiBCTBO. B cHjiy TeopeMbi 11.181 nojiaraeivi s := r — 
m + n/2, cnpasefljiHEO BKjiioHeHHe u G H'[^^^'^''^ iV). IlycTb 4)yHKii;HH 
r] G C^(M") y/];oBjieTBopHeT ycjioBHHM 

suppr/ C V, dist(supp ?7, dV) > 0, = 1 b oKpecTHocTH Vq- 

3Ta 4)yHKii,HH CTpoHTCH TaK JKe, KaK H B flOKasaTejibCTBe Teope- 
Mbi 11.181 ecjiH saivieHHTb b hbm MHOJKecTBO suppx Ha Vq. A-'is pac- 
npeflejieHHH ryn b CHjiy TeopeMbi 11.151 (iii) HMeeM 

OTCiofla BbiTeKaeT, hto Bce nacTHbie npoHSBOflHbie 4)yHKii;Hii u j^o 
nopH^Ka r BKjiioHHTejibHO HenpepbiBHbi h orpaHHHeHbi b neKOTopofi 

OKpeCTHOCTH MHOJKeCTBa Vq. ToTpfi 3TH npOH3BO/],Hbie HenpepbiBHbi II 
Ha MHOJKeCTBB V ^ HOCKOJIbKy MOJKHO B3HTb Vq := {xq} flJIH JH060H 

TOHKH xo G V. TeopeMa 11.191 joKasana. 

SaMenaHHe 1.8. Ecjih HCHOjibsoBaTb TeopeMy 11.191 jinnib ^jih 
HiKajibi npocTpancTB Co5ojieBa, to npHflCTCH BMecTO (jl.56p noTpe6o- 

BaTb, HTo6bI JXJIH HeKOTOporO HHCJia e > BblHOJIHHJIOCb yCJIOBHe 

Oho saBbimaeT ocHOBHyio rjia/];KOCTb HpaBofi nacTH ypaBHeHHH Au = 
f, HTO cymecTBeHHO orpy6jiHeT pesyjibTaT. 

SaMenaHHe 1.9. ycjioBHe (|1.37p hb tojibko ^ocTaTOHHoe b tbo- 
peMB 11.191 HO TaKJKB H Heo6xo/];HMOB Ha KjiaccB Bcex paccMaTpHBaB- 

MblX pBmBHHH ypaBHBHHa Au = f. A HMeHHO, (|1.37P SKBHBajIBHTHO 

HMnjiHKau;HH 

(n G F-~(M"), f:=Aue H-~'^^'"^'^''^{V)) ^ ue C'{V). (1.57) 

B caMOM flejie, bcjih u G /ijj^^ (v/j, to / = Au G ri_^^^ \y )^ 

OTKy^a u G C"'(0), ecjiH (|1.57|) BbmojiHHeTCH. HosTOMy (|1.57|) BjieneT 
3a co6oH (|1.37p na ocHOBaHHH Hpe;i;jiOJKeHHH 11.51 h BBH^y 4)opMyjibi 

(nm). 



\1.5[ TlpiIMeHaHHS II KOMMeHTapHH 
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1.5. IlpHMeHaHHH H KOMMGHXapHH 

K n. 1.1. nepBbiH MCTOfl HHTepnojiHn,HH npocTpancTB 6biji npe/iJiojKeH 
He3aBHCHMO }K.-JI. JIhohcom |184| h C. F. KpennoM |33| . 3to — HHiep- 
nojiaLi,HH CO CTeneHHbiM napaMCTpoM nap rHjib6epT0BMx npocTpancTB, b 
KOTopoii noKasaTejib CTenenn HcnojibsyeTca b Ka^ecTBe napaMexpa HHTep- 
nojijmHH. yKasaHHbiii mctoa 6biji pacnpocTpaneH na napbi HopMHpoBaHHbix 
npocTpancTB >K.-JI. JIhohcom, >K. IleTpe |185U189ll211| (Bem,ecTBeHHaH hh- 
TepHOjiHLi,Ha) H C. r. KpeiiHOM [33l|34], >K.-J1. JIhohcom |186| . A. H. Kajib- 
flepoHOM |143j , M. UlexTepoM |224| (KOMHjieKCHaa hjih rojiOMop(J)HaH HHTcp- 
nojian;HH). Boo6ni,e roBopa, KOMHjieKCHbie h Ben],ecTBeHHbie MeTO^bi HHTcp- 
nojian;HH npHBOflHT k pasHbiM HHTepHOjiJin;HOHHbiM npocTpancTBaM. ITpHH- 
upnbi HOCTpocHHH o6hi,hx HHTepHOjiHn,HOHHbix MCTOflOB pa3pa6oTaHbi 3. Fa- 
jibHpflo |159| . 

B nacTOHmee BpcMs H3BecTHbi pasjiHHHbie MCTOflbi BemecTBeHHOfl: h 
KOMHjieKCHOii HHTepHOjiHn,HH HopMHpoBaHHbix H Sojiec o6ni,Hx TonojiorH- 
HecKHx HpocTpaHCTB, B KOTopbix HHCjiOBbic Ha6opbi BbiCTynaiOT B KanecTBe 
napaMCTpoB HHTepnojian;HH; cm. MOHorpaeJjHH K. BcHHCTTa h P. UlanjiH 
|136j . H. Bepra h H. JlecJjCTpeMa [5]; K). A. Bpy;i,Horo h H. 51. KpyrjiHKa 
[TiT] . C. r. Kpeflna, K). H. neTynHna h E. M. CeMenoBa [31], >K.-JI. JIh- 
OHca H 3. Ma/iJKeHCca [JT], B. H. OB^HHHHKOBa [208] . X. TpH6ejiH |112| h 
npHBeflCHHyio TaM o6mHpHyio jiHiepaTypy. 

MeTO/I, HHTCpnOJIHU^HH HOpMHpOBaHHblX HpOCTpaHCTB C 4)yHKH,H0HajIb- 
HblM HapaMCTpOM BHCpBbie HOHBHJICH B CTaTbC K. OoHHia H >K.-JI. JlnoHca 

|157| . r^e TaKJKC 6biji OT/i,ejibHO paccMOTpen rHjib6epT0B cnynaM. HnTepno- 
jiaLi,HH rHjib6epT0Bbix npocTpancTB c 4)yHKLi;H0HajibHbiM napaMCipoM nay- 
najiacb B pa6oTax B. O. Jlpnoxhrn |150| . F. FUjienaaK |125| . E. H. HycTbijib- 
HHKa [75], B. H. ObHHHHHKOBa [lOHl H aBTopoB [SDl El [100] • B. H. Ob- 
HHHHHKOB |208j onncaji c noMOLn,bio HHTepnojiHn,HH c 4)yHKn,H0HajibHbiM 
napaMCTpoM Bce rHjib6epT0Bbi npocTpancTBa, HHTepnojisi^iiOHHbie othoch- 
TejibHO saflaHHOH napbi rHjib6epTOBbix npocTpancTB. Otmcthm, hto b pH^e 
npHjiojKeHHH Taxyio HHTepnojiHn,Hio HMeHyiOT MeTo;i,OM nepeMennbix rHjib- 
6epT0Bbix niKaji; cm., nanpHMcp, pa6oTbi M. XerjiaH^a |1691 1170] . H. Maia 
H y. ToTenxana |193j . 

PaSJIHHHbie MCTOflbl HHTepnOJIHLI,HH HOpMHpOBaHHblX HpOCTpaHCTB C 

o6hi,hm 4)yHKn,HOHajibHbiM napaMCTpoM BBeflCHbi h HsyneHbi b pa6oTax 
T. O. KajiyrHHOH [28], 51. FycTaBCCona [166], C. 5lHCOHa [172], K. MepyH-m 
[196| . JI.-3. HepccoHa |213| . H. 51. KpyrjiHKa |181| fljia BemecTBeHHoft hh- 
TepHOjiHn,HH H B CTaTbc M. H. Kappo, H. JI. Kep^a |144| fljiH KOMHjieKCHOH 

HHTepHOJIHH,HH. OtMCTHM, ^TO B HHTepHOJIHH^HOHHblX MCTO^aX, HpCflJIOiKeH- 
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Hbix C. Hhcohom |172| . HcnojibaoBan o^^eHb niHpoKHii Kjiacc HHTepnojia- 
li,hohhijIx napaMCTpoB — npoiiSBOjibHijie nojiojKHTejibHbie nceB^oeorHyTBie 
4)yHKri,HH. 

Bee TeopeMbi n. 1.1 yeTanoBjieHbi aBTopaiviH: TeopeMbi 1.1-1.5h1.8, 1.9 
flOKasaHbi B |200| (n. 2), a TeopeMbi 1.6 h 1.7 npHBeflenbi b j52j (n. 3). ^o- 
KasaTejibeTBO TeopeMbi 1.4 anajioraHHO flOKasaTejibCTBy, flannoMy b KHnre 
X. TpH6ejiH |112( c. 136, 138], a TeopeMbi 1.5 Sjihsko k ;i,OKa3aTejibCTBy 
'iK. >KeiiMOHa |1611 c. 133]. X. TpH6ejib h >K. ^KefiMona paccMaTpiiBajiii 
HHTepnojiHLi,iiOHHbie 4>yHKTopbi Ha KaTeropnii Bcex coMecTiiMbix nap 6aHa- 
xoBMx npocTpancTB. 

K n. 1.2. IIoHHTHe npaBHjibHO Menaiomeiica: 4)yHKii,HH wcp^e^o H. Ka- 
paMaToii |174| (b cjiynae HenpepbiBHOii 4)yHKii,HH) . Hm see |175[ I176j ycTa- 
HOBjieHbi ocHOBHbie CBOiicTBa npaBiijibHO MeHHioni,HxcH 4)yHKii,HH. TeopHJi 

3THX (|)yHKLl,HH H paSJIHHHbie ee npHJIO>KeHH5I H3JIO>KeHbI B MOHorpacJjHsx 

H. X. BnHxeMa, H. M. roji;i,H ii Jlxi. JI. Taiirejibsa |137j . F. Jl. Fejiyx h 
Jl. fle Xaan [HD], B. MapHKa [Hg, C. H. PeniHHKa [HT], E. CeneTbi [15], 
Jl. fle Xaan |167| . 

IIoHJiTHe KBaairapaBHjibHO MeHinomeiicH 4)yHKLi;HH BBefleno aBTopaMii b 
|52i c. 15: 1200[ c. 90]; oho y;i,o6HO b Teopmi HHTepnojiai^iiH npocTpancTB. 
Bee TeopeMbi n. 1.2 ycTanoBjieHbi b |200| (n. 3.1) sa iiCKjnoneHiieM TeopeMbi 

I. 13. ^OKasaTejibCTBO nocjieflHefi panee ne npHBo;i,Hjiocb. IIpHMoe flOKasa- 
TejibCTBO BajKHOH HHTepnojiaD;HOHHOH TeopeMbi 1.11 flano aBTopaMH b |50j 
(n. 2). Oho HcnojibsyeT M0flH4)HKaii,Hio HHTepnojiHii,HOHHoro Meiop^a, cjie^OB 
>K.-J1. JlnoHca [JT] (rji. 1, § 3, 5), npefljiojKenHyio F. FUjieHsaK |1251 c. 49]. 
BcnoMoraTejibHbie jieMMbi 1.3 ii 1.4 ycTanoBjienbi b |50| (n. 1). 

K n. 1.3. TeopHs pacnpe/i,ejieHHH (o6o6ni;eHHbix 4)yHKii,HH) 6epeT na^a- 
jio OT pa6oT C. Jl. CoSojieBa h Jl. IllBapii,a. C. Jl. CoSojibb bbbji Ba>KHbie 6a- 
naxoBbi npocTpancTBa pacnpe^ejieHHii, KOTopbie hocht ero hmh h 6e3 koto- 
pbix HeBOSMOJKHO HpeflCTaBHTb coBpeMeHHyK) Teopiiio ^HcJxJjepeHi^HajibHbix 
ypaBHeniiH. HsjiojKenHe Teopnii pacnpe^ejienHfl; h npocTpancTB Co6ojieBa 
iiMeeTCH, HanpHMep, b MOHorpacJjiiax C. Jl. CoSojieBa |101[|102] . Jl. IllBapii,a 
[2261 [227], P- A. A^aMca [127], B. C. Bjia^HMiipoBa [17], H. M. Fejib4)aHfla 
H F. E. niHjiOBa [211122], C. F. Mnxjinna [60], Jl. TapTapa [233]. Pa3HOo6- 
pasHbie npHjiojKeHHH coGojicbckhx npocTpancTB CTHMyjmpoBajiH hx rjiy6o- 
Koe iisyT^eniie, hto npiiBejio k nocTpoenHio hobbix BascHbix KjiaccoB npo- 
CTpancTB pacnpeflejieHHH — npocTpancTBa HnKOJibCKoro, BecoBa, niKajia 
npocTpancTB JlHSopKHHa-TpiiGejiH, paajiHHHbie hx BecoBbie h annsoTpon- 
Hbie anajiorn; cm. MOHorpaeJjiiH O. B. BecoBa, B. H. Hjibiina, C. M. Hh- 
KOJibCKoro [13], C. M. HnKOJibCKoro [70], X. TpnGejia [1121 ESI ESI [236] h 
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npHBefleHHBie trm jiiiTepaTypHbie yKasaHiia. 3th npocTpancTBa napaMCT- 
pHsyiOTca T^HCjiOBbiMH Ha6opaMH. 

^ajibHeiimee o6o6meHHe npocTpancTB Co6ojieBa nojiyneHO na nyTH ne- 
pexofla OT HHCjiOBbix k 4)yHKn,HOHajii>Hi>iM napaMCTpaM. IIocjie/iHHe onncbi- 
BaiOT Sojiee tohko, hcm hhcjiobbic napaMCTpbi, CBOiicTBa peryjiapnocTH pac- 
npeflejiCHHit, BxofljimHx b npocTpancTBa. 3to 6bijio cflejiano B. Majibrpan- 
jKeM |191| . a CHCTeMaTHHecKH JI. XepManflepoM b MOHorpaeJ^iiH |118| (rji. II) 
H JI. P. BojiCBH^eM, B. n. naneaxoM b CTaTte |20| . KOTopbie bbcjih h nayHH- 
jiH npocTpancTBa, napaMCTpHayeMbie npii noMomii BecbMa o6Ln,ero 4)yHKD;H- 
OHajiBHoro napaMBTpa. HpocTpaHCTBa XepMaH/;epa h BojiCBH^a-IIaHeHxa 
coBna^aiOT b rHjib6epTOBOM cjiy^ae. HeKOTopbie npHjiojKCHHH sthx npo- 

CTpanCTB B TCOpHH ypaBHeHHH C ^aCTHblMH npOHSBO^HblMH ;i,aHbI B MOHO- 

rpa4)HHx JT. XepMaH;i,epa [1181 1121] h B. 11. IlaHeHxa |209j . 

HpocTpaHCTBa XepManflepa h BojiCBHia-IIaHeHxa saHHMaiOT ri,eH- 
TpajibHoe MecTO cpe^H npocTpancTB o6o6meHHOH rjia^KOCTH. B nocjieflHHe 
flecHTHjiCTHH TaKHe npocTpancTBa sbjihiotch npeflMCTOM pa^a rjiySoKHx 
HCCjieflOBaHHii — cm. o63opbi 11. H. JlnaopKHHa [38], F. A. KajiH6HHa h 
n. H. JlH3opKHHa |173j . MOHorpa4)HH X. TpH6ejiH |235j (rji. Ill), H. 5Iko- 
6a |171j . He^aBHHe pa6oTbi B. H. BypenxoBa |142| . X.-F. Jleonojibfla |182| . 
C. /I,. Moypbi [203], B. OnHKa h B. TpeSejisa [101], B. Oapxaca h X.- 
F. JIeonojib;i,a |156j . B. OapKaca, H. 5lKo6a h P. JI. IIlHjiHHra [1541 1155j . 

JX. XapocKe H C. fl. Moypti |168| . fl,. 3. 3flMyH^ca, FI. FypKH h B. OnHKa 
jl52| . JX. 3. 3^MyH/i;ca h XapocKe |153| . a TaKHce HpHBefleHHyro TaM 

jiHTcpaiypy. IIocTpoeHbi pasjiHHHbie anajiorn npocTpancTB HnKOjibCKoro- 
BecoBa h JlH3opKHHa-TpH6ejiH, napaMeTpnsyeMbie nocpeflCTBOM cjsyHKi^H- 
OHajibHbix napaMCTpoB. ^jih hhx yflajiocB nojiyHHTb TOHHbie TeopeMbi bjio- 
>KeHHH oflHHx KjiaccoB npocTpancTB b flpyrne, TeopeMbi o npo;i,oji>KeHHH, 
TeopeMbi o cjieflax h flpyrne peayjibTaTbi. B CTaTbHx M. UlexTepa |224| . 
C. Mepy^HH |197) . <I>. Ko6oca h f[. JI. OepHanflesa |145| iiayHenbi hh- 
TepnojiHii,iiOHHbie CBOiicTBa pasjiii^^Hbix KjiaccoB npocTpancTB o6o6Ln,eHHOH 
rjiaflKOCTH. 

Onpeflejienne yTOHHeHHOii niKajibi b R" ^ano aBTopaMH b |49j ; ee cboh- 
CTBa (TeopeMbi 1.14 h 1.15) ;i,OKa3aHbi b |51j (n. 3). 

TepMHH „yTOHHeHHaH niKajia" iicnojibaoBajica panee F. HIjiensaK |125j 
fljia HHoro BBe/i,eHHoro eio Kjiacca rHjib6epT0Bbix npocTpancTB XepManfle- 
pa. 3tot Kjiacc ne HMeeT KoncTpyKTiiBHoro onHcaniiH h ne npHBHsan k 
co6ojieBCKoft niKajie. CooTBeTCTByiomHit eMy Kjiacc HHTepnojiaii,noHHbix na- 
paMeTpoB flOBOjibHO y30K H no/],HHHeH ii3jiimiHeMy ycjiOBHio na noBe;i,eHHe 
napaMeTpoB b6jih3ii nyjia. 
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B KHHre X. TpH6ejia |235j (rji. Ill) h b CTaTte JX. J\. XapocKe h 
C. J\. Moypbi |168j BBe^eHH h Hsy^^eHbi anajiorH 6aHaxoBbix npocTpancTB 
HnKOjibCKoro-BecoBa h JlH3opKHHa-TpH6ejiH, peryjiapnocTb pacnpeflejie- 
HHii B KOTopbix xapaKTepHsyeTCH, KaK h y nac, nocpeflCTBOM flsyx napa- 

MeTpOB — OCHOBHOrO HHCJIOBOrO H flOnOJIHHTejIBHOrO 4)yHKII,HOHajIbHOrO. 

IIpH 3T0M X. TpH6ejib HcnojibsyeT jiorapH4)MHHecKHe, a J\. J\. XapocKe 
n G. J\. Moypa — 6ojiee o6iii,He Mefljienno MCHHromiiecH 4)yHKn,HOHajiBHbie 
napaMCTpbi. 

K n. 1.4. Ajire6pa nceBflOflH4)4)epeHii;HajibHbix onepaTopoB (II^O) 
nocTpoena h Hsy^^ena b ochobhom b pa6oTax ^jk. Jlya. Kona, JI. Hnpen- 
Sepra h JI. XepMan/iepa; cm. c6ophhk CTaTeii [77] • Cpcflii 11/1,0 BajKHoe 
MecTO aaHHMaHDT sjijiHnTHHecKiie onepaTopbi. Ohh nanijiH pa3HOo6pa3Hbie 
npHjiojKeHHH B TeopHH sjijiHnTHHecKHx KpaeBbix 3a;i,aH pji^i ;i,H4)4)epeHLi,H- 
ajiBHbix ypaBHCHHii, b cneRTpajibHoii TeopHH, b TeopHH 4)yHKr,H0HajibHbix 
npocTpancTB h flpyrne. noflpo6Hoe HSjiojKeHHe TeopHH IlflO HpHBe/i,eHO, 
HanpHMep, b MOHorpaeJjHHx M. Teiijiopa [109] . <P. TpeBa |110| . JI. XepMan- 
Aepa [1^ . M. A. IIIySHHa h oSaopax M. C. ArpanoBH^a HIS]. Mbi b 

OCHOBHOM CJieflyeM 0603HaHeHHHM H TepMHHOJIOrHH, npHHHTbIM B [3]. 

fljiH sjijiHHTHT^ecKHx flH4)4)epeHn;HajibHbix ypaBHenHH nsBecTHbi BnyT- 
peHHHe anpHopHbie on,eHKH pemenHH b ho^xo^hhi,hx napax npocTpancTB 
Fejibflepa (c Hen,ejibiMH HHfleKcaMn) h npocTpancTB Co6ojieBa, a TaKJKC 
yTBepjKfleHHs o jiOKajibHoii peryjiapnocTH (hjih rjia^KOCTn) pemenHH b Ta- 
KHx npocTpancTBax. HsjiojKenHe sthx pesyjibTaTOB h cooTBeTCTByiOHi,He 
jiHTepaTypHbie yKasanHa npHBe/],eHbi b KHHre KD. M. BepesancKoro 
(rji. Ill, § 4). B npocTpancTBax XepManflepa peryjiapHOCTi. pemenHH rnno- 
sjijiHnTHHCCKHx /;H4)4)epeHn,HajibHbix ypaBHenHH Haynena JI. XepManflcpoM 
B MOHorpa4)Hax [1181 c. 139, 237] h [1211 c. 79, 222]. Jiflu sjijinHTH^^ecKHx 
HceBflOflH4)4)epeHn;HajibHbix ypaBHenHii BHyTpeHHne anpHopHbie on,eHKH pe- 
mcHHii H yTBepjKfleHHs o jiOKajibHoii peryjiapnocTH pemenHH b coGojieBCKoft 
mKajie npHBCflenbi b yKasannbix Bbime pa6oTax no Tcopnn Tlj\0. ^jih H^O, 
paBHOMcpno sjijiHnTHHecKHx B K", anpnopnaa on;eHKa Bcpna na bccm M". 
3to Bcpno H f^jiii yTBepjKfleHHH o noBbimenHH peryjiapnocTH pemennii; cm., 
nanpHMcp, o63op M. C. ArpanoBH^a [5] (n. 1.8). 

Bee TeopcMbi n. 1.4 ycTanoBjicnbi b |67| npHMCHHTCjibno k 6ojiee o6m,HM 

paBHOMCpnO ajIJIHHTHiICCKHM HO HCTpOBCKOMy MaTpH^HblM 11/1,0. 



FjiaBa 2 



IIpocTpaHCTBa XepMaH^epa 
Ha saMKHyxoM 
MHoroo6pa3HH 
H Hx npHJio:aceHHa 

2.1. ripocTpajiCTBa XepMaH;],epa 
Ha saMKHyTOM MHoroo6pa3HH 

B 3TOM naparpacjie mm paccMaTpHBaeivi npocTpancTBa XepMan- 
/i,epa (yTOHHeHHyio niKajiy) na rjia;];KOM saMKHyTOM MHorooGpasHH. 
Mbi fla^HM SKBHBajieHTHBie onpeflejieHHH 9thx npocTpancTB, anajio- 
rHHHbie TCM, HTO HCHOJiBsyiOTCH fljiH npocTpaHCTB Co6ojieBa. 

2.1.1. SKBHBajieHTHbie onpe^ejieHHa 

^ajiee b stoh rjiaBe T — saMKHyToe (t. e. KOMnaxTHoe h 6e3 
Kpaa) 6ecKOHeHHo rjia^Koe opneHTHpoBaHHoe MHorooo6pa3He pas- 
MepHOCTH n > 1. IlpeflnojiaraeTca, hto na F sa/iana HeKOTopaa C°°- 
njioTHocTb dx. HanoMHHM, hto T?'(T) — TonojiorHHecKoe jiHHeiiHoe 
npocTpancTBO Bcex pacnpeflejieHHH na F, flBofiCTBeHHoe k npocTpan- 
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CTsy C°°(r) OTHOCHTejibHO pacniHpeHHa no nenpepbiBHOCTH CKajiap- 
Horo npoHSBe/ieHHa b npocTpancTBe L2{T,dx) =: L2{T). 3to pacniH- 
peHHe 6yjieM o6o3HaHaTb nepes {f,w)r, rflfi f £ D'{T), w £ C°°(r). 

riycTb s €M n if £ Ai. ^a^HM Tpn sKBHsajieHTHbix onpe/];ejieHHH 
npocTpancTBa H^''^{T). 

riepBoe onpeflejieHHe xapaKTepnsyeT H^''^(T) Hcxo^a h3 jioKajib- 
Hbix CBOHCTB pacnpe/iejieHHa / E P'(r). BosbMeM KaKOH-jin6o ko- 
HeHHbiH aTjiac h3 C°°-CTpyKTypbi na F, oGpasoBaHHbiii jioKajibHbiMH 
KapTaMH aj : M" -H- Tj, rflfi j = 1, . . . ,r. 3/],ecb OTKpbiTbie MHOJKecTBa 
Tj cocTaBjiHioT KOHeHHoe noKpbiTHe MHoroo6pa3Ha T. HycTb cJayHK- 
ii,HH Xj £ C°°(r), rjie J = 1, . . . , r, oGpasyioT pasGneHHe efl^nunu^bi na 
r, yflOBjieTBopHiomee ycjioBHio suppxj C Tj. 

OnpeflejieHHe 2.1 (jioKajibHoe) . JlnHeHHoe npocTpancTBo 
H'^''^{T) cocTOHT, no onpeflejiennK), h3 Bcex pacnpeflejiennH / G P'(r) 
TaKHx, HTo (xjf) ° OLj & H^''-P{W^) fljiH KajKfloro j = 1, . . . ,r. 3/];ecb 
iXjf) ° Oij — npeflCTaBjieHHe pacnpe/iejienna Xjf b JiOKajibHon Kapxe 
aj. B npocTpancTBe H^''^{T) onpe/iejieno CKajiapnoe nponsBefleHHe 
pacnpe/i,ejienHH /i, /2 no 4)opMyjie 

r 

(/i, h)H-,v{v) ■= X] ((Xi/i) ° "i' (^i /2) o aj)//-.^{M")- 

Oho CTan;];apTnbiM o6pa30M sa^aeT nopMy. 

B BajKnoM nacTnoM cjiynae ip = 1 npocTpancTBO H^''^{T) coBna- 
flaeT c npocTpancTBOM Co6ojieBa H^{T) nopa^Ka s. Hocjieflnee, KaK 
HSBecTHO |1181 c. 82: 1126| c. 66], — nojinoe n c tohhoctbk) flo SKBHsa- 
jieHTnbix nopM ne saBHCHT ot Bbi6opa aTjiaca n pasGnenHH eflHHHi^bi 
Ha r. Cjie/],yion];ee OHpeflejienne CBSsbiBaeT npocTpancTBO H^''^{T) c 
npocTpancTBaMH Co6ojieBa nocpe^cTBOM nnTepnojiHi^nn n noKasbiBa- 
eT, HTO H'^''^{T) He sasHCHT (c TonnocTbio ^o SKBHBajieHTnocTH nopM) 
OT Bbi6opa aTjiaca h pasGneHHa ejifianu^bi. 

Onpe^ejieHHe 2.2 (HHTepnojiHn;HOHHoe) . HycTb n,ejibie HHCJia ko 
H ki TaKHe, HTO ko < s < ki. Ho OHpe^ejieHHio, 
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rfle HHTepnojiHii;HOHHi)iH napaMCTp ^ aa^an cJ^opiviyjioH 



SaMenaHHe 2.1. OyHKii;HH ip hs onpejejieHHa fl?2\ HBjigeTCH hh- 
TepnojiHLi;HOHHbiM napaMBTpoM b CHjiy TeopeMbi 11.111 nocKOjibKy ip 
— npaBHjibHO MeHHiomaHca 4)yHKii,HH na 6ecKOHeHHOCTH nopa/iKa 



B cneKTpajiBHOH TeopHH nojiesHO onpeflejienne npocTpaHCTBa 
H^''^{T), CBasbiBaromee HopMy b HeM c neKOTopoH 4)yHKii;HeH ot one- 
paTopa 1 — Ar, rj^e A-p — onepaTop BejibTpaMH-JIanjiaca na T. (Hpn 
3TOM Ha MHoroo6pa3HH r BBOflHTCH pHMaHOBa MBTpHKa; CM., HanpH- 



Onpe^ejieHHe 2.3 (onepaTopnoe) . THjibGepTOBO npocTpancTBO 
H'^''^{T) onpe/i,ejiHeTCH KaK nonojineHHe jiHHeliHoro MHoroo6pa3Ha 
C°°(r) no HopMe 



TeopeMa 2.1. OnpedeAeHun [Kl\ 1^.^ u \2.3\ SKeueaAeHniHue: ohu 
onpedeAHmm odno u mo OKe 8UAb6epmoeo npocmpaHcmeo H^''^(T) c 
moHHOcmbm do 3KeueaAeHmHocmu HopM. 

Mbi flOKajKeM TeopeMy 12.11 b nn. 12.1.21 h 12.1.31 B cbmsh c stoh 
TeopeMoii yivrecTHo ^axb cjie/iyiomee onpe/i,ejieHHe. 

Onpe^ejieHHe 2.4. CeMeficTBO rHjib6epTOBbix npocTpancTB 




e = {s- ko)/{h - ko) E (0, 1). 



Mep, [ml c. 336; UMl c. 163]). 



/ ^ ||(l-Arr/V((l-Ar)^/')/|lMr), / e ^-(r). 



HasbiBaeM yTOHHenHoli niKajioli na saMKnyTOM MHorooGpasHH T. 
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2.1.2. HHTepnojiau,HOHHMe CBoftcTBa 

B 3TOM nyHKTe Mbl HSyHHM HHTepnOJIHLi;HOHHbie CBOHCTBa yTOH- 

HeHHOH niKajibi na F h, KaK cjie/icTBHe, nojiyHHM ^OKasaTejibCTBO to- 
ro, HTO onpejejieHHg [27T] h 12.21 paBHOCHjiBHBi. B KanecTBe iicxoflHoro 
onpe/iejieHHH npocTpancTBa H'^''^{T) HcnojibsyeM jioKajibHoe onpe/i,e- 
jieHHe 12.11 

TeopeMa 2.2. Uycmb aadanu (f)yHKV,UH ip €z M u noAOMCumejib- 
Hue HUCAa e, 5. Tozda Bah npouseoAbuozo s G M cnpaeedAueo 

[H'-'{T), H'+'{T)]^ = H^^^T) (2.1) 

c 9KeueaAeHmHocmbK) Hopm. 3decb ip — UHmepnoAH'u,uoHHUu napa- 
Memp U3 meopeMu \1.14\ 

^OKasaTejibCTBO. SanncaHHaH cjieBa b paBencTBe (|2.ip napa co- 
6ojieBCKHX npocTpancTB flonycTHMaa |1261 c. 66, 68]. Mbi BbiBefleM 3to 
paBeHCTBO H3 TeopeMbi 11.141 npn noMomn HSBecTHoro npneMa „pac- 
npsMjieHHa" h „CKjieHKH" MHoroo5pa3HH F. CorjiacHO onpe^ejieHHio 
l2.1| jiHHeHHoe OTo6pajKeHHe „pacnpHMjieHHa" 

r : / ^ ( (Xi/) o «i, • • • , iXrf) oar), / G V'{T), 
onpe;];ejiaeT HSOMeTpHHecKHe onepaTopbi 

T : F'"(F) ^ [H^iMJ^yy, a e M, (2.2) 
T : H'^^(T) {H'^^{W)Y. (2.3) 

IlocKOJibKy napaivieTp ip HHTepnojiaLi,HOHHbiH, to h3 orpaHiineHHOCTH 
onepaTopoB (|2.2p . r^e a G {s — e,s + 5}, BbiTeKaeT orpaHHHeHHOCTb 
onepaTopa 

T : [H'-^ir),H'+\r)]^^ [iH'~^{R^)Y,{H'+'{R^)Y]^. (2.4) 
B CHjiy TeopeM 11.51 h 11.141 cnpaBefljiHBbi cjie^iomHe paBencTBa npo- 

CTpaHCTB H HOpM B HHX: 

[{H'-^R^)Y, {H'+'{R^)Y]^ = 
( [H'-%R''),H'+^{R'')] Y = (F"'^(M"))^ (2.5) 
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HosTOMy orpaHHHeHHOCTb onepaTopa (|2.4p osHanaeT orpaHHHeHHOCTb 
onepaTopa 



IlocTpoHM flajiee /ijih T jieBbili o6paTHbiH onepaxop „cKjieHKH" K. 
^jia KajK/ioro HOMepa j = 1, . . . , r BosbMeM 4)yHKii;HK) rjj G Cq°(W^) 



K: {hi,...,hr)^^&j{ir]jhj)oa-^), hi, . . . ,hr £ S'^W^). 



Sflecb {i]jhj) o aj — TaKoe pacnpe/i,ejieHHe, sa/iaHHoe b otkpbitom 
MHOJKecTBe Tj C r, HTO ero npe/];cTaBHTejib b jioKajibHoft KapTe Oj 
HMeeT BH^ Vjhj- KpoMe Toro, spficb TaKJKe Qj — onepaTop npoflOJiJKe- 
HHH HyjieM c Tj Ha MHoroo6pa3He F. OnepaTop Qj KoppeKTHO onpe- 
jiejiea na pacnpe/iejieHHHX, HOCHTejib KOTopbix jieJKHT b Fj. B CHjiy 
BbiSopa 4)yHKii;HH Xji'Hj HMeeM: 



(2.6) 




r 



r 



r r 




T. e. 



KTf = f jiio6oro / G P'(F). 



(2.7) 



HoKajKeM, HTo jiHHeiiHoe OToSpaacenHe onpe/i,ejiaeT orpanHHen- 
Hbiii onepaTop 

K : (i/^'^(R"))^ ^ ii'^'^(F). (2.8) 
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^jiH npoH3BOJibHoro BeKTopa h 
{H''^'f'{W)Y MOJKHO sanHcaTb: 



(hi, . . . , hr) H3 npocTpaHCTBa 



\Kh\ 



Hs,v(r) 



J2 \\(XlKh)oai 



1=1 



E 

1=1 



o a- 



o ai 



1=1 j=l 



2 

< 



(Ri) 



5Z (^^IK'^jv^j^/^i.'L^^. 
1=1 j=i 



(2.9) 



Sflecb r/j-/ := {xi o aj)r?j G C^(M"), a /J^-; : M" o M" cyTb TaKolt 

C°°-flH4)4)eOMOp4)H3M, HTO /3jy = aj^oai B OKpeCTHOCTH MHOJKeCTBa 

suppr/j^; H /3j^i{x) = X flJiH Bcex x G M", /locTaTOHHO 6ojibmHX no 
MOflyjiio. KaK H3BecTHO |122l c. 625], onepaTop yMHOJKeHna Ha 4)yHK- 
li;hio Kjiacca Cq°(M"') h onepaTop 3aMeHbi nepeMennbix u ^ u o (3j^i 
orpaHHHeHbi b Ka>K/],OM npocTpancTBe i/'^(M"), r^e cr G M. no3TO- 
My jiHHeHHbiH onepaTop v i— >• {"qj^i v) o /3j^i orpaHHHeH b npocTpancTBe 
H'^{K"). OTcro^a b CHjiy xeopeMbi 1 1 . 1 41 BbiTeKaex ero orpaHHHeHHOCTb 
B npocTpaHCTBe i^*''^(M"'). Cjie/];oBaTejibHo, cooTHomeHHH (I2.9P Bjie- 
KyT ou;eHKy 

r 

|2 ^ II , ||2 



\Kh\ 



r/ie HHCjio c > He 3aBHCHT ot BeKTopa h = {hi, . . . ,hr)- TaKHM 
o6pa30M, OHepaTop (|2.8p orpanHHen j^jisi jiK)6bix s G n ip G M. 

B HacTHOCTH, orpaHHHeHbi onepaTopbi K : (H'^ (W^))^ — t- //"^(r), 
rjie fj G M. B3hb 3/],ecb SHaneHHH a G {s — e, s + 5} h npHMenHB 
HHTepnojiJmHio c napaMBTpoM ^, BBUffy paBencTBa (j2.5p nojiynaeM 
orpaHHHeHHbiit onepaTop 



K : {H 



(2.10) 
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Tenepb h3 4)opMyji (j2.3p , (|2.10p h (|2.7p cjie/iyeT, hto TOJKflecTBeHHbifi 
onepaTop iiTT ocymecTBjiaeT nenpepbiBHoe BjioJKeHHe npocTpancTBa 
H^''^(r) B HHTepnojiHii;noHHoe npocTpancTBO [iif*~^(r), i^*+^(r)]^. 
A H3 4)opMyji (12. 6p H (12. 8p BbiTeKaeT, hto tot jKe onepaTop KT ocy- 
mecTBjiHeT o6paTHoe nenpepbiBHoe BjioJKeHHe. 
TeopeMa 12.21 /;oKa3aHa. 

B cjiynae, Kor^a b Teopeivie 12.21 HHCjia ko := s — e a ki := s + 5 
n;ejibie, nojiynaeivi cjie/i,yiomHH BajKHbili pesyjibTaT. 

CjieflCTBHe 2.1. /Jam npouseoAbuo sadauHux s G R u (/? G 
onpedeAeHUH \2. i\ u \2.2\ HejinwrncH SKeueaAeHmHUMU. 

Hs TeopeMbi 12.21 h cbohctb HHTepnojiHii,HH BbiTeKaiOT cjie^ioii;He 
CBOitcTBa yTOHHeHHoii niKajibi na MHoroo6pa3HH F. 

TeopeMa 2.3. Tlycmb s G M uip^^px G A^. CnpaeedAueu cAedy- 
loui^ue ymeepMcdeHun. 

(i) UpocmpaHcmeo H'^''^(T) noAHoe (guAb6epmoeo) u c moHHO- 
cmbto do SKeueaAeHmHocmu HopM ne saeucum om eu6opa am- 
Aaca MHOzoo6pa3UH T u pasGuenuH eduHuii^u, ucnoAbsoeauHux 
e onpedeAeHuu \2. i\ 

(ii) Mnooicecmeo C°°(r) nAomno e npocmpaHcmee i7*''^(r). 

(iii) /Jah npouseoAbHozo Hucna e > eunoAHHemcn KOMnanmHoe u 
nAomnoe eAOMcenue H^^'^''^^{T) ^ H'^''^{T). 

(iv) (pyHK%usi ip/ifi ozpaHuuena e OKpecmHocmu oo mozda u moAbKO 
mozda, Kozda H^^'^^iT) ^ H'^''^{T). 9mo eAOMcenue nAomno u 
Henpepueno. Oho KOMnanmHO mozda u moAtKO mozda, Kozda 
ip{t)/ipi{t) — )• npu t —7- oo. 

(v) npocmpaucmea H'''^{r) u H~'''^/'^{T) eaauMHo deoucmeeH- 
Hu c moHHOcmbto do SKeueaAeHmHocmu HopM omHocumeAb- 
Ho pacmupeHUH no HenpepueHocmu CKaAnpnozo npouaeedenusi 
e L2{T). 
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/J^OKasaTejiBCTBO. (i) HpocTpaHCTBo H'^''^{T) nojiHoe b cHjiy Teo- 
peMbi 12.21 — KaK pesyjitTaT HHTepnojiHii;HH rHjih.6epTOBbix co6ojieB- 
CKHX npocTpancTB. PaccMOTpHM pfie napbi Ai h A2, KajKflaa h3 koto- 
pbix oGpasoBana axjiacoM h cooTBeTCTByiomHM pasGneHHeM eflHHHii,bi 
Ha r, HcnojibsoBaHHbiM B onpeflejieHHH 12.11 CooTBeTCTByioiii,He 3thm 
napaM npocTpancTBa yTOHHeHHoii niKajibi h npocTpancTBa Co6ojie- 
Ba o6o3HaHHM cooTBeTCTBeHHO Hepea H^''^{T,Aj) h H'^(T,Aj), rjjfi 
j G {1,2}. ^JiH co6ojieBCKHX npocTpancTB TOJK^ecTBeHHoe OTo6pa- 
xceHHe onpe^ejiaeT roMeoMop4)H3M / : H'^{T,Ai) -H- H'^{T,A2) npn 
JI1060M o" G M. BosbMeM 3/iidCb o" = s =F 1 H npHMeHHM HHTepnojiai];HK) 
c napaMexpoM ip h3 TeopeMbi 11.141 B CHjiy TeopeMbi 12.21 nojiynaeM 
roMeoMop4)H3M / : H^''-P{T,Ai) -H- //^''^(r, ^2)- Oh ycTanaBjiHBaeT 
yKasaHHyio nesaBHCHMOCTb npocTpancTBa H^''^{T) ot Bbi6opa aTjiaca 
H paaGneHHH epfianufii. YTBepiKfleHHe (i) flOKasaHO. 

(ii) B CHjiy TeopeM Fl. II h 12.21 HMeeM nenpepbiBHoe h njioTHoe bjio- 
jKeHHe H^~^^{T) ^ if*''^(r). KaK HSBecTHO (cm., nanpHiviep, |1261 
c. 66], npefljioJKeHHe 7.4), MHOJKecTBO C°°{T) hjiotho b co6ojieBCKOM 
npocTpancTBe H'^~^^{T). Cjie/];oBaTejibHO, 3to MHOJKecTBO hjiotho b 
H^''^{T). yTBepjKfleHHe (ii) /lOKasano. 

(iii) riycTb e > 0. CorjiacHO TeopeMe 12.21 cviiiecTBVioT HHTepnojia- 
ii,HOHHbie napaMBTpbi x^V ^ ^ TaKHe, hto cnpaBe/];jiHBbi cjie/i,yiomHe 

paBBHCTBa npOCTpanCTB C TOHHOCTBK) SKBHBajieHTHOCTH HOpM B 

HHX: 

OTCiofla B CHjiy TeopeMbi 11.11 nojiynaeM ii;enoHKy HenpepbiBHbix bjio- 

JKeHHH 

3flecb ii;eHTpajibHoe BjioJKeHHe co6ojieBCKHX npocTpancTB KOMnaKT- 
Ho |126| c. 68] (TeopeMa 7.4). Cjie/ioBaTejibHO, KOMnaKTHO BjiojKeHHe 
^s+e,vpi^p^ H^''^{T). Oho hjiotho b CHjiy nyHKTa (ii). YTBepjKfle- 
HHe (iii) /i,OKa3aHo. 
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(iv) IlycTb 4)yHKii;HH ^/^i orpaHHHena b OKpecTHOCTH oo. Ha oc- 
HOBaHHH TeopeMbi 12.21 HMeeM cjie/iyromHe paBencTBa npocTpancTB c 

TOHHOCTbK) JIO SKBHBajieHTHOCTH HOpM B HHX: 

[H'-\T),H'-^\T)]^ = H^'^T), 

Sflecb HHTepnojumHOHHbie napaMCTpbi ipjipi £ B yflOBjieTBopaioT yc- 
jiOBHK) il){t) I'll) lit) = ip{t^/'^) / ipiit}/"^) npH t > 1. CjieflOBaTejibHO, 
4)yHKii,HH ip /tpi orpaHHHeHa b OKpecTHOCTH oo H no TeopeMe 11.21 bbi- 
nojiHaeTCH nenpepbiBHoe h njioTHoe BjiojKeHHe H^''-^^{r) ^ H^'^(T). 
^ajiee, ecjiH ip{t)/ipi{t) — )• npn t — >• oo, to 'ip{t)/7pi{t) — npn 
t — )■ oo. OTCiofla H H3 KOMnaKTHOCTH BjiojKeHHH co6ojieBCKHX npo- 
CTpancTB H^~^^[T) ^ H'^~^{T) BbiTeKaeT b CHjiy xeopeMbi 11.21 kom- 
naKTHocTb BjiojKeHHa H^'^'^iF) <^ H^'^{T). 

IloKajKeM Tenepb, hto hs BjiojKeHLiH H^''^^{T) ^ H'^''^{T) cjiep^yer 
orpaHHHeHHOCTb 4)yHKLi,HH if/ifi Ha nojiyocH [l,oo). ripeflnojioJKHM, 
HTO 3TO BjiojKeHHe BbinojiHHeTCH. BocnojibsyeMCH jioKajibHbiM onpe^e- 
jieHHeM 12.11 MojKHO CHHTaTb, HTO fljiH HCKOToporo OTKpbiToro Heny- 
CToro MHOJKecTBa f7 C r BbinojiHHioTCH ycjiOBHH: U C Ti nUnVj = 
npH j ^ 1. P,Ji5i npoHSBOjibHoro pacnpeflejieHHH w G H^''^^{W^) TaKO- 
ro, HTO suppw C a^^{U), HMeeM 

Sflecb — OHepaTop npo/iojiJKeHHa nyjicM pacnpeflejienHH c MHoace- 
cTBa U aaT. Torj^a 

w = {xi{Q{w o a^^)))oai G H'''^{W). 

CjieflOBaTejibHO, b CHjiy TeopeMbi 2.2.2 h3 MOHorpa4)Hii JI. XepMan- 
Jiepa |118| c. 55] 4)yHKu;HH apryMeHTa ^ G M" orpann- 

Hena. SnaHHT, 4)yHKii;HH ^p/ifi orpaKHHena na nojiyocH [l,oo). 

HaKOHen,, noKajKeM, hto h3 KOMnaKTHocTH BjiojKeHHH H^'^^ (F) ^ 
i7*''^(r) BbixeKaeT ycjioBHe ip{t)/(pi{t) — >• npn t — t- oo. Ecjih 3to 
BjioJKeHHe KOMnaKTHO, TO KOMnaKTen ii onepaTop BjiojKeHHH 

{w G H'^'^^iW) : suppu; C a^\U)} ^ i7^''^(M"). 
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OTCK)fla Ha ocHosaHHH TeopeMbi 2.2.3 h3 ynoMHHyToit MOHorpacJjHH 
|118| c. 56] nojiynaeM, hto ~^ npn |^| — oo. SnanHT, 

ip{t)/(pi{t) — >• npH t — )• c«. 

YTBepjK/ieHHe (iv) /lOKasano. 

(v) B co6ojieBCKOM cjiynae ip = 1 yTsepjK/ieHHe (v) HSBecTHO 
|126| c. 70] (xeopeMa 7.7). Tax, co6ojieBCKHe npocTpancTBa H^^^{T) 
H H~^^^{r) BsaHMHO flBOHCTBeHHbi OTHOCHTejibHO pacniHpeHHH no 
HenpepbiBHOCTH CKajiapnoro npoHSBe/ieHHH b L2(T). 3to osnanaeT, 
HTo jiHHeHHoe oTo6pajKeHHe Q : w ^ {w, •)r, r/ie w £ C°°(r), npo- 
flOJiJKaeTca no nenpepbiBHOCTH ^o roMeoMop4)H3MOB Q : H^^^{T) o 
{H-'^\r)y. npHMenHB HnTepnojiHu;Hio c napaMexpoM ip h3 TeopeMbi 
12.21 r/i,e e = 5 = 1, nojiynaeivi en;e o^nn roMeoMop4)H3M 



Q : [H^'Hr),H^^\r)] o [(/7-+i(r))',(F-^-i(r))'] (2.11) 



Sflecb jieBoe HnTepnojiHu;Honnoe npocTpancTBO paBno H'^''^{T), a npa- 
Boe B CHjiy TeopeMbi II .41 npejcxaBjigeTcg b Buj^e 



OTMeTHM, HTO nocjieflnee paBencTBO cnpasefljinBO, nocKOjibKy x{t) '■= 
t/ip{t) = t^/"^ / Lp{t^/'^) npn t > 1. TaKHM o6pa30M, cJjopMyjia (j2.1ip 
BjieneT 3a co6oh roMeoMop4)H3M Q : {{^'"^{T) o (//~'*'^/'^(r))', 
T. e. yKa3annyio B3aHMnyio /iBOHCTBennocTb npocTpancTB H^''^{T) n 
j^-s,i/¥'(r). nynKT (v) 
TeopeMa 12.31 pflKasaua. 

H3 TeopeMbi 12.21 n CBOitcTBa peHTepau;HH (TeopeMa II. 3p BbiTexaeT 
cjie^yiomee yTBepjK^enne, noKa3biBaioiu,ee, hto yTOHnennaH niKajia 
na r 3aMKHyTa OTnocHTejibno nnTepnojiHu;HH c cJjyHKi^nonajibnbiMH 
napaMeTpaMH, (KBa3H)npaBHjibHO MeHHioiii;HMHC5i na 00. 

TeopeMa 2.4. Tlycmb sq,si £ M., sq < si u (/'OiV'i € M. 
B CAyuae sq = si npednoAOJfcuM, umo (pyHKV,UH (po/(pi ozpanune- 
na 6 OKpecmHocmu 00. Uycmh (jjyHKU,UH ^ £ B KeasunpaeujibHO 
MeHHWvuancH na 00 nopndKa 6, zde < 9 < 1. B cuny meopeMU 



[{H-^+\T)y,{H-^-\T)y] 
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ip — UHmepnoAHii^uoHHUu napajviemp. UpedcmaeuM ezo e eude 
%l:{t) = t^x(t), zde x £ QSV. Uoaomcum s := (1 — d)sQ + 9si u 



<p{t):=ipyit)ip{{t)x{f''-'°Mt)/Mt)) npu t>l. (2.12) 



c 3KeueaAeHmHocmbK) HopM. 

/l^OKasaTejibCTBO. IlojiojKLiTejibHaH 4)yHKii,HJi if HSMepHMa no 
BopejiK) Ha MHOJKecTBe [l,oo) h orpaKHHena BMecTe c cJayHKi^Heii \/ip 
Ha KaJKflOM OTpesKe [1, 6], r/],e 1 < 6 < oo, nocKOJibKy aHajiorHHHbiMH 
CBOHCTBaMH o6jia/];aioT 4)yHKu;HH '^Q^ipi h x- KpoMe Toro, ycjioBHH 
(/Jqj^'IjX £ QSV BjieKyT aa co6oh BKjiioHeHHe ip G QSV b CHjiy Teo- 
peMbi [LT2] (iii), (iv) b cjiynae sq < si, h xeopeMbi 11.131 — b cjiynae 
So = si- TaKHM o6pa30M, ip G M. ^ajiee, corjiacHO Teopene 12.31 (iii). 
(iv) napa npocTpancTB [H'^°''^°{V),H^'^''^'^{r)] flonycTHMaa. ^OKajKeM 
paBencTBO (I2.13p . 

HojiojKHM Q := Si — Sq + 1 n Ej := Sj — s + g, 5j := s — Sj + g npn 
j G {0,1}. Hiicjia g,£j,6j nojioJKHTejiBHbi, nocKOJibKy sq < s < Si. 
Otmbthm cjieflyioii;He hx CBoftcTBa: 

ej + 5j = 2g, ei - eo = si - sq, {I - 9)£o + Oei = g. (2.14) 

B CHjiy xeopeMbi 12.21 HMeeM npn j G {0, 1} paBencTBa 



C 3KBHBajieHTHOCTbIO HOpM. SfleCb HHTepnOJIHU;HOHHblfi napaMCTp ijjj 

onpeflejiaeTca no cJ^opMyjie 



Tozda (f G M u 





(r)] 




npn t>l, 
npn < t < 1. 



(2.15) 
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OTcrofla, nocKOjibKy ip — HHTepnojumHOHHbilt napaivieTp h sj — ej = 
s — Q, Sj + 5j = s + Q, MOJKeM sanHcaTb cjie^yiomHe paseHCTBa npo- 

CTpaHCTB C TOHHOCTbK) flO 3KBHBajieHTHOCTH HOpM B HHXI 

[H^-^{r),H^+'^{r)]^^, [F^-^(r),F^+^(r)]^J^. (2.16) 

3aMeTHM (cm. cjaopiviyjiy (j2.14p ). hto 4)yHKLi,HH 

orpaHHHeHa b OKpecTHOCTH oo b CHjiy TeopeMbi 11.121 (ii) b cjiynae 
So < si, a TaKJKe no ycjiOBHio b cjiynae sq = Si. IIpHMeHHB k (j2.16p 
TeopeMy 11.31 o CBolicTBe peHTepaii,HH, MOJKeM sanncaTb cjie^yromee 

paBenCTBO npOCTpanCTB C TOHHOCTBIO flp SKBHSajieHTHOCTH HOpM B 
HHX: 

[F"0'^»(r),F"i'^i(r)]^ = [H'-^{T),H'+'^(r)]^. (2.17) 

Sflecb HHTepnojiHu;HOHHbiH napaivieTp cj onpe/i,ejien no (JjopMyjie 
uj{t) := Mt)HMt)/Mt)) npn t > 0. 

B CHjiy cooTHomeHHH (I2.14p . (I2.15P n (I2.12p nocjie sjieMenTapnbix 
BbiHHCjieHHH nojiynaeM paBencTBa: a;(t) = t^^'^ip{t^/^'^^^) npn t > 1 n 
u{t) = 93(1) npn < t < 1. IIosTOMy corjiacno xeopeMe 12.21 HMeeivi 

[H'-^{r),H'+^{T)]^ = i7*'^(r) (2.18) 

c 3KBHBajieHTnocTbio nopM. H3 4)opMyji (|2.17p n (j2.18p cjie;i,yeT 
(I2J3D . 

Teopeivia 12.41 flOKasana. 

SaMenaHHe 2.2. TeopeMa 12.41 Bepna b npe^ejibnbix cjiynaax 
9 = n 6 = 1, ecjiH flonojinHTejibno npe/],nojioJKHTb, hto 4)yHKu;HH 
ip nceBflOBornyTa b OKpecTHOCTH 00. Tor^a b cnjiy xeopeMbi 11.91 — 
HHTepnojian;HOHHbiH napaMeTp, n npoxoflHT npnBeflennoe Bbime flo- 
KasaTejibCTBO. HanpnMep, TeopeMa 12.41 ocxaeTCH cnpaBefljiHBon /i,jih 
KajKflOH H3 4)ynKu;HH ^/;(t) := ln''t n ^(t) := t/ln^t, r^e t ^ 1 n 
r > 0. 
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SaMenaHHe 2.3. TeopeMa 12.41 ocxaeTCH b cHjie, ecjiH b ee 4)op- 
MyjinpoBKe saMeHHTb F na R". ^OKasaTejibCTBO anajiornHHO npHBe- 
;i,eHHOMy Bbime. TaKHM o6pa30M, yTOHHeHHaa niKajia b (KaK h 
Ha r) saMKHyTa OTHOCHTejibHO HHTepnojiaii;HH c cjayHKi^iioHajibHbiMH 
napaMeTpaMH, KBasnnpaBHjibHO MeHHKimHMHCH na oo. 

2.1.3. 3KBHBajieHTHMe HOpMbI 

B 3TOM nyHKTe mm nocTpoHM 3KBHBajieHTHbie HopMbi B npocTpaH- 
CTBe if*''^(r) npH noMomH sjijinnTHHecKHX nojioJKHTejibHO onpefle- 
jieHHbix n^O. KaK cjie^cTBHe, mm /lOKaJKeM, hto onpejejieHHg [2?T] h 

12.31 3KBHBajieHTHbI. 

IlycTb Ha MHoroo6pa3HH T saj^au nojiHOflHopoflHbiit H^O A no- 
pHflKa m > 0, sjijiHnTHHecKHH Ha T. (OnpeflejieHHe 11^0 na sa- 

MKHyTOM MHOrOo6pa3HH H CBHSaHHbie C HHM HOHSTHa npHBe/];eHM B 

H. 12.2.11 ) ripeflnojiojKHM TaKJKe, hto onepaTop A : C°°{T) — )• C°"(T) 
HOjiojKHTejibHO OHpeflejieHHMH B npocTpancTBe L2{T), t. e. cyni;ecTBy- 
eT HHCjio X > TaKoe, hto 



06o3HaHHM Hepes saMbiKaHHe b npocTpancTBe L2{T) onepaTo- 
pa A : C°°(r) C°°(r). riocKOJibKy n^O A sjijiHHTHHecKHii na T, 
3TO saMMKaHHe cyn];ecTByeT h onpeflejieno na H"^(T) [3l c. 28; 11261 
c. 77]. Ha ycjioBHH (I2.19p BbiTeKaeT, hto 11^0 A 4)opMajibHo caMo- 
coHpHJKeHHMH. Cjie/i,oBaTejibHo [21 c. 29: 1126^ c. 78], — neorpaHH- 

HeHHMli CaMOCOHpHJKeHHMH OHepaTop B HpOCTpaHCTBe L2(r), HpHHeM 

Spec ^0 ^ oo). 

HycTb s £ M R ip £ M. HojioJKHM 





(2.19) 




npH t > 1, 
npH < t < 1. 




HoCKOJIbKy 4)yHKU;HH (Ps,m HOJIOJKHTejIbHa H H3MepHMa HO BopejHO Ha 

HOJiyocH (0, oo), TO B HpocTpaHCTBe L2(T) OHpe^ejien, KaK 4)yHKH,HH 

OT Aq, CaMOCOHpHJKeHHMH OHepaTOp ifs,m{Ao). 
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JleMMa 2.1. ymeepoKdaemcH CAedytomee: 

(i) o6Aacmb onpedeAenuH 

(ii) omodpacHcenue 

f ^ ||^,,™(^o)/||L.(r), / e C~(r), (2.21) 

ReARemcsi HopMou e npocmpaHcmee C°°(r). 

/J^OKasaTejibCTBO. (i) Bbi6epeM naTypajibHoe hhcjio k > s/m. 
HocKOJibKy (p & Ai, TO 4)yHKu;HH (ps,m orpaHHHena na KaJK/],OM kom- 
naKTHOM no^MHOJKecTBe nojiyocH (0, cxd), h t~^(ps,m{t) — )• npn 
t — )• oo B CHjiy TeopeMbi 11.121 (ii), (iv). Cjie/],OBaTejibHO, cymecTBy- 

eT HHCJIO c > TaKOe, HTO 9^s,m(^) — IipH t ^ X. PaCCMOTpilM 

HeorpaHHHeHHbiH onepaTop Aq b npocTpancTBe L2(r). HocKOjibKy 
A : C°°(r) C°°(r), TO MOJKeM sanncaTb 

C7~(r) C DomAg C Dom99,,„(^o)- 

YTBepjKfleHHe (i) flOKasano. 

(ii) CorjiacHo yTBepjKfleHHio (i) oTo6pajKeHHe (j2.2ip KoppeKTHo 
onpe/iejieHO. J^Jin 3Toro OTo6pa>KeHHH Bce CBoltcTBa HopMbi oneBH^- 
Hbl 3a HCKJIIOHeHHeM CBOHCTBa nOJIOJKHTejIbHOH onpeflejieHHOCTH. ^o- 

KajKeM ero. JXjih npoHSBOJibHoii 4)yHKii,HH / G C°°{T) na ocHOBaHHH 
cneKTpajibHoii TeopeMbi sannmeM: 

oo 

lk.,m(^o)/|lL(r) = / iplmit)diEtfJ)r, (2.22) 

OO 

ll/llL(r) = / AEtf.f)v. (2.23) 

Sflecb Ef, t > — pasjiojKeHHe e^HHHi^bi b L2(r), coot- 

BeTCTByiomee caMoconpajKeHHOMy onepaTopy ^o- Tenepb, ecjiH 

||93s^m(^o)/||i (v\ = 0, TO H3 (j2.22p H nOJIOJKHTejIbHOCTH (JjyHKI^HH 
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ips,m cjie/iyeT, hto Mepa {E{-)f,f)Y MHOJKecTBa [x, oo) pasna 0. Ot- 
CK)fla B CHjiy (12 .23^ nojiynaeM paBencTBO / = na T. YTBep^KfleHHe 
(ii) flOKasano. 

JleMMa 12.11 flOKasana. 

TeopeMa 2.5. /J^ah npouseojitnux s G M u ip £ Ai Hopua (I2.2ip 
u HopMa e npocmpaHcmee H^''^{T) aKeueaAeHuiHU na C^(T). TeM 
caMUM, npocmpaHcmeo W^'^iV) coenadaem c moHHOcmmo do 9Keu- 
eaneHmHocmu HopM c nonoAHenueM auhcuhou cucmcMU C°°{T) no 
HopMe (I2.2ip . 

^OKasaTejiBCTBO. CnaHajia npe^nojiojKHM, hto s > 0. Bbi6epeM 
/c G N TaKoe, hto km > s. HocKOjibKy onepaTop Aq saMKHyT h no- 
jioJKHTejiBHO onpefl^ejiea b L2{T), ero o6jiacTb onpe/iejieHHH DobiAq 

HBJIHeTCH THJIbGepTOBblM npOCTpaHCTBOM OTHOCHTejIbHO CKajIHpHO- 

ro npoH3BefleHHH (j4q/, AQg()r 4)yHKii,HH f,g. IlpH stom napa npo- 
CTpaHCTB [L2(r), Dom j4q] /lonycTHMaa h onepaTop Aq nopoJK^aio- 
mnii fl^jiR nee. KpoMe Toro, Tax KaK Aq — saivibiKaHHe b L2{T) 3ji- 
jiHnTHHecKoro H^O A^, npocTpancTBa Dom^Q h H^"^{T) paBHbi c 

TOHHOCTbK) pp SKBHBajieHTHOCTH HOpM. HyCTb 4)yHKII,HH — HHTep- 

nojiHii,HOHHbiii napaivieTp h3 TeopeM 11.141 12. 2^ r^e 6epeM e = s n 
6 = km — s. To^/^a Tp{t'') = ips,mit) npn i > 0, h b cHjiy TeopeMbi 12.21 
HMeeM: 

||/|k''.*'(r) - \\f\\[HO{r),Hk^{r)]^ ^ 11/11 [L2(r),Domylg]^ = 

||V(4)/llL2(r) = ys,miAo)fKir), 

rfle / G C-(r). 

HycTb Tenepb BemecTBennoe hhcjio s npoHSBOJibHoe. Bbi6epeM 
k TaKoe, hto s + km > 0. Ho ^OKasaHHOMy 

\\9\\Hs+km,^(^r) ^ I ks+fcm,m (-4o ) 5 11^2 9 e C°°(r). (2.24) 
n^O A'^ ocymecTBjiaeT roMeoMopcJjHSMbi 

A^ : H'^+^'^iT) o H^iT), a G M, (2.25) 

A^ : ^r«+'='».^(r) o if"'^(r). (2.26) 
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3to mm flOKajKeM b cjie^yiomeM a53au;e. 06o3HaHHM nepes A~ one- 
paTop, o6paTHbiH k A^. ^jih npoHSBOjibHoii (JjyHKi^HH / G C°°(r) 
HMeeM B ciijiy (j2.25p : 

g ■= A"^f G Pi i^'^+fc'"(r) = C7~(r) 

H Ag^d"*^/ = /. OTCio/ia B CHjiy (j2.26p h (j2.24p nojiynaeM HyjKHyio 

HaM 3KBHBajieHTHOCTb HOpM: 

ll/llji^s.ip^p-) ^ /||j|^s+fcm,.^(-p') ^ ||'/'s+fcm,m(^o)^ •^llL2(r) ~ 

||(/,,,^(Ao)4A-V|L,(r) = lk«,-(^o)/L,(r), / e C'-(r). 

OcTaeTCH flOKasaTb, hto ocymecTBjiaeT roMeoMop4)H3Mbi 
(j2.25p H (j2.26p . riocKOJibKy H^O A BJijinnTHHecKHii na F, oh onpe- 
flejiaeT orpaHHHeHHbiii neTepoB onepaTop A : H°'^"^(T) — )• //'^(F) 
npH JI1060M C7 G M. ^flpo 3Toro onepaTopa h HH;i,eKC He saBHCHT ot 
a (cm., HanpHMep, |122| c. 262], TeopeMa 19.2.1, jih6o [126^ c. 76], 
TeopeMa 8.1). HocKOjibKy ^ SpecAg, caMoconpHJKeHHbiii onepaTop 
^0 roMeoMop4)HO OTo6pajKaeT cbokd o6jiacTb onpeflejieniiH H'^{T) na 
npocTpancTBo H^{T) = L2{T). HosTOMy Hflpo TpHBHajibHo, a HH^eKc 
paseH Hyjiio. SnaHHT, H^O A ycTanaBjiHBaeT roMeoMopcJjHSMbi 

A: H''+"'{T) ^ H''{T), a€R. 

OTCiofla B pesyjibTaTe k HTepaii;HH cjie/iyioT roMeoMopcJjHSMbi (|2.25p . 
HaKOHen;, bshb a = s ^ 1 b ()2.25p h BocnojibsoBaBniHCb HHTepnojiH- 
ii;hohhoh TeopeMOH 12.21 nojiynaeM roMeoMopcJ^HSM (|2.26p . 
TeopeMa 12.51 flOKasana. 

TeopeMa 12.51 b cjiynae ^0 = 1 ~ flaeT cjie/iyiomHii BajKHbiit 
pesyjibTaT. 

CjieflCTBHe 2.2. /Jasi npouseoJibHO sadannux s G M u (/? G 7W 
onpedeAtHusi \2.1\ u \2.3\ neAHiomcH SKeueaAeHmHUMU. 

BbiflejiHM cjiynaH, Kor/ia npocTpancTBO //'^■'^(r) coBna/iaeT c 06- 
jiacTbK) onpe/i,ejieHHa onepaxopa ips^m{Ao). 
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TeopeMa 2.6. Uycmb s > u ip £ Ai. B CAyuae s = npednoAO- 
jfcuM, umo (^yuKHUH \/ip ozpaHuuena e OKpecmHocmu oo. Tozda npo- 
cmpaHcmeo H^''^{T) coenadaem c o6Aacmbio onpedeACHUH onepamopa 
(fs^mi^o), npuHCM HopMa 6 npocmpaHcmee H'^''^(T) sneueaAeHmHa 
HopMe zpa(f)UKa onepamopa ips^miAo). 

^OKaaaTejiBCTBO. 06jiacTb onpe/iejieHHH Dom 93s^m(^o) sa- 
MKHyToro onepaTopa ips^m{-^o) HBjiaeTCH rHjib6epTOBbiM npocTpan- 
CTBOM OTHOCHTejibHO CKajispHoro npoH3Be/];eHHH rpacJjiiKa SToro one- 
paTopa. /],OKaJKeM, hto HopMa rpacJjHKa onepaTopa (/Js,m(^o) 3KBHBa- 
jieHTHa HopMe (I2.2ip na jiHHefiHOM MHoroo6pa3HH C°°{r), h hto sto 
MHoroo6pa3He hjiotho b npocTpancTBe Dom(/3s(Ao). OTCiofla b CHjiy 
TeopeMbi 12.51 cjie/iyeT Teopeivia 12.61 

CorjiacHO ycjioBHK) h TeopeMe 11.121 (ii) cymecTByeT hhcjio c > 
TaKOe, HTO (ps,mii) > c npH t > 0. IlosTOMy 

||¥'s,m(-4o)/||^2(P) > c||/||^_^^P^ ;];jiH jiio5oro / G C°°(r). 

OTciofla BbiTeKaeT yKaaaHHaa sKBHBajieHTHocTb HopM. OcTaeTca pfl- 
KasaTb njiOTHOCTb MHOJKecTBa C°°(r) b npocTpancTBe Dom (/?s,m(^o)- 
riycTb / G Domips,m{Ao). IIocKOJibKy ips,m{Ao)f £ ^2(r), cy- 
mecTByeT nocjie^oBaTejibHOCTb 4)yHKii,HH hj S C°°(T) TaKaa, hto 
hj 'Ps,m{Ao)f B L2{T) npH j oo. TaK KaK l/ips,mit) < 1/c 
npH t > 0, onepaTop ipJ^{A()) orpanHHen b npocTpancTBe L2{T). 
CjieflOBaTejibHo, 

fj ■■= '^s,LiAo)hj f, 

^s,m{Ao)fj = hj (Ps,miAo)f B L2(r) npil j OO. 

Hhmmh cjioBaMH, fj — )• / no Hopivie rpa4)HKa onepaTopa (/7s,m(^o)- 
KpoMe Toro, nocKOJibKy hj £ C°°(r), to j^jisi KajKfloro k G N cnpa- 

BeflJIHBO 

Cjie^OBaTejibHO, fj S C°°(r) n njioTHOCTb MHOJKecTBa C°°{T) b npo- 
CTpancTBe Dounps^mi^o) ycTanoBjiena. 
TeopeMa 12.61 /lOKasana. 
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B 3aKjiK)HeHHe SToro nyHKTa fla^HM SKBHBajieHTHyro HopMy b npo- 
CTpaHCTBe H^''^{T), BbipajKeHHyio b TepMHHax nocjie/ioBaTejiBHOCTefi. 

IIocKOJibKy n^O A 3jijiHnTHHecKHH Ha r H nojioJKHTejiBHO onpe- 
flejieHHbiii B L2(r), to oh HMeex cjie^yioH^He cneKTpajibHbie cboh- 
cTBa (cm., HanpHMep, [3l c. 95, 98], [Ml c. 309, 322] hjih ^2E\ c. 
78, 132]). B HpocTpancTBe L2{T) cyiii,ecTByeT opTOHopMHpoBaHHbiit 
6a3HC {hj)j2^i, o5pa30BaHHbiH co6cTBeHHbiMH 4)yHKLi;HHMH hj onepa- 
Topa npH 3TOM hj G C°°(r), Ahj = Xjhj, h nocjie^oBaTejibHocTb 
coScTBeHHbix sHaHeHHH (Aj)^^ nojiojKHTejibHa, mohotohho He y6bi- 
BaeT H cTpeMHTCH K oo. CneKTp oHepaTopa Aq coBna/];aeT c MHOJKe- 
CTBOM Bcex ero co6cTBeHHbix SHaHeHHH {Xj : j G N}. BbinojiHHeTca 
acHMHTOTHHecKaa 4)opMyjia 

Aj-cj'"/" npH j^oo, (2.27) 

rfle c — HBKOTopoe HOJiojKHTejibHoe hhcjio, saBHcan^ee ot A n n = 
dimF. HpoHSBOJibHoe pacHpe/i,ejieHHe / G I?'(r) pasjiaraexcs b pa^ 
Oypbe 

oo 

/ = Cj{f)hj (cxoflHMocTb B V' (T)) , (2.28) 
i=i 

rjie Cj{f) := {f,hj)r — K034)4)Hu;HeHTbi Oypbe pacnpeflejieHHa / b 
6a3Hce {hj)'jLi. 

TeopeMa 2.7. Uycmh s £ R u ip £ M. Tozda 

oo 

H'^^{V) = [f£V'{T): Y,j^''''v\j^h\cm''<^}^ (2-29) 

°° 1/2 

ll/IU=-(r) ^ (E • (2.30) 

^OKasaTBjibCTBy stoh TeopeMbi npeflnomjiBM Tpn jieMMbi. B hhx, 
KaK H npejK/ie, s S M h 99 G A^. 

JleMMa 2.2. /I,ah awGou (pyuKi^uu f £ Dom{ips^m{Ao)) eunoA- 
HRemcn paeencmeo 

00 

ys,m{Ao)f\\Ur) = E '^'-(^^■) (2.31) 
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^OKasaTejiBCTBO. 06o3HaHHM Hepes Pj opTonpoeKTop b npo- 
CTpaHCTBe L2{T) na oflHOMepnoe noflnpocTpancTBO {Ihj : / G C}. 
Torfla Pjf = Cj{f) hj fljiH jiio6oro / G L2{T). HocKOjibKy Spec = 
{\j : j £ N}, TO nojiynaeM b CHjiy cneKTpajibHoli TeopeMbi, hto flJiH 
jiK)6oro / G Dom {ifs^mi^o)) cnpaBe/i,JiHBbi paBencTBa 

oo oo 
V>s,m{Ao) / = ^ ^s,m{^j)Pjf = ^ ips,m{>^j)Cj{f) hj . 

3/];ecb pHflbi cxoflJiTCH b L2(r). OTCiofla na ocHOBaHHH paBencTBa Ilap- 
ceBajiH nojiynaeM (|2.31|) . JleMMa yi7]\ joKasana. 

JleMMa 2.3. /I^jih npouseojibHozo f G T>'(T) eKAWueHue f G 
H^''^{T) paenocuAhHO HepaeeHcmey 

oo 

E ^lm{^j)\Cj{f)\^ <oo. (2.32) 

i=i 

^OKasaTejibCTBO. HycTb / G i?*''^(r). ^oKaxceM HepaBencTBo 
(|2.32p . Bbi6epeM nocjieflOBaTejibHOCTb (/fc) C C°°{T) TaKyio, hto 
fk ^ f B i^^''^(r) npH /c — )• oo. Ha ocHOBaHHH jieMMbi 12.21 h Teo- 
peMbi 12.51 HMeeM: 

oo 

X] V^lmC-^i) |Cj(/fc)P = \\^s,m^0)fk\\L2{r) ^ 

i=i 

ll/fcll/f''.¥'(r) — (l + ll/ll/i'''.v(r))' k > 1. 

KpoMe Toro, h3 nenpepbiBHOCTH BjiojKeHHH H^''^{T) P'(r) BbiTe- 
KaeT, HTO 

Cjifk) = (A, hj)r (/, /ij)r = Cj{f) npn A; oo 

fljiH KajKfloro j G N. HosTOMy b CHjiy jieMMbi Oaiy nojioJKHTejib- 
Hbix paflOB (cm., HanpHMep, |12| c. 107]) 

oo oo 

Yl ¥'s,m(Aj)|ci(/)P < lim X v92^(Aj)|cj(/fc)|2 <oo. 
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TaKHM o6pa30M, BKjiioHeHHe / G H^''^(T) BjieneT HepaBencTBo (|2.32p . 

IlycTE. Tenepb BbinojiHHeTca HepaseHCTBO (I2.32p . ^OKajKeM bkjik)- 
HeHHe / G i^*''^(r). B CHjiy (|2.32p b npocTpancTBe L2(T) cxoflHTca 
opToroHajibHbiH pa/i; 

oo 

J2 fs,m{^j) Cjif) hj =:he L2(r). (2.33) 

PaccMOTpHM ero nacTHyio cyMMy 

k 

BBHfly ([233]) . 

Wk ^ h B L2(r) npH — > oo. (2.34) 

OTCiofla BbiTeKaeT, hto nocjie/ioBaTejibHOCTb (ipjj^{AQ) Wk)kLi ^'YH- 
/];aMeHTajibHaH b npocTpancTBe H^''^{T). B caMOM ^ejie, nocKOjibKy 
Aohj = Xjhj, TO ip-jrii^o) hj = (p~iii>^j) hj, h 

k 

fs,ln{^0)wk = J2 'Ps,m{Xj) Cjif) fj)^{Ao)hj = 
k 

c,{f)h,eC^{T). 
IloBTOMy B cHjiy TeopeMbi 12.51 h 4)opMyjibi (I2.34p 

\\wk - Wp\\L^(r) ^ npH k,p^ CO, 

T. e. nocjieflOBaTejibHOCTb {{pJ^(Aq) Wfc)fcLi 4)yH/];aMeHTajibHaH b npo- 
CTpaHCTBe H^''^(T). OGosnaHHM ee npej^eji nepea g(. HivieeM: 

oo 

g = lim ^-UAo) Wk = Y ^j(f) B H^^^iT). (2.35) 
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OTCiofla BBH^y paseHCTsa (j2.28p nojiynaeM, hto f = g £ H'^''^{T). 
TaKHM o6pa30M, HepaBencTBO (I2.32p BjieneT sa co6oh BKjironeHiie 

JleMMa 12.31 ^OKasana. 

SaMenaHHe 2.4. Hs (Jjopiviyjibi (|2.35|) cjie^yeT, hto flJiH jiio6oro 
pacnpe^ejieHHa / G i7*''^(r) pafl (|2.28p cxo/],htch k / b npocTpancTBe 

JleMMa 2.4. CnpaeedAuea 9KeueaAeHmHocmb HopM 

°° 1/2 

\\f\\Hs-nr)^{T.<mi^,)\^m') ^ /e^^'^(r). (2.36) 
i=i 

^OKasaTejibCTBO. BocnojibsyeMca paccy>KfleHHaMH h o6o3Ha- 
HCHHHMH, c/i,ejiaHHbiMH B flOKasaTejibCTBe jieMMbi 12.31 riycTb / G 
i7'^''^(r), a onpeflejieHO no 4)opMyjie ()2.35p . Torj^a f = g, n 

ll/llH^.^Cr) = ^l™^ llv^^mC^o) w^fc||H=.^(r)- (2-37) 

3flecb, HanoMHHM, ipjj^^Ao) Wk G C°°(r). HoaTOMy corjiacHO Teopeivie 
12.51 cymecTBveT TaKoe hhcjio c > 1, ne saBHcamee ot /, hto 

c\\wk\\L2ir) npH k>l. (2.38) 
B cHJiy (f233l) H ((231) iiMeeM: 

°° 1/2 

lim |hfc||i,(r) = \\hh,ir) = ( ^ '^'-(^i) l^^'^^)!' ) • (2.39) 

OcTaeTca nepeiiTH b nepaBencTBe (|2.38p k npe^ejiy npn A: — )■ oo h 
BocnojibsoBaTbCH paBencTBaMH (|2.37p , (|2.39p . IlojiyHaeM SKBHBajieHT- 
HOCTb HopM (I2.36p . JleMMa [2^ joKaaaHa. 

^OKasaTejibCTBO TeopeMbi 12.71 Hs acHMnTOTHHecKofl 4)opMy- 
jibi (I2.27P H BKjiioHeHHH Lf €z A4 BbiTeKaeT, hto 

V's,m(A,)xi^/Xji/") npHj>l. (2.40) 
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B caMOM flejie, no onpe^ejieHHio 4)yHKi];HH ips,m, flannoMy b 4)opMyjie 

V's,m{>^j) = xf"'ip{Xy"') npH Xj > 1. 

riocKOJibKy if £ M G QSV, cymecTsyeT nojiojKHTejibHaa 4)yHKii;Ha 
(pi G SV TaKaH, HTO ip(t) x (pi{t) npn t ^ 1. SnaHHT, 

^s,m{^j) >^ a;/™ v^i(Af npii i » 1. (2.41) 

J^Jia 4)yHKu;HH E SV b CHjiy npe^jiojKeHHH 11.21 (Teopeivra o paBHO- 
MepHOH cxo/i,hmocth) h (JjopMyjibi (j2.27p HMeeivi: 

^i(A]/-) ^. v^i((A]/"r^/")j^/") ^ 
lim . . , . = lim —ri—s = 1- 

OTCK)fla H H3 (I2.4ip H (I2.27P cjiejjjeT, hto 

^'..mCA,) X Vn) npH j » 1. (2.42) 

HocKOJibKy 4)yHKii;HH if n l/cp orpanHHenbi na KajK^OM OTpesKe [l,b], 
rfle 1 < 6 < oo, TO (j2.42p BjieneT sa co6oh (j2.40p . 

OcTaeTCH OTMBTHTb, HTO TeopeMa 12.71 HeMefljieHHO cjie/iyeT h3 
jieMM [231 El H 4)opMyjibi ([2:10]) . 

TeopeMa 12.71 flOKasana. 

IIpHMep 2.1. IlycTb r — OKpyjKHOCTb pa^Hyca 1 h A := 1 — 
di^/dt^, Tflfi t sa^aeT naTypajibnyio napaMeTpH3au;Hio na F. Co6cTBeH- 
Hbie 4)yHKLi;HH hj{t) := (27r)~^e*'^*, j £ Z, onepaTopa A oGpaayioT op- 

TOHOpMHpOBaHHbllt 6a3HC B L2{T); OHH COOTBeTCTByiOT Co6cTBeHHbIM 

HHCjiaM Xj = 1 + . IlycTb s £ m if £ A4. B cHjiy TeopeMbi 12.51 
||/|ll^s,^(r) X ||<^s,2(^o)/lli2(r) = 

E (i+j^)>^((i+^-V^)ic,(/)p. 

j = -OD 

OTMeTHM, HTO SfleCb MOJKHO B3HTb 6a3HC, o5pa30BaHHbIH BeiI],eCTBeH- 

HbiMH co6cTBeHHbiMH 4)yHKii,HaMH ho{t) := {2tt)~^, hj{t) := 7r~^ cos 
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H h^j(t) := vr ^ sinjt ^jih Bcex ii,ejibix j > 1. Tor/],a 



oo 



ll/ll|..(r) ^ l«o(/)|' + E J''^ ^'(^■) + 



rfle aQ{f), CLj{f) h — K03(]34)HLi,HeHTbi Oypbe pacnpe/iejieHHH / 

no yKasaHHbiM co6cTBeHHbiM 4)yHKii,HHM. B 3TOM cjiynae npocTpan- 
CTBO H^'^iV) TecHO CBHsano c npocTpancTBaMii nepno^HHecKHX Beme- 
CTBeHHbix 4)yHKLi,HH, paccMOTpeHHbiMH A. H. CTenaHii,OM |107| (rji. 1, 
§ 7), [108] (h. 1, rji. 3, n. 7.1). 

2.1.4. TeopeMa BJio:a<;eHHH 

^OKaJKeM BajKHyio TeopeMy o BjioJKeHHH npocTpancTBa H^'^^T) 
B npocTpancTBO C^iT). 

TeopeMa 2.8. Uycmt aadanu cfjyHKV,u^ cp G M u v^tAoe hucao 
k >0. Tozda ycAoeue ()1.37p paenocuAbHo eAOMcenum 



9mo BAOCHceHue KOMnanmHO. 

/l^OKasaTejiBCTBO. IIpeflnojiojKHM, hto Bepno (ll.37p . To- 

r/;a no TeopeMe 11.151 (iii) cnpaBe^jiHBO nenpeptiBHoe BjioJKenne 
i/^+"/^''^(R") ^ C^(M"). OTciofla neTpyflno bbibbcth nenpepbiBnoe 
BjioJKenne (j2.43p . ecjin BocnojibsoBaTbCH jioKajibHbiM onpe^ejienn- 
eM 12.11 npocTpancTBa H^+'^/'^^f{Yy ^encTBHTejibno, ^jih jno6oro 



(X,/) o a, G //'=+«/2,^(K-) ^ C^(X) npn j = 1, . . . , r. 




Cjie;],OBaTejibno, 



r 
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KpoMe Toro, 

r r 

||/||cfe(r) < Yl ll^i/lbfe(r) <ciY^ WiXjf) ° aillc^fc(Rn) < 

r 

WiXjf) O aj\\j^k + n/2,^(^^n) < C3 ||/||^fe + „/2,.p(r)- 

i=i 

Sflech. nojiojKHTejibHbie HHCjia ci, C2 h C3 He sebhcht ot /. BjioJKeHHe 
(|2.43|) H ero nenpepbiBHOCTb /lOKasanbi. 

IIoKajKeM, HTO 3TO BjioJKeHHe KOMnaKTHoe. Ha ocHOBaHHH Teope- 

Mbl 11.121 (i) MOJKHO 5e3 OrpaHHHeHHH o6lII,HOCTH CHHTaTb 4)yHKIi;HK) 

(f £ A4 HenpepbiBHoli. B CHjiy (|1.37p 4)yHKii,HH ipi := ip'^ yflOBjieTBO- 

paeT yCJIOBHIO JieMMbI 11.41 IlyCTb IpQ — 4)yHKII,HH H3 4)opMyjinpoBKH 

3TOH jieMMbi. Tor^a 4)yHKii,HH (fQ = "v/^ E Ai yflOBjieTBopaeT ycjio- 

BHK) ipQ{t)/ip{t) — )■ npH t — 7- 00 H HepaBBHCTBy (I1.37P C ipQ BMeCTO 

(p. CjieflOBaTejibHO, no yjKe flOKasaHHOMy h b CHjiy TeopeMbi 12.31 fiv) 

npHHCM nepBoe BjioJKeHHe KOMnaKTHO, a Bxopoe nenpepbiBHO. SnaHHT, 
BjiojKeHHe (I2.43P KOMnaKTHO. 

OcTaeTCH /lOKasaTb, hto h3 BKjiioHeHHH _H'*''+"/2.'/'(p) c C'^X-T) 
cjieflyeT ycjioBHe (ll.37p . CnoBa BocnojibsyeMCH jioKajibHbiM onpefle- 
jieHHeM 12.11 H 6y/],eM HcnojibsosaTb nocTpoeHHa h3 flOKasaTejibCTBa 
yTBepjK/],eHHH (iv) TeopeMbi 12.31 ^jih npoHSBOjibHoro pacnpeflejieHHH 
u G (M**) TaKoro, hto suppn C aj'^([/), HMeeM 

e(n o a^^) G //^•+"/2,v(r) C C'^iT). 

SnaHHT, n G C^iW^). CjieflOBaTejibHO, b CHjiy npe/uioaceHHa [LSl cnpa- 
BefljiHBO ycjioBHe ^ -^^2(M^), rfle ^(C) := 

BBHfly (ll.4ip OHO paBHocHjibHo ycjioBHK) (ll.37p . 
TeopeMa 12.81 /^oKaaana. 
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2.2. 3jijiHnTHHecKHe onepaxopbi 
Ha 3aMKHyTOM MHoroo6pa3HH 

B 3TOM naparpacjje mm Hsynaeivi 3jijiHnTHHecKHe H^O, 3a/],aHHbie 
Ha 6ecKOHeHHO rjia^KOM saMKHyTOM (KOMnaKTHOM) MHoroo6pa3HH F. 
Mbi flOKajKeM, HTO 3TH H^O orpaHHHeHbi h neTepoBbi b noflxoflHii],HX 
napax npocTpancTB yTOHHeHHoii niKajibi. By^eT HccjieflOBana TaK- 
JKe rjioGajiBHaa h jioKajibnaa rjia/i,KOCTb pemeHHH sjijiiinTHHecKoro 
ypaBHeHHH. KpoMe Toro, mbi paccMOTpHM o^hh Kjiacc 3jijiHnTHHe- 

CKHX n^O, 3aBHCHIII,HX OT KOMnjieKCHOrO napaMBTpa, flJIH KOTOpBIX 

yKasaHHbiH onepaTop aBjiaeTCH roMeoMop4)H3MOM npn 6ojibmHX no 
MOflyjiK) SHaHeHHHX napaMBTpa. 

2.2.1. n^O Ha saMKHyTOM MHoroo6pa3HH 

Sflecb fljiH y/];o6cTBa HHTaxejiH HanoMHHM onpe/iejieHHe H^O na 
saMKHyTOM MHoroo5pa3HH r H cBH3aHHbie c HHM noHHTHH, Heo6xo- 
jxaMbie HaM. KaK h npejKfle, Syj^eu nojib30BaTbCH TepMHHOJioriieii h 
o6o3HaHeHHHMH H3 o63opa M. C. ArpanoBHHa [3] (§2). 

Onpe^ejieHHe 2.5. JlHHeHHbm onepaTop A, /i,eHCTByiomHii b 
C°°(r), Ha3biBaeTCH H^O (na F) Kjiacca ^''"(r), rf^e m G R, ecjiH 
BbinojiHHioTca cjie/],yioiii,He ycjioBHH. 

(i) JXjIH npOH3BOJIbHbIX 4)yHKIi;HH if,^ £ C°°(F), HOCHTejIH KOTO- 

pbix He nepeceKaroTCH, OToGpajKenne u i— t- ipA{'ilju), u G C°°(F), 
HpoflOJiJKaeTCH no nenpepbiBnocTn j^o onepaTopa nopa^Ka —oo 
B co6ojieBCKOH niKajie, t. e. ^o orpannnennoro onepaTopa Kjiac- 
ca H'{T) H'+''{T) ^jih Bcex s G M n r > 0; 

(ii) HycTb na F nponsBOJibno Bbi6panbi jioKajibnaa KapTa a : M" — t- 
Fq Kjiacca C°° n OTKpbiToe MnoJKecTBO ii, saMbiKanne KOToporo 
coflepjKHTCH B Koop^nnaTnoH OKpecTHOCTH Fq C F. Tor^a cy- 
m;ecTByeT H^O Aq E ^'™(R") TaKon, hto /^jih jno6bix 4)ynKu;Hli 
ifjip £ C°°(F), nocHTejiH KOTopbix jiexcaT b Q,, BbinojinaeTca pa- 
BencTBO 



{{pA{7pu)) o a = (if o a)Afi{{^u) o a) 



u G C7°°(F). 



106 



Fji. [21 IIpocTpaHCTBa XepMaH^epa Ha MHoroodpasHH 



B CBa3H c nyHKTOM (i) SToro onpe^ejieHHa otmbthm, hto Hcnojit.- 
syeMoe b HeM ycjioBHe „6biTb onepaTopoM nopaflKa — oo b coGojieBCKoit 
niKajie" paBHOCHjibHO ycjioBHio „6biTb HHTerpajibHbiM onepaTopoM 

u{y)^ J K{x,y)u{y)dy, n G C~(r), (2.44) 
r 

Ha r c SecKOHeHHO rjia^KHM HflpoM K{x, y)". HosTOMy BBe/],eHHoe no- 
HHTHe n^O Ha r He CBHsano na caMOM pfijie c toh hjih hhoh HiKajioii 
THjibGepTOBbix npocTpancTB. 

IIOJIOJKHM 

^r-°°(r) := Pi ^'™(r), ^'°°(r) := |J '^"^(r). 

mSK mGK 

Kjiacc ^'~°°(r) coBHa^aeT c KjiaccoM Bcex HHTerpajibHbix onepaTopoB 
(j2.44p c SecKOHeHHO rjia/i,KHMH a/^paiviH. Bchkhh H^O A S ^°°(r) 
HenpepbiBen b C°°(r) h e^HHCTBenHbiM o6pa30M npoflojiJKaeTCH j^o 
jiHHeHHoro HenpepbiBHoro onepaTopa b P'(r). Btot onepaTop TaKJKe 
o6o3HaHaeTca nepes A. 

Onpe^ejieHHe 2.6. 11^0 A G ^"^{T), r^e m G M, nasbiBaeT- 
ca nojiHOflHopo/];HbiM (hjih KjiaccHHecKHM) Ha T HopH^Ka m, ecjiH b 
OHpejejieHHH [231 Bce An £ ^'^(M"-). 

05o3HaHHM Hepe3 ^'^(r) Kjiacc Bcex HOJiHO/i;Hopo/];Hbix H^O na 
r HopH/],Ka m. 

OnpeflejieHHe 2.7. IlycTb sap^aa H^O A G ^'^(r). Ero rjiaB- 
Hbilt CHMBOJi ao(x,.^) OHpe/iejiHeTca KaK 4)yHKH;HH apryivieHTOB x G F 
H^GT*r,^7^0, coBHa/];aiom;aH jioKajibHO ho x c rjiaBHbiM chmbojiom 
cooTBeTCTByK)Hi;ero H^O Aq G ^j^(M"). 

3flecb, KaK o6biHHO, T*T o6o3HaHaeT KOKacaTejibHoe npocTpan- 

CTBO K MHOrOo6pa3HIO r B TOHKe X G T. BaJKHO, HTO rjiaBHblH CHMBOJI 

HOJiHO/];Hopo/];Horo 11^0 na F ne 3aBHCHT ot Bbi6opa jioKajibHbix KapT 
Ha r. Oh HBjiaeTCH 6ecKOHeHHO rjia;];KOH 4)yHKii;HeH apryMOHTOB x h 
^, HOJiojKHTejibHo o/i,Hopo/i,HOH HO ^ wpuf^Ka m. 
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Onpe^ejieHHe 2.8. JlHHeliHbiH onepaTop sa/iaHHbiH B 

C°°{T) H (fjopMaAbHO conpnMceHHUu k H^O A G ^°°(r), onpefle- 
jiHeTca no cj^opiviyjie 



EcjiH A = A'^ ^ TO onepaTop A nasbiBaeTCH (popmaAhHO caMoconpn- 

MCeHHUM. 

Otmbthm, hto noHSTHe (j^opiviajibHO conpajKeHHoro H^O BBefleno 
OTHOCHTejibHO 3a/];aHHOH Ha r njioTHOCTH dx, nocKOJiBKy (•, •)r — CKa- 
jiHpHoe npoH3Be/];eHHe b L2iX^dx). Ecjih A G \I'™'(r) fljia neKOToporo 
m G M, TO H A'^ G ^"^(T). Ecjih, KpoMe Toro, H^O A nojiHo;];Hopo/],- 

Hblli C rjiaBHbIM CHMBOJIOM Gq, TO 11^0 A'^ TaKJKe nOJIHO/lHOpOflHblH 

c KOMnjieKCHO-conpajKeHHbiM rjiaBHbiM chmbojiom oq. 

Onpe^ejieHHe 2.9. H^O A G ^'^(r) h ero rjiasHbilt chmboji 
00(2;,^) HasbiBaioTCH sjuiunmuHecKUMU na F, ecjiH 00(2;,^) 7^ fljia 
npOHSBOJIbHblX TOHKH X G T H KOBeKTopa ^ G T*T \ {0}. 

n^O A G ^'^(r), 3jijiHnTHHecKHH Ha r, HMeeT napaMBTpHKC 
B G ^'p™(r), TaKJKe sjijinnTHHecKHii na F, t. e. cnpaBe/i,JiHB anajior 
npejJioJKeHHg [L6l IlpaBfla, oh HaM ne noHaflo6HTCH. 

BajKHbiM npHMepoM sjijinnTHHecKoro H^O na F HBjiHeTca one- 
paTop BejibTpaMH-Jlanjiaca Ap. HanoMnnM ero onpe/^ejienne. HycTb 
na Mnoroo6pa3HH F BBe/iena pnManoBa MeTpHKa, t. e. 3a/i,aHO 6ecKO- 
neHHO rjia/iKoe KosapnanTHoe Ben^ecTsennoe Tensopnoe nojie g{x)^ 
x G F, Tj\e g{x) = (5j,fe(x))"^^-^ — CHMMeTpHnnaa nojio>KHTejib- 
Ho onpe/iejiennaH MaTpHu;a. PnManoBa MeTpnKa onpeflejiaeT na F 
njioTHOCTb dx := (det g{x))^^'^ dxi . . . dxi b jioKajibnbix Koop^nnaTax 
X = (xi, . . . , x„). Ho onpeflejiennro, fleiicTBHe onepaTopa BejibTpaMH- 
Jlanjiaca na 4)yHKu;HKi u G C^(F) saflaeTca (JjopiviyjioH 



(Artx)(x) := (det<7(x))-i/2 ^ d^^{{dei g{x))^'^ g^^\x) d^,u{x)) , 



Aru ne saBHCHT ot Bbi6opa jioKajibHbix Koop/],HHaT na F. FjiaBnbin 



{Au,v)y = (n, ^+f)r Bcex u,v £ C°°(F). 



n 



j,k=l 
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CHMBOJi ;];H4)4)epeHii,HajibHoro onepaTopa Ap pasen 

n 

j,k=l 

H nosTOMy 3jijiHnTHHHOCTb Ap cjieflyeT h3 nojiojKHTejibHofi onpep^e- 
jieHHOCTH MaTpHLi,bi (x) . OnepaTop Ar 4)opMajibHO caMoconpa- 

JKeHHblH OTHOCHTejIbHO njIOTHOCTH dx. 

2.2.2. 3jiJiHnTHHecKHH onepaTop b yTOHHeHHoii niKajie 

nycTb sa/iaH Ufl^O A G ^'J^h(r) nopH^Ka m G M. B n.^^M^^iZM 
Mbi npeflnojiaraeM, hto A ejijinnTHHen na T. 

IIOJIOJKHM 

AA:={uG C7~(r) : An = Ha r}, (2.45) 
AA+ := {?; G C7~(r) : A+t; = Ha r}. (2.46) 

IlocKOjibKy o6a H^O A h A~^ 3jijiHHTHHecKHe na F, npocTpancTBa 
H J\f~^ KOHeHHOMepHbie [21 c. 28] (TeopeMa 2.3.3). 

HsyHHM CBOHCTBa n^O A B yTOHHeHHOH niKajie na F. IIpe/iBapH- 
TejibHO flOKajKCM cjieflyiomee yTBepjK/ieHHe o p^eAcTBua npoiisBOjib- 
Horo n^O B BTOH niKajie (anajior jieMMbi [L6] ) . 

JleMMa 2.5. Uycm-b G — n/1,0 KJiacca ^''(F), zde r G M. To- 
zda cyMceHue omo6paofceHusi u i— t- Gu, u G T>'{T), na npocmpaHcmeo 
H^''^{r) neAHemcH auhcuhum ozpaHuueHHUM onepamopoM 

G : H^'^{T) ^ H''-''^^{T) (2.47) 

Oasi ak)6ux fj G M n 99 G 7W . 

/J^OKasaTejiBCTBO. B cjiynae if = 1 3Ta jieMMa HSBecTHa [3l c. 23]. 
Bbi6epeM npoHSBOjibHbie o" G M h 99 G A^. PaccMOTpHM jiHHeiiHbie 
orpaHHHeHHbie onepaTopbi 
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IIpHMeHHM HHTepnOJIHII,HIO C (JjyHKI^HOHajIbHblM napaMBTpOM Ip 113 

TeopeMbi l2.2| rj^e e = 6 = 1. IlojiyHHM orpaHHHeHHbiH onepaTop 

OTCiofla B CHjiy Teopeivibi 12.21 nojiynaeM orpaHHHeHHOCTb onepaTopa 
()2.47p . JleMMa [231 joKasana. 

B CHjiy jieMMbi [L6l HMeeM orpaHHHeHHbm onepaTop 

A : i/^+™.^(r) ^ i/^'^(r) (2.48) 

fljia npoH3BOjibHbix napaMeTpoB s G M h (/9 € A^. HayniiM CBolicTBa 
3Toro onepaTopa. 

TeopeMa 2.9. /Jah npouseoAbuux s £ M u ip €z A4 ozpanuueH- 
Huu onepamop (I2.48P nemepoe. Ezo ndpo coenadaem c N , a o6jiacmb 
SHaueHuu paena 

{/ G H'''^{r) : {f,w)r = Oah ecexwe (2.49) 

HndeKC onepamopa (j2.48p paeen dim A/" — dimAA"'" n Ke saeucum om 

S, if. 

^OKasaTejibCTBO. B cjiynae ip = 1 (co6ojieBCKaH niKajia) STa 
TeopeMa HSBecTHa (cm., nanpHMep, [3], § 2, TeopeMbi 2.2.6, 2.3.3 h 
3.3.12, jih6o |1221 c. 262], TeopeMa 19.2.1). OTciofla o6miiii cjiynaft 
if € Ai nojiynaeTCH c noMombio HHTepnojiHu;HH c 4)yHKii;HOHajibHbiM 
napaMeTpoM. A HMeHHO, nycTb s G M. HMeeM orpaHHHeHHbie neTepo- 
Bbi onepaTopbi 

A : F"Ti+m(r) ^ H'^^T) (2.50) 
c o6mHM HflpoM M H oflHHaKOBbiM HH/i,eKCOM X := dimA^ — dirriAA"*". 

IIpH 3TOM 

A(if^^i+'"(r)) = 

{f GH'^^^iT) : (/,w)r = OfljiHBcexu;GAA+}. (2.51) 
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ITpHMeHHM K (|2.50p HHTepnojiHn,HH3 c 4)yHKii,HOHajibHMM napaMeTpoM 
■0 H3 xeopeMbi 12.21 r/ie e = 5 = 1. HojiyHHM orpaHHHeHHbiii onepaTop 

KOTopbiit B CHjiy TeopeMbi 12.21 coBnaflaeT c onepaTopoM (|2.48p . Cjie- 
floeaTejibHO, corjiacHO xeopeMe 11.71 onepaTop (j2.48p neTepoB c HflpoM 
M H HHfleKcoM X = dim A/" — dimA/""^. 05jiacTb sHaneHHH sToro one- 
paTopa paBHa 

H''^{T)nA{H'~^+"'{T)). 

OTCK)fla, B cHjiy (|2.5ip nojiynaeM, hto ona paBHa (|2.49p . TeopeMa 12.91 
flOKasana. 

CorjiacHO stoh TeopeMe, J\f~^ — /i,e(|)eKTHoe no/inpocTpaHCTBO one- 
paTopa (j2.48p . SaivieTHM, hto b Bujxy xeopeMbi 12.31 (v) onepaTop 

A+ : F-^'i/^(r) ^ //-«-™.i/^(r) (2.52) 

HBjiaeTca conpHJKeHHbiM k onepaTopy (j2.48p . HocKOjibKy 11^0 A'^ 
3jijiHnTHHecKHH Ha F, TO B CHjiy TeopeMbi 12.91 orpaHHHeHHbiH onepa- 
Top (j2.52p HeTepoB h HMeeT H^po J\f~^ h ^ecJ^exTHoe no/i,npocTpaH- 
CTBO J\f. OTMeTHM TaKJKe |134| [31 c. 32], HTO HHfleKCbi onepaTopoB 
H (j232]) paBHbi 0, ecjiH tojibko dimT > 2. 

EcjiH npocTpaHCTBa M h TpHBHajibHbi, TO H3 TeopeMbi 12.91 ii 
TeopeMbi Banaxa o6 oGpaTHOM onepaTope BbiTeKaeT, hto onepaTop 
(j2.48p HBjiHeTCH roMeoMop4)H3MOM. B o6meM cjiynae roMeoMopcJ^HSM 
yflo6HO 3a/],aBaTb c noMombio cjie/],yiomnx npoeKTopoB. 

IIpe/icTaBHM npocTpancTBa, b KOTopbix fleiicTByeT onepaTop 
()2.48p . B Bujie npHMbix cyMM saMKHyTbix no/inpocTpancTB: 

^s+m,^(p) 1^ g ^s+m,^(p) . ^u,v)r =0 fl,Jlii Bcex V G , 

F"''^(r) = AA+ + {/ G F"''^(r) : {f,w)r = AJiH Bcex w G AA+ } . 

YKasanHbie pasjiojKeHHa b npaMbie cyMMbi cymecTByioT, nocKOJib- 
Ky B HHX cjiaraeMbie iiMeioT TpiiBiiajibHoe nepeceneHiie, h Konen- 
Haa pasMepHOCTb nepBoro h3 hhx paBHa KopasMepHOCTH BTopo- 
ro. (^eiicTBHTejibHO, HanpHMep, b nepBoft cyMMe cjaaKTopnpocTpaH- 
CTBo npocTpancTBa H^^'^''^(T) no BTopoMy cjiaraeMOMy HBjiaeTca 
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flBOHCTBeHHbIM npOCTpaHCTBOM K noflnpocTpaHCTBy J\f npocTpaHCTBa 
jj-,-m,l/v^Y)). 0603HaHHM Hepea V h Kocbie npoeKTopbi coot- 
BBTCTBeHHO npocTpaHCTB f/'^+'^'V' (F) H H^''^(T) Ha BTopbie cjiaraeMbie 
B yKaaaHHbix cyMMax napajijiejibHo nepBbiM cjiaraeMbiM. 3th npoeK- 

TOpbl He SaBHCHT OT S H 93. 

TeopeMa 2.10. /],ah npouseojitnux s £ M u ip ^ Ai cyMcenue 
onepamopa (I2.48P na nodnpocmpaHC'meoV{H^'^™''^{r)) HeAnemcn zo- 

Me0M0p(f)U3M0M 

A : P(F"+'^'^(r)) ^ V+{H'^'^{T)). (2.53) 

T^OKasaTejibCTBO. Ho xeopeivie 12.91 ^ ^Ppo, a V^{H^''^{T)) — 
o6jiacTb SHaneHHH onepaTopa (|2.48p . CjieflOBaTejibHO, onepaTop 
p.53p — 6HeKH,HH. KpoMe Toro, stot onepaTop orpaHHHen. SnaHHT, 
OH HBjiHeTCH TOMeoMopcJ^HSMOM B CHjiy TeopcMbi BaHaxa 06 o6paTHOM 
OHepaTope. TeopeMa 12. 101 /lOKaaaHa. 

Hs TeopeMbi 12.101 BbiTeKaeT cjie/iyiomaH anpHopHaa on;eHKa pe- 
meHHH 3jijiHHTHHecKoro ypaBHeHHH Au = / na F (anajior TeopeMbi 
TeopeMbi 11.161 jjig saMKHyToro MHorooGpasHa) . 

TeopeMa 2.11. Uycmh sSM, (T>0u(/9GA^. Cym^ecmeyem 
HUCAO c = c{s,a,ip) > manoe, nmo Bah npouseoAbuozo pacnpedeAe- 
HUH u G //*+"^''^(r) cnpaeedAuea anpuopnan oi^eHKa 

||n||j|^s+m,^(r) < c ( ||^ti||j:^s,¥>(r) + ||n||j|^s+m-<T,4=(r) ) . (2-54) 
^OKasaTejiBCTBO. Tax KaK N — KoneHHOMepnoe HO/i,HpocTpaH- 

CTBO B HpOCTpaHCTBaX H'^'^^'^ (T) H i7'^+'"~'^'¥'(r), TO HOpMbI B HHX 

3KBHBajieHTHbi Ha A/". B HacTHocTH, fljia pacnpe/iejieHHa u — Vu G N 
cnpaBe/i,jiHBO 

c nocTOHHHOH Cl > 0, He saBHcameii ot u G H^'^'^''^ {T) . OTcio^a 
HOJiynaeM 

j:^s + m,¥)(p') < ||U — T^u\\^s + m,ip (Y-^ + 1 1 T^U 1 1 /^s + m.^J (p) < 
Cl \\U — T'u\\^s + m-(y,ip(Y-^ + ll'Plill J7s + m,.^(-p-) < 
Cl C2 llull/fs + m-o-.VJ^p-) + ||7^n||//s + m,.p(p'), 
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rfle C2 — HopMa npoeKTopa 1 — V, /i,eHCTByiomero b npocTpancTBe 

jjs+m-a,v^-py HTaK, 

||u||//s + m,¥J(-p') < Cl C2 ||ti|| j:fs + m-(T,¥)(p-) + 1 1 1 1 /^s + m,.p (p) . (2.55) 

BocnojibsyeMCH Tenepb ycjioBHeM Au = f. IlocKOjibKy M — aflpo 
onepaTopa (j2.48p h u — Vu £ Af, to AVu = f. TaKHM o6pa30M, Vu — 
npoo6pa3 pacnpe/i;ejieHHa / oTHocHTejibHo roMeoMop4)H3Ma (|2.53p . 
C jie/i,OBaTejibHo , 

\\Vu\\H=+m,v{r) < csWfWHs.v^r), 

rjie C3 — HopMa onepaTopa, o6paTHoro k (|2.53p . OTCiofla ii hb nepa- 
BeHCTBa (|2.55p HeMe/i,jieHHO BbixeKaeT oii,eHKa (j2.54p . TeopeMa 12.111 

OTMeTHM, HTo, ccjiH J\f = {0}, T. 6. ypaBHeHHe Au = f HMeeT 
He 6ojiee o;];Horo peineHHH, to HopMa ||n||/^a+m-<T(p) b npaBoli nacxH 
OH;eHKH (I2.54P mojkho onycTHTb. Ecjih jkb M ^ {0}, to KajK^oro 
pacHpe/iejieHHS u sxy Bejinnnny mojkho cp^ejiaTb KaK yroflHO Majioii 
3a CHeT Bbi6opa ^ocxaTOHHO 6ojibmoro HHCjia a. 



2.2.3. rjia/],KOCTi> pemeHHH 

sjiJiHnTHHecKoro ypaBHeHHH 

Ilycxb To ~ HenycToe oxKpbixoe HO^MHOJKecxBO MHoroo6pa3HH F. 
HccjieflyeM jioKajibHyio rjia/iKocxb pemeHHH 3jijiHHTHHecKoro ypaB- 
HeHHH Au = / Ha Fq B yxoHHeHHOH HiKajie. PaccMoxpHM CHanajia 
cjiynaH, Kor^a Fq = F. 

TeopeMa 2.12. IIpednoAOMcuM, umo pacnpedeAenue u G T>'iV) 
neAHemcH pemenueM ypaeneHUH Au = f naT, zde f € H^''^(T) Bah 
HCKomopux napaMempoe s G M u (f ^ A4. Tozda u G H^~^'^''-P{T). 

/J^OKasaTejiBCTBO. HocKojibKy MHoroo6pa3He F KOMHaKTHo, to 
HpocxpaHCXBO T)'{T) HBjinexcH o6x.eflHHeHHeM co6ojieBCKHX npo- 
CTpancTB iJ'^(r), r^e a G M. Cjie/],OBaxejibHo, p^sisi pacnpe^ejieHHa 
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u G P'(r) cymecTByeT hhcjio a < s, TaKoe hto u G H'^^™'(T). B CHjiy 
TeopeM 12.91 h 12.31 (iii) cnpaBefljiHBo paBencTBo 

HosTOMy, H3 ycjiOBHH / E H^''^{T) BbiTexaeT, hto 

f = Au€ A{H'+"''^{r)). 

TaKHM o6pa30M, na MHoroo5pa3HH T napsiffy c paBencTBOM Au = f 
BbinojiHaeTca TaKJKe paBencTBO Av = f j^jisi neKOToporo pacnpe/iejie- 
HHH V 6 H'^~^™'''^(T). Cjie^oBaTejibHO, A(^u — f ) = na F h, corjiacHO 
TeopeMe 12.91 cnpaBe^jiHBo BKjiioHeHHe 

w:=u-veJ\fc c°°(r) c i7«+"^.v(r) 

SnaHHT, u = V + w € H^~^'^''^(r). TeopeMa 12.121 joKasaHa. 

PaccMOTpHM Tenepb cjiynaft npoHSBOjibHoro Tq. 06o3HaHHM 

H^^^iTo) := {h G V'{r) : 
xh e H'^^'^iT) fljiH Bcex x G C°°{T), suppx C Fq}; 

TeopeMa 2.13. IJpednoAoofcuM, umo pacnpedeAenue u G P'(F) 
MBAsiemcfi peiueHueM ypaeneHun Au = f uaTo, zde f £ H^^'^{To) djisi 
HeKomopux napaMempoe s G M u (p £ Ai. Tozda u G H^^J^'^{Tq). 

TeopeMa 12. 131 joKaBbiBaexcg anajiornHHO TeopeMe II. 181 Hpn 3tom 
n&ji<3 BMecTO TeopeMbi II . 171 HcnojibBOBaxb xeopeMV 12.121 

TeopeMa 12.131 yxoHHaeT npHMenHxejibHO k niKajie npocxpancTB 
i?*''^(F) HSBecTHbie yTBep>K/],eHHH o noBbimeHHH jioKajibHoii rjia^KO- 
CTH pemeHHH sjijinnTHHecKoro ypaBHeHHa na MHoroo6pa3HH b co6o- 
jieBCKOH niKajie |26l c. 77: 11261 c. 61]. KaK bhahm, jioKajibHaa yTOH- 
HCHHaa rjia/iKOCTb npaboii nacTH sjijinnTHnecKoro ypaBHeHHa na- 
cjie/i;yeTCH ero pemeHHeM. 

Ha TeopeM [2 . 1 3 I h [2181 HeMejjieHHO BbiTexaeT cjie^yiomee ^ocTaTOH- 
Hoe ycjioBHe nenpepbiBHOCTH npoHSBO/iHbix y pemeHHH u ypaBHeHHH 
Au = f. 
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Cjie^CTBHe 2.3. Uycnib aadanu t^eyioe hucao r > u cfiyHKii^un 
(p £ Ai, ydoeAemeopHmui^an ycAoeum (ll.37p . IIpednoAOMCUM, umo 
pacnpedejieHue u G D'{T) HejiHemcsi pemenueM ypaeneHUfi Au = f 
Ha MHOMcecmee Tq, zde f G H^^J^'^^^'^''^ (Tq) . Tozda u G C^iTo). 

Otmbthm, hto 3/i,ecb ycjiosne (|1.37p He tojibko ^ocTaTOHHoe fljiH 
cnpasefljiHEocTH BKjiioHeHHH u G C^(ro), HO TaKJKe H Heo6xo/],HMoe 
Ha Kjiacce Bcex paccMaTpHBaeMbix pemeHHii ypaBHeHHH Au = /; cm. 
saMenaHHe 11.91 

2.2.4. 3jiJiHnTHHecKHfi onepaTop c napaivieTpoM 

PasjiHHHbie 3jijiHHTHHecKHe OHepaTopbi c napaMBTpoM HsynajiHCb 
B pa6oTax III. ArMona, JI. HnpenGepra |130) . M. C. ArpanoEHHa, 
M. H. BHHiHKa [6], A. H. KojKeBHHKOBa |31) h hx nocjieflOBaTejieii (cm. 
o63op [3] H H,HTHpyeMyio TaM jiHTepaTypy) . Hmh 6bijio ycTaHOBjieno, 

HTO HpH /lOCTaTOHHO GojIbUIHX HO MOflyjHO 3HaHeHHHX KOMHJieKCHOrO 

napaMCTpa sjijiHHTHHecKHH onepaTop HBjiHeTCH roMeoMopcJjHSMOM b 
HO/;xoflHni,HX napax coGojicbckhx npocTpancTB, npHHCM HopMa one- 
paTopa /lonycKacT neKOTopyio flBycTopoHHioio oii;eHKy c nocTOHHHbi- 

MH, He SaBHCHmHMH OT HapaMBTpa. Mbl paCCMOTpHM UIHpOKHH Kjiacc 

sjijiHHTHHecKHX H^O c HapaMCTpoM Ha MHoroo6pa3HH r H pacHpo- 
CTpaHHM yKasaHHbiH pesyjibTaT na yTOHHeHHyio niKajiy npocTpancTB. 

OnpeflejieHHH sjijiHHTHHecKoro 11^0 c napaMCTpoM mm 6epeM h3 
o63opa [31 c. 57]. IlpoHBBOjibHO sacJjHKCHpyeM HHCjia g G N h m > 0. 
PaccMOTpHM n^O A{\) G ^''"'^(r), 3aBHcani,HH ot KOMnjieKCHoro na- 
paMCTpa A cjie/],yion;HM o5pa30M: 

g 

^(A) := A^-"^(^). (2.56) 

r = 

Sflecb A^^\ r = 0, . . . , (7, — HOJiHo/i,Hopo/];Hbie H^O na F Hopa^KOB 
oidA^"^^ < mr, npHHCM npHHeM Aq — sto onepaTop yMHOJKeHHH na 
HeKOTopyio 4)yHKH,Hio oo G C°°(r). 

IlyCTb K — 4)HKCHpOBaHHbIH 3aMKHyTbIH yrOJI Ha KOMHJieKCHOH 
HJIOCKOCTH C BepHIHHOH B HaHajIC KOOpflHHaT (hC HCKJHOHaCTCH CJiy- 

Hait, Korfla K Bbipo>K/],aeTC5i b Jiyn). 
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Onpe^ejieHHe 2.10. H^O ^(A) nasbiBaeTCH ajuiunmuuecKUM c 
napaMempoM b yrjie K, ecjiH 

A'?-^a^'°(x,O^0 (2.57) 

r = 

pjisi jiio6bix X G r, ^ E r*r k X G K trkhx, hto A) ^ 0. Sflecb 
a'''°(x,^) — rjiaBHbiit chmboji 11^0 A^"^^ b cjiynae ordA^^^ = mr, 
jih6o a''''^(a;,^) = b cjiynae ordA^^^ < mr. Upn stom a'^''^(x,^) = 

^o(Oj 9- 4)yHKLI,HH a^'^{x, a^'''(x, . . . CHHTaiOTCa paBHblMH npH 

^ = (TaKoe /lonymeHHe o6ycjioBjieHO tbm, hto rjiaBHbie chmbojibi 
HSHanajibHO He onpeflejieHbi npn ^ = 0). 

npHMep 2.2. PaccMOTpiiM II^O A - XI, r^e A £ 'if'^^iT), a I — 

TOJKfleCTBeHHblH OnepaTOp. J^JISI 3TOrO H^O yCJIOBHe SJIJIHnTHHHOCTH 

c napaMeTpoM b yrjie K osHanaeT npocTO, hto 09(2;, ^) ^ K npn ^ 7^ 0. 
Sflecb, KaK H npejKfle, ao{x,^) — rjiaBHbiii chmboji H^O A. 3tot 
HpHMep BaJKen b cneKTpajibHoli TeopHH sjijinnTiiHecKiix onepaTopoB. 

^ajiee b n. 12.2.41 mm npe;];nojiaraeM, hto H^O A(X) yflOBjieTBo- 
paeT onpe/;ejieHHio 12.101 

Ha 9Toro onpe^ejienna cjie/xyeT, hto IT^O ^(A) sjijinnTHHecKHfl 
Ha r npH KajK/ioM 4)HKCHpoBaHHOM A G C. B caMOM jiejie, rjiaBHbiit 
CHMBOJI n^O A{X) paBCH a'^'^{x,i,) KajK/i,oro A h, KaK sto cjie- 
pyeT H3 (I2.57P npn A = 0, y^oBjieTBopaeT nepaBCHCTBy a'^'^{x,^) / 
fljiH jiio6bix X G r H ^ G T*r\{0}. IIocjieflHee osnaHaeT, hto H^O 
^(A) sjijiiinTHHecKHH Ha r. CoraacHO TeopcMe 12.91 Mbi hmccm orpa- 

HHHeHHblH H HCTepOB OHCpaTOp 

A{X) : ^ H'''^{r) (2.58) 

flJIH HpOHSBOJIbHblX SGM, (/JGA^hAgC. BojieC TOrO, HOCKOJIbKy 

^(A) — 3jijiHHTHHecKHH c HapaMBTpoM H^O B yrjie K, oh HMeeT 
BaacHbie ^OHOJiHHTejibHbie CBolicTBa. 

TeopeMa 2.14. CnpaeedAueu cnedymvuue ymeepMcdeHun. 
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(i) Cyuj,ecmeyem hucao Aq > maKoe, umo Bah KaMcdozo anaue- 
HUR napaMempa X £ K, ydoeAemeopHmunezo ycAoeum |A| > Aq, 
U/JO A{X) ycmaHaeAueaem npu ak)6ux s € M u (p € Ai zoMeo- 

M0pcf)U3M 

A{x) : o H''^{r). (2.59) 

(ii) /Jam npouseoAbuux napaMempoe s £ M u ip G Haudemcn 
HUCAO c = c{s, (p) > 1 maKoe, umo eunoAHnemcn deycmopoHHHH 
ov^euKa 

\\A{X)u\\Hs.^(r) < 
( ll''^ll_H'''+™9.'^'(r) + I'^l'' ll^llH=''^(r) ) — 

c\\A{X)u\\Hs,^(^r) (2.60) 

Oah Am6ozo A G K , \X\ > Xq, u npouseoAbHoso u G /7*+™'<?''i=(r). 

B cjiynae ip = 1 (co6ojieBCKHe npocTpancTBa) 3Ta TeopeMa h3- 
BecTHa [21 c. 58] (xeopeMa 4.1.2); npn 3tom jieBoe HepaBencTBO b fley- 
CTopoHHeit oii,eHKe (I2.60p cnpaBe^jiMBO 6e3 npeflnojiojKeHHH o6 3jijiHn- 
THHHOCTH c napaMeTpoM n^O A{X). 

^OKaJKeM OTflejibHO yTBepjKfleHHH (i) h (ii) TeopeMbi 12.141 Mbi 
BbiBe/i;eM o6iri;HH cjiynali (/? G hs co6ojieBCKoro cjiynaa ip = 1. 

/J^OKasaTejiBCTBO TeopeMbi 12.141 (i). IlycTE. s G M h G A^. 
IlocKOJibKy KajKfloro A G C H^O A[X) ajijinnTHHecKHii na F, to 
B CHjiy TeopeMbi 12.91 orpaHHHeHHbiii neTepoB onepaTop (|2.58p HMeeT 
HesaBHCHmne ot s h (/3 KoneHHOMepHbie H^po M{X) a ^ecJjeKTHoe nofl,- 
npocTpancTBO N'~^{X). ^ajiee BocnojibsyeMCH TeM, hto TeopeMa 12.141 
Bepna b cjiynae ip = 1. CymecTByeT hhcjio Aq > TaKoe, hto /i,jih 
KajKfloro A G -ftT, y/],OBjieTBopHioiri,ero ycjioBHio |A| > Aq, H^O A(X) 
ycTanaBjiMBaeT roMeoMop4)H3M 

A{X) : H'+""^{r) o H'+"'{r). 

Cjie;i;oBaTejibHo, fljia yKasaHHoro A npocTpancTBa AA(A) h J\f~^{X) 
TpHBHajibHbi, T. e. jiHHeHHbiH orpaHHHeHHbiit onepaTop (|2.58p hbjih- 
eTca 6HeKii,HeH. OTcio;],a no TeopeMe Banaxa o6 o6paTHOM onepaTope 
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nojiynaeM roMeoMop4)H3M (j2.59p . YTBepMCfleHHe (i) TeopeMbi l2.14l iio- 
KasaHO. 

yTBepjKfleHHe (ii) TeopeMbi 12.141 mm flOKajKeivi c noMon],bio HHTep- 
nojiimHH c 4)yHKii;HOHajibHbiM napaMexpoM. JH^Jia 3Toro HaM nonaflo- 
6htch cjieflyiomee npocTpancTBO. 

IlycTi. 3a/];aHo 4)yHKii,Hio £ A4 n nncjia a £ M, g > 0, 9 > 0. 
06o3HaHHM Hepes H^''^{r, q,0) npocTpancTBo H"'^{T), Ha/];ejieHHoe 
HopMoit, 3aBHCHiii,eH OT HHCjioBbix napaMBTpoB Q 9 cjie/];yioii],HM o6- 
pasoM: 

- ( ^ 2 ||, ||2 

\\iT'\\H''^f(v,e,e) ■— I ll"ll_H'<j,¥'(r) + 8 \\'^\\h'^-^^'p{t) I 

9to onpe^ejieHHe KoppeKTHO b CHjiy nenpepbiBHoro BjiojKeHHH 
H'^'^{T) H'^^^'^{T). OTCio/ia BbiTeKaeT, hto HopMbi b npocTpan- 
CTBax H"''-P{T, Q, 9) H H^'^iV) aKBHBajieHTHbi. Hopivia b npocTpancTBe 
H°'''^(T, g,9) nopojK/ieHa CKajiapHbiM npoHSBe^eHHeM 

{hi, /i2)_ff<^.v(r,(?,e) := (^i) ^2)H<^,¥'(r) + q'^ i^i, h2)H<^-e,v(r)- 

Cjie^OBaTejibHO, 3to npocTpancTBO rHjib6epTOBO. KaK a npemflfi, b 
co6ojieBCKOM cjiynae if = 1 nap^eKC ip b o6o3HaHeHHHX onycKaeM. 
Bo3Bpaiii,aHCb k (J^opMyjinpoBKe yTBepjKfleHHH (ii) xeopeivibi 12. 14^ 3a- 

MeTHM, HTO 

\\u\\fjs+mq,^(Y^\X\i,mq) ^ 

n||/^s+m9,¥)(r) + I'^l'' ll''^ll_ff'''V(r) ^ 

V2 \\u\\H''+""i-'fi{r,\X\i,mq)- 

B CHjiy xeopeMbi 12.21 npocTpancTBa 

[H'^-%T,g,9),H^+'ir,0,9)]^ h H'^''^{T, g,9) 

paBHbl C TOHHOCTbK) fl^O SKBHBajieHTHOCTH HOpM. SfleCb HHCJia 8 H 

5 nojioJKHTejibHbie, a 4)yHKu;HOHajibHbiH napaMeTp ip TaKoft, KaK b 
TeopeMe 12.21 0Ka3biBaeTca, hto b flBycTopoHHHX oii;eHKax HopM 3thx 
npocTpancTB nocTOHHHbie mojkho Bbi5paTb TaK, HTo6bi ohh He 3aBH- 
cejiH OT napaMexpa g. 



118 



Fji. [21 IIpocTpaHCTBa XepMaH^epa Ha MHoroodpasHH 



JleMMa 2.6. Uycmb o" € M, f & Ai, u aadanu nojiooKumeAbHue 
Hucjia 9, e, 5. Tozda cymecmeyem hucao cq > 1 maKoe, umo Bah 
npouseoAbHux g > u h G H°'''^{T) eepna deycmopoHHHH oii^eHKa 
HopM 

Cq^ \\h\\H'^'V{r,g,e) < \\H[H'^-^{r,Q,e),H''+s{r,e,e)]^ < 

Co ||/i||/f<^,^(r,£,,0)- (2.61) 

3dect> ijj — UHmepnoAHiiuoHHUu napaMemp us meopeMu \2.S[ a hucao 
Cq He saeucum om g u h. 

/J^OKasaTejiBCTBO. IlycTi. napaivieTp g > 0. Mhi CHanajia flOKa- 
jKeM anajior oii,eHKH (j2.6ip j^Jisi npocTpancTB pacnpeflejieHiiii b M"", a 
saTBM c noMombio onepaTopoB „pacnpHMjieHHH" h „CKjieHKH" nepeft- 
flisM K npocTpaHCTBaM pacnpe/iejieHHH na MHoroo6pa3iiH F (cpaBHHTb 
c /;oKa3aTejibCTBOM xeopeMbi 12. 2p . 05o3HaHHM nepea H°'''^(M^, g,9) 
npocTpancTBO H'^''^{W^), naflejieHHoe rHjib6epTOBOH HopMoft 

II II — f II l|2 2 II ||2 ^^/^ _ 

\\'W\\H''''P{R",g,e) ■— ( ll^llH'^,»'(Rn) + Q \\''^\\H'^-^-f{R") ) ~ 

{^?" (1 + (0"'') \^m^diY\ (2.62) 

J\jiii KajKfloro 4)HKCHpoBaHHoro g > Q STa Hopivia SKBHBajieHTHa 
HopMe B npocTpancTBe H^''^{W^). Cjie^oBaTejibHO, npocTpancTBO 
H^'^{W^ , g,9) rHjib6epTOBO. AHajiorHHHO onpeflejiaroTCH npocTpan- 
CTBa F'"-^(M",£-,6I) H H''+^{R'',g,e). B CHjiy TeopeMbi Ol npo- 

CTpaHCTBa 

[H'^-^R^,g,e), H^+'{R^,g,9)]^ (2.63) 

H H'^''^{W^, g,9) paBHbl C TOHHOCTblO flO 3KBHBajieHTHOCTH HOpM npH 
KaJK/I,OM 4)HKCHpOBaHHOM g > 0. IloKaJKeM, HTO B flByCTOpOHHHX 

oii;eHKax HopM sthx npocTpancTB mojkho BSHTb nocTOHHHbie, ne sa- 
BHCHin;He ot napaMexpa g. 

BbiHHCjiHM HopMy B npocTpaHCTBe (I2.63p . 06o3HaHHM Hepe3 J 
nceB/i,oflH4)4)epeHii,HajibHbiH onepaTop b npocTpancTBe c chmbo- 
jioM {S,}'^^^ , r^e apryMeHT ^ G M". Henocpe/],CTBeHHo npoBepaeTca, 
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HTO onepaTop J nopojK^aiomHH ^jih napbi npocTpancTB, sanHcaHHoit 
B 4)opMyjie (|2.63p . C noMombio HSOMeTpHHecKoro H30Mop4)H3Ma 

rfle T — npeo6pa30BaHHe Oypbe, onepaTop J npHBO^HTCH k BH/i,y 
yMHOJKBHHH Ha 4)yHKii,Hio {iY~^^ , a onepaTop il^{J) — k BUfiy yMHO- 
jKeHHH Ha 4)yHKu;Hio il^{{iY^^) = (O'^'PiiO)- Cjie/ioBaTejibHO, 

TaKHM o6pa30M, 

\\M\lH'^-^{R",e,e),H'^+^R",g,9)]^ = \\w\\H'^-v(Rr^ ^gM) (2.64) 
flJIH npOHSBOJIBHblX W £ H"'"^ (M"') il Q > 0. 

Tenepb Bhrnej^eM HepaBencTBO (|2.6ip h3 (|2.64p . Mbi Hcnojib3yeM 
jiOKajibHoe onpejejieHHe [2?T] npocTpancTB H^''^(r), s £ M, ip £ M, 
fljia 4)HKCHpoBaHHbix KoneHHoro aTjiaca h pa36iieHiiH efliiHimbi na 
r. PaccMOTpHM jiHHeliHoe oTo6pajKeHHe „pacnpHMjieHHH" MHoroo6- 
pa3HH T: 

T: {{xih)oai,...,{xrh)oar), h£V'{T). 

HenocpeflCTBeHHO npoBepaeTCH, hto 3to OTo6pajKeHHe 3aflaeT h30- 
MeTpHHecKHe onepaTopbi 

T : H^'^{T, g, 9) {H^'^iW, g, 9)Y , (2.65) 
T : H%T, g, 9) (i7*(M", g, 9)}', se{a-e,a + 6}. (2.66) 

IIpHMeHHB K onepaTopaM (|2.66p HHTepnojiHii,HK) c napaMeTpoM ip, no- 
jiyHHM orpaHHHeHHbiit onepaTop 

T: [H'^-'{T,g,9),H^+'iT,g,9)]^ ^ 
[ {H^-^R^,g,9)Y, {H'^+'{M'',g,9)Y]^. (2.67) 
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HocKOjibKy sanHcaHHbie s^ecb napbi npocTpancTS HopMajibHbie, to b 
CHjiy TeopeMbi 11.81 Hopivia onepaTopa (I2.67P He npeBbimaeT neKOTopo- 
ro HHCjia c, He saBHCHH^ero ot napaivieTpa q. OTCiofla na ocHOBaHHH 
TeopeMbi 11.51 H paBencTBa ()2.64p nojiynaeM orpaHHHeHHbift onepaTop 

T: [H^-'{T,Q,e),H^+\T,g,e)]^ ^ 

{H''''^{R'',g,e)Y cHopMOH<c. (2.68) 

/^ajiee, Hapa/];y c oTo6pajKeHHeM T paccMOTpHM jiHHefiHoe oto5- 
pajKeHiie „CKjieHKH" 

r 

K : {wi,...,Wr)^^ej{ ivjWj) o aj^) , 
i=i 

rflfi wi, . . . ,Wr — pacnpe/];ejieHHH b M". SpfiCb 4)yHKLi,HH r]j £ C°°{W^) 
cJjHHHTHaa H paBHaa 1 na MHOJKecTBe aj^(suppxj), a Qj — onepa- 
Top npo;];ojiJKeHHa nyjieM na F. B CHjiy (12. 8p HMeeM orpaHHHeHHbie 
onepaTopbi 

K : {H'{W)Y ^ H'{T), s G R, (2.69) 
K : (H'^^iW^))^ H'^^(r), s G R. (2.70) 

IlycTb C2 — MaKCHMyM HopM onepaTopoB (12.69^ . rjjfi 

s £ {a — e, a — e — 6, a + 6, a + 6 — 0}, 

H onepaTopoB (|2.70p . rflfi s G {a, a — 6}. Hhcjio C2 He saBHCHT ot na- 
paMeTpa g. Henocpe^cTBeHHO npoBepaeTCH, hto HopMbi onepaTopoB 

K : (//'^''^(R", g, e)Y ^ F'^''^(r, g, 6), (2.71) 
K : {H'{R'',g,e)Y ^ H'{T,g,e), s e {a - e,a + 6}, (2.72) 

He HpeBbimaioT HHCJia C2. HpHMenHB k (j2.72p HHTepnojiimHio c napa- 
MBTpoM ip, nojiyHHM orpaHHHeHHbiH onepaTop 

K: [{H'^-^{R^,g,9)Y, {H^^' {^'' , Q,0)Y ]^ ^ 
[H^-HT,g,e),H"+'iT,g,e)] 
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HopMa KOToporo He npesbimaeT HHCjia c C2 b CHjiy TeopeMbi 11.81 Ot- 
ciofla Ha ocHOBaHHH TeopeMbi 11.51 h paBencTBa (I2.64p nojiynaeivi orpa- 
HHHeHHbifi onepaTop 

[H''-%r,0,e), H^+^{T,Q,e)]^ chopmoh <C3, (2.73) 

rflis HHCJio C3 := ^/clCC2 He saBHCHT OT napaMeTpa g. 

B CHjiy (j2.7p . npoH3Be/i,eHHe KT = I — TOJKflecTBeHHbili onepa- 
Top. IIosTOMy Ha ocHOBaHHH 4)opMyji (|2.65p (HSOMeTpHHecKHii one- 
paTop) H (j2.73p HMeeM orpaHHHeHHbili onepaTop 

I = KT: H^'^^iT, Q,9)^[ H^-^T, e, 9), H^+\r, e,9)]^ 

c HopMoit < C3. KpoMe Toro, b CHjiy (I2.68P h (|2.7ip (nopMa BToporo 
OHepaTopa ne npeBbimaeT HHCjia C2) HMeeM en^e oflHH orpaHHHeHHbiit 
OHepaTop 

I = KT: [ H'^-'iT, 0, 9), F^+'5(r, g,9)]^^ H'^^^iT, g, 9) 

c HopMOH < C2 c. OTCiofla HeMe/iJieHHO BbiTeKaeT flBycTopoHHSH on;eH- 
Ka ()2.6ip . Tj\e hhcjio cq := max{l, C3, C2, c} ne sasHCHT ot napaMeTpa 

Q. 

JleMMa 12.61 flOKasana. 

^OKasaTejifaCTBO TeopeMbi 12.141 (ii) . ITycTb s E M h (/? G . 
HanoMHHM, HTO TeopeMa 12.141 cnpaBe/iJiHBa b co6ojieBCKOM cjiynae 
if = 1. no3TOMy cymecTByeT TaKoe hhcjio Aq > 0, hto ^jih KajK^oro 
SHaneHHa napaMeTpa A G iC, y^oBjieTBopHiomero ycjioBHio |A| > Aq, 

CHpaBe^JIHBbl rOMeOMOp4)H3MbI 

^(A) : H'^^+""i{T, |A|^ mq) o ^^^^(r), (2.74) 

npHHeM HopMa onepaTopa (j2.74p BMecTe c HopMolt o6paTHoro one- 
paTopa orpaHHHeHbi paBHOMepno no napaMeTpy A. IlycTb — hh- 
TepHOJiau;HonnbiH napaMeTp hs TeopeMbi 12. 2| r^e 6epeM e = 5 = 1. 
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ITpHMeHHB HHTepnojiHii,HK) c 3THM napaMeTpoM K (j2.74p , nojiyHHM ro- 

MeOMOp4)H3M 

[H^~\T),H^^Ht)]^. (2.75) 

IlpH 3TOM B CHjiy TeopeMbi 11.81 HopMa onepaTopa (|2.75p ii HopMa o6- 
paTHoro K Heiviy onepaTopa orpaHHHeHbi paBHOMepno no napaMeT- 
py A. (3anHcaHHbie b 4)opMyjie (I2.75P ^onycTHMbie napbi npocTpancTB 
HopMajibHbie.) OcTaeTCH BocnojibsoBaTbCH jieMMOH 12.61 rj^e nojiaraeM 

a := s + mq, g := |A|^, 6 := mq, e = 6 = 1, 

H xeopeMOH 12.21 CorjiacHO hhm (j2.75p BjieneT roMeoMop4)H3M 

A{X) : H'+""^'^{r, \X\^,mq) o if"'^(r) (2.76) 

TaKOH, HTO HopMa onepaTopa (I2.76P BMecTe c HopMolt o6paTHoro one- 
paTopa orpaHHHeHbi paBHOMepno no napaMeTpy A. 3to osnanaeT flBy- 
CTopoHHioio on;enKy (I2.60p , r^e hhcjio c ne saBHCHT ot napaMeTpa A n 
OT pacnpe^ejienHH u G i7*+™'J.v(r)^ yTBepjK^enne (ii) xeopeMbi 12.141 
flOKasano. 

Hs TeopeMbi 12.141 (i) BbixexaeT cjie/iyiomee yTBepjKflenne o6 nn- 
fleKce BjijinnTHHecKoro c napaMeTpoM H^O (cpaBHHTb c |6l c. 96]). 

Cjie^CTBHe 2.4. UpednoAOMCUM, umo TI/I^O A{X) ajuiunmune- 
CKUU c napaMempoM na HtKomopoM saMKHymoM Ayue K := {X & C : 
argA = const}. Tozda onepamop (I2.58P UMcem uyAeeou undenc npu 
A1060M A G C. 

^OKasaTejibCTBO. ^jih KajK/],oro (JjHKcnpoBaHHoro A G C 11/1,0 
^(A) sjijinnTHHecKHH na T. llosTOMy b cnjiy TeopeMbi 12.91 onepaTop 
(I2.58P HMeeT KonennbiH nn/i,eKC, ne saBHcamnii otsGMh^jGTW. 
KpoMe Toro, 3tot nn^eKC ne saBHCHT h ot napaMeTpa A. B caMOM 
flejie, A BjiHHeT jiHuib na Mjiaflume Hjienbi b cyMMe (|2.56p : ^(A) — 
A{Q) G ^''"(5-1). no3TOMy BBH/i,y jieMMbi 12.51 HMeeM orpaHiiHeHKbiii 
onepaTop 

A{X) - A{fd) : H'+'^'i'^{T) i/^+™'^(r). 



\2.3l CxoflHMocTb cneKxpajihHbix pasjioxeHHii 
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Ho B CHjiy TeopeMbi 12.31 (iii) h ycjioBHH m > cnpaBe^JiHBO KOMnaKT- 
Hoe BjioJKeHHe H^^'^''^{T) ^ H^''^(T). Cjie/];oBaTejibHO, KOMnaKTen 
onepaTop 



OTCiofla BbiTeKaeT (cm., nanpHMep, [1221 c. 249]), hto neTepoBbi one- 

paTOpbl ^(A) H A{0) HMeiOT OflHHaKOBblH HHfleKC, T. e. nOCJieflHHH 

He saBHCHT OT napaMBTpa A. ^ajiee, corjiacHO TeopeMe 12.141 (i) npn 
flocTaTOHHO 6ojibmHX no Mo^yjiio anaHeHHHX napaMexpa X G K, cnpa- 
Be^jiHB roMeoMop4)H3M (I2.59p . Cjie/ioBaTejibHO, HH^eKC onepaTopa 
^(A) paBBH HyjiK) npH X G K , \X\ ^ 1, a snaHHT, h npn jik)6om 
A G C. CjiejcTBHe 12.41 joKaaaHo. 

2.3. CxoflHMOCTb cneKTpajibHbix pa3Jio:a<:eHHH 

B 3TOM nyHKTe mm j^afl^nM npHjioJKeHHe BBe/],eHHbix naMH npo- 
CTpaHCTB XepMaHflepa k Hccjie;],OBaHHio cxo^hmocth cneKTpajibHbix 
pasjioJKeHHH noHTH Bciofly H B MBTpHKax npocTpaHCTB C^, rfl^e ii;ejioe 
k>0. 

2.3.1. CxOflHMOCTb nOHTH BCIOfly 

npOHSBOJIBHblX OpTOrOHajIbHblX paflOB 

CcJiopMyjiHpyeM CHanajia Heo5xo/];HMbie naM KjiaccHHecKHe pe- 

SyjIbTaTbl O CXOflHMOCTH nOHTH BCIO/iy npOHSBOJIbHblX OpTOrOHajIbHblX 

paflOB. IlycTb r — HSMepHMoe npocTpancTBO c KOHeHHoli Mepoli fj,, h 

(^i)^l — OpTOHOpMHpOBaHHaH CHCTCMa 4)yHKII,HH B L2(T , fl) . (OyHK- 

ii;hh hj, Boo5iii,e roBopa, KOMnjieKCHOsnaHHbie.) Mbi HcnojibsyeM o6o- 
SHaneHHe log flJiH jiorapHcJ^MHHecKoii 4)yHKii;HH npn npoHSBOjibHOM 

4)HKCHpOBaHHOM OCHOBaHHH a > 1. 

IIpeflJiojKeHHe 2.1 (o6maH TeopeMa MenbinoBa-PafleMaxepa) . 
Uycmh nocAedoeameAbHocmb {aj)J^-^ KOMUAeKCHUx hucca maKan, 
umo 



A{X)-A{0) : H' 




oo 




(2.77) 
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Tozda opmozoHaAbHuu pnd 



oo 



(2.78) 



cxodumcR jjL-noHmu ecmdy na T. KpoMe mozo, ecAU 




MaMcopanma uacmHux ci/mm pnda (|2.78|) . mo 




< cVl, 



(2.79) 



zde HUCAO C > saeucum Aumb om T u fi. 

Btot pesyjibTaT ^OKasan nesaBHCHMO J^. E. MeHbmoBbiM |195) n 
r. PafleMaxepoM |216) b cjiynae, Kor/];a T — KOHeHHbiii HHTepBaji na 
ocH M, ^ — Mepa JIe6era, h 4)yHKu;HH hj BemecTBeHHbie. IlpHBefleHHoe 
B MOHorpa4)HH |29| c. 292 - 294] /];oKa3aTejibCTBO TeopeMbi MenbuioBa- 
Pa^eMaxepa npoxo^HT b paccMaTpHBaeMoli HaMH o6iii,eli cHTyaii,HH. 

SaMeTHM, HTO Teopeivia MeHbmoBa-Pa/i,eMaxepa TOHHa. 
JX. E. MeHbmoB |195| nocTpoHji npHMep opTOHopMHpoBaHHoft 

CHCTeMbI {hj)^^ B L2((0, 1)) TaKOH, HTO KaJKflOH HHCJIOBOH 

nocjie;];oBaTejibHocTH (wj)^^, yflOBjieTBopaiomeH ycjioBHHM 



Hali/ieTCH pacxo/iHmHHCH noHTH Bciofly pa/i; BH^a (I2.78p . fljia kobcJ)- 

4)HLI,HeHTOB KOTOpOrO BbinOJIHaeTCH HepaBCHCTBO 



(HsjiojKeHHe 3Toro pesyjibTaia HMeeTca, nanpHMep, b [29| c. 295]). 



1 = (^1 < ^2 < < . . . H lim 

j-i-oo 




= 



oo 
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Otmbthm |29l c. 307], hto h3 cxo^hmocth psij^a. (j2.78p ^u-noHTH 
Bciofly He BbiTeKaeT, Boo6me roBopa, hto stot psiji GesycjiOBHO cxo- 
flHTCH //-noHTH Bcio/iy. HanoMHHM, HTO psiji (|2.78p HasbiBaeTca 6e3- 
ycjioBHO cxoflHn;HMCH /x-noHTH Bciofly Ha F, ecjiH j^jiii jho6oh nepecTa- 
HOBKH HaTypajibHoro puj^a, a = (o'(j))^^ cxoflHTCH /^-hohth Boopj 



aa(j)K{j)- (2-80) 

(ripH 3TOM MHOJKeCTBO Mepbl Hyjib paCXOflHMOCTH pHfla (|2.80P MOJKBT 
SaBHCHTb OT HepeCTaHOBKH fj.) 



npe/],JiojKeHHe 2.2 (o6Hi,aH TeopeMa OpjiHHa-yjibHHOBa) . 
Tlycrm) nocAedoeameAt>Hocmt> {aj)JLi KOMnACKCHUX hucba u 
eospacmawmafi (Hecmpozo) nocAedoeameAbHocmb {u}j)j%^ uoaomcu- 
mcAbHux HuccA ydoeAemeopHwm ycAoeuuM 

oo 

^ |a,|2(log2j)a;,- <oo, (2.81) 

oo ^ 

y — — < DO. (2.82) 

^ j(logj)^jj 

Tozda pnd ()2.78p desycAoeno cxodumcA ii-noumu ectody na T. 

3to — SKBHBajieHTHaa (JjopivryjinpoBKa TeopeMbi Opjinna |207) , 
HOJiyneHHaa U. Jl. YjibiiHOBbiM |1141 c. 53] (cm. TaKJKe [115^ c. 53]). 
KaK noKaaaji K. Tan^opH [232], TeopeMa Opjinna OKOHHaTejibHaa 
B TOM CMbicjie, HTO ycjioBHe (|2.8ip Ha HocjieflOBaTejibHOCTb {ujj)j^i 
HejibSH ocjia6HTb. 

B. OpjiHH H n. Jl. yjibHHOB orpaHHHHjiHCb cjiyHaeM, Korfla F — 
KOHeHHbiH HHTepBaji Ha ocH M, n — Mepa Jle6era, a 4)yHKH,HH hj Be- 
H^ecTBeHHbie. B paccMaTpHBaeMOM naMH o5m;eM cjiynae npe;];ji05«eHHe 
l2.2l ocTaeTCH BepnbiM. 3to cjiejjjeT h3 6ojiee o6m;eH TeopeMbi Tan^opn 
[232], /lOKasaTejibCTBO KOTopoli, flannoe b MOHorpacJjHH |291 c. 308], 
Hpoxo/];HT B paccMaTpHBaeMoit naMH o6u\e& cHTyaH,HH. 



126 



Fji. [21 IIpocTpaHCTBa XepMaH^epa Ha MHoroodpasHH 



2.3.2. CxOflHMOCTb nOHTH BCIOfly 

cneKTpajifaHfaix pasjio^KeHHH 



HayHHM Tenepb cxo^HMOCTb hohth Bcro^y cneKTpajibHbix pas- 
jiojKeHHH no co6cTBeHHbiM 4)yHKii,HHM sjijiHnTHHecKHx n/1,0. JXajiee 
B 3TOM nyHKTe r — 6ecKOHeHHO rjiaflKoe saMKHyToe (KOMnaKTHoe) 
MHoroo6pa3He pasMepnocTH n > 1, na KOTopoM cJ^HKCHpoBana njioT- 
HocTb dx. IlycTb A — KjiaccHHecKHH 3jijiHnTHHecKHii n^O Ha r no- 
jioJKHTejibHoro nopHflKa. IlpeflnojiojKHM, hto A aBjiaeTCH (neorpa- 
HHHeHHbiM) HopMajibHbiM onepaTopoM B rHjib6epTOBOM npocTpan- 
CTBe L2{T,dx). IlycTb (hj)^-^ — nojinaH opTOHopMHpoBaHHaa ch- 
CTeMa co6cTBeHHbix 4)yHKii;HH SToro onepaTopa. Ohh aanyMepoBaHbi 
TaK, HTO MOfljJin cooTBeTCTByiomHX co6cTBeHHbix HHceji o6pa3yioT 
MOHOTOHHO Hey6biBaiomyio nocjie/ioBaTejibHOCTb. ^jih npoHSBOjibHolt 
4)yHKLi,HH / G L2(T,dx) HMeeM 



rfle Cj{f) := {f,hj)r — KOBcJjcJjHi^HeHTbi Oypbe pacnpe^ejieHHH / b 
6a3Hce {hj)JLi. 

Ph/i; (I2.83P HasbieaeTCH cxo/iamiiivicH b yKaaaHHOM CMbicjie na 
HeKOTopoM 4)yHKu;HOHajibHOM Kjiacce X{r), ecjiH pjin jiio6oh cJ^yHK- 
II,HH / G -'^(r) 3TOT pHfl CXO/IHTCH K / Ha/];jiejKamHM o6pa30M. 

HayHHM cxoflHMOCTb noHTH Bciofly pa/ia (|2.83p na Kjiaccax — npo- 
CTpancTBax XepMaH^epa. SaMeTHM, hto, ecjiH j^jin neKOTopoii cjsyHK- 
ii,HH / G L2iXi dx) pHfl (|2.83p cxoflHTCH noHTH Bciofly Ha r, TO / 5yfleT 
cyMMoii BToro piij\a noHTH Bcro^y na T. 3to BbiTeKaeT h3 Toro, hto 

KaK CXO/lHMOCTb B L2(T , dx) , TaK H CXO/lHMOCTb HOHTH BCIOfly Ha T 

BjieKyT 3a coGoii cxo/iHMOCTb ho Mepe, HopoJKfleHHoft njioTHOCTbio dx 
(cm., HanpHMep, \12\ c. 70, 186]). 

PaccMOTpHM MajKopaHTy HacTHbix cyMM pHfla (I2.83P ^jih cJ^yHK- 
u,HH / G L2{r, dx): 



oo 




(2.83) 



k 



S*{f,x):= sup Cj{f)hj{x) 
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B CTaTbe K. Mhhh |194| ^OKasano ^jih cjiynaa A = Ar, hto pa/; 
(I2.83P cxoflHTCH noHTH Bcio/iy Ha F na 4)yHKLi,HOHajibHOM Kjiacce 

e>0 

ripH 3TOM fl^jia npoHSBOJibHbix £ > H / G H'^ (T) BbinojiHaeTca OLi;eH- 
Ka 

\\S*{f,-)\\L2{r,dx) < CeWfWH^r), 

rfle HHCJIO Ce He SaBHCHT OT /. 

Mbi o6o5iii,HM H yTOHHHM 3TOT pesyjibTaT, Hcnojibsya npocTpan- 
CTBa XepMaHflepa. 06o3HaHHM log* t := max{l, log i}. 

TeopeMa 2.15. Ha (pyHKn^uoHaAtHOM kaqccc H^^^^s (r) pnd 
(|2.83p cxodumcR noumu ecmdy na T. Upu amoM djin ah)6ou cfiyHK- 
v,uu f G H^'^"^ (r) eunoAHHemcn ov,eHKa 

l|5*(/,-)||L.(r,dx) <C7 11/11^0,10,* (D, (2.84) 

zde HUCAO C > He saeucum om f. 

^OKasaTejibCTBO. IlycTb / G ijO,log ^-py Ecjih onepaTop A ca- 
MOConpHJKeHHbiii h nojiojKHTejibHo onpe/i,ejieHHbiii b L2{T,dx), to b 
cHjiy TeopeMbi 12.71 

oo 

ll/llW(r)^E(l°g*(j''^"))'l^^-(/)l'' 
rj\e log*(j ^/") X log(j + 1) npii j > 1. Cjie^oBaTejibHO, 

oo 

E + 1) - 11/11 W(r) < ^■ 

riosTOMy corjiacHO o6meH TeopeMe MeHbmoBa-Pa^eMaxepa (npej^jio- 
jKeHHe 12. ip pH/i, (|2.83p cxo^htch hohth Bcio^y na F (k /) h cnpaBe^- 
jiHBa oii,eHKa (I2.84p . 
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06ii];aH CHTyaii;HH, Kor/ia onepaTop A HopMajibHbiH, cbo/ihtch k 
paccMOTpeHHOMy cjiynaio, nepexo/iOM k caMoconpHJKeHHOMy h nojio- 
jKHTejibHO onpe/iejieHHOMy onepaTopy B:=1 + A*A. IIpH 3tom cjie- 
fljer ynecTb tot (JjaKT, hto {hj)'jLi — nojinaa b L2{T,dx) CHCTeivia 
coScTBeHHbix 4)yHKii,HH KaK HopMajibHoro onepaTopa A, TaK h caMO- 
conpHJKeHHoro onepaTopa B, a nx HyMepaii;HH corjiacoBana. 

Teopeivia 12.151 /lOKasana. 

YTOHHeHHeM 3Toro peayjibTaTa HBjiHeTCH cjie/i,yiomaH TeopeMa o 

GesyCJIOBHOH CXOflHMOCTH. 

TeopeMa 2.16. Ilycmb eoapacmammaR cf}yHKV,UH (p £ A4 ydo- 
eAemeopfiem ycAoeuw 



dt 

< oo. (2.85) 



2 



ti\ogt)^\t) 



Tozda Ha (pyuK'nuoHaA'bHOM KAacce if°''^'°s*(r) pnd ([2:83]) 6e3ycA06H0 
cxodumcR nonmu ecmdy na T. 

/J^OKasaTejiBCTBO. IlycTb / e }{0,ipiog Ecjih onepaTop A 
caMoconpHJKeHHbiii h nojiojKHTejibHO onpeflejienHbitt b L2{T,dx), to 
no TeopeMe 12.71 MoaceM sanncaTb 



k..o..(r) ^ E v\j'h{iog*{j'/n? \cm'- (2.86) 



PaccMOTpHM BospacTaiomyio nocjie^OBaTejibHOCTb hhccji uj :- 
J G N. B CHjiy LiMeeM 



|c,-(/)|2(log2j>, <oo. (2.87) 

j=2 
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KpoMe Toro, corjiacHO ycjioBHK) (j2.85p . 

dT 



< 



i=3 



j (log j)u}j J r(logr)(/72(rV") 

2 

nf^-^dt 



2l/n 



Pn(logt)(/?2(t) 



< oo. (2.88) 



B CHjiy o6meH Teopeivibi OpjiHHa-yjibaHOBa (npe/];jiojKeHHe 12. 2p , nepa- 
BeHCTBa (|2.87p h (|2.88p BjieKyT sa co6oh GeaycjioBHyio cxo^hmoctb 
noHTH Bciofly Ha T pa^a (I2.83p . 

KaK H B /lOKasaTejibCTBe TeopeMbi 12.151 oGmaH CHTyaii,HH, Kor^a 
onepaTop A HopMajibHbiii, cbo^htch k paccMOTpeHHOMy Bbime cjiy- 
HaR3, nepexoflOM k caMoconpHJKeHHOMy onepaTopy B := 1 +A*A. 

TeopeMa 12.161 flOKasana. 

TeopeMbi 12. 151 H | 2. 161 nojiHocxbio BKjia/ibiBaioTCH b TeopHK) o5iii,hx 

OpTOrOHajIbHblX pupflB. 0/I,HaKO B HHX flaHbl yCJIOBHH Ha 4)yHKI^HK) / 
B KOHCTpyKTHBHblX TepMHHaX TJia^KOCTH (J^yHKI^HH. 



2.3.3. Cxo^HMOCTb cneKTpajiBHbix pa3Jio:a<:eHHH 
B MeTpHKe npocTpancTBa C'^ 

B saKjHOHeHHe n. l2.3l iioKa>KeM KpHTepnlt cxoahmocth pa^a (j2.83p 
B MeTpHKe npocTpancTB C'^(r), r^e H;ejioe fc > 0, na Kjiaccax H^'^{T). 

TeopeMa 2.17. Uycnib aadanu v,eAoe hucao k > u (pyHKii^uM 
if £ Ai. Psid (j2.83p cxodumcH e Mempune npocmpaHcmea C^{T) na 
KAacce i/'^+"/2.</'(|p^ mozda u moAbKO mosda, Kozda (pymv^uH ip ydo- 
ejiemeopnem ycjioewio p.37p . 

^OKasaTejibCTBO. /JocmamoHHocmb. HpeflnojiojKHM, hto (p yflo- 
BjieTBopaeT ycjioBHK) (|1.37p . IlycTb / G i7^+'^/2,'/5(|p^ KaK OTMena- 
jiocb B 3aMeHaHHH 12.41 P^A (I2.83P cxo/],htch k / b MeTpHKe npocTpan- 
cTBa f/''^+"/2.</'(r). CorjiacHo TeopeMe 12.81 HepaBencTBo (jl.37p BjieneT 
HenpepblBHOCTb BJIOJKeHHH jjk+n/2,^^Y) ^ C''{r). CjieAOBaTejibHo, 
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pHfl (j2.83P CXO/IHTCH K / B npOCTpaHCTBe C^{T). ^OCTaTOHHOCTb fl^O- 

Kasana. 

Heo6xoduMocmb. HpeflnojioJKHM, hto j^jisi KajKflOH 4)yHKi;iiii / G 

^fc+n/2,i/j|-p'j (|2.83P CXOflHTCH (k /) B MBTpHKe npOCTpaHCTBa 

HTO BjieneT ycjioBHe (jl.37p b 
CHjiy xeopeMBi 12.81 Heo5xo/];HMOCTb flOKasana. 
TeopeMa 12.171 /lOKasana. 

2.4. RO-MeHHioii],Heca 4)yHKi],HH 

H npocTpancTBa XepMan^epa 

B 3TOM nyHKTe mbi onnmeM ece (c tohhoctbk) j^o SKBHBajieHT- 
HOCTH HOpM) HHTepnOJIHD;HOHHbie rHJIb6epTOBE.I npocTpaHCTBa fljia 
nap rHjib6epTOBbix npocTpancTB Co6ojieBa H^°{W^) h H^^{M.'^), r^e 

So, Sl G M H So < Sl- KaK BbiaCHHTCa, KJiaCC 3THX HHTepnOJIHLI,HOHHbIX 

npocTpancTB b tohhocth coctoht h3 HSOTponnbix npocTpancTB Xep- 
Man^epa c BecoBbiMH 4)yHKii,HHMH, RO-MenaiomHMHCH na 6ecKOHeH- 
HOCTH no AbaKyMOBMHy. Mbi paccMOTpnM yKaaannbie npocTpancTBa 
TaKJKe Ha rjia/],KOM saMKHyTOM Mnoroo6pa3HH h fla/i,HM neKOTopbie nx 
npHjioJKennji. 

2.4.1. RO-MeH5iioiu,HecH 4)yHKu,HH no ABaKyMOBHHy 

npHBe/],eM GasHcnoe /i,jih nac onpe/i,ejieHHe. 

OnpeflejieHHe 2.11. IlycTb RO — MHOJKecTBO Bcex nsMepnMbix 
no BopejiK) (]3ynKn,HH (p : [l,oo) — >• (0,oo), fl^Jia KOTopbix cymecTByioT 
HHCJia a > 1 H c > 1 TaKHe, hto 

^ ^(At) ^ ^ jiio5bix t > 1, A G [l,al (2.89) 

(nocTOHnnbie a a c sabncHT ot 99). Taxne 4)ynKn;HH nasbibaioT RO- 
MeHHK)ui,UMUcn na SecKoneHnocTH. 

Kjiacc RO-MeHHK)ui,HXCH 4)yHKu;HH BBejiea B. ABaKyMOBHHeM 
|135| B 1936 r. n ^ocTaTOHHO nojino nsynen (cm., nanpnMep, |95l c. 86 
-99]). 
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Otmbthm HeKOTopbie HSBecTHbie CBolicTBa 4)yHKi];HH Kjiacca RO 
\95\ c. 87 - 89]. HcHO, hto ^jih 4)yHKii,HH ip G RO hhcjio a b (Jjopiviy- 
jie (|2.89p MOJKHO 6paTb ckojib yroflHO 6ojibmHM. OTCio/ia BbiTeKaeT 
cjie;i,yiomee cbohctbo. 

IIpefljiojKeHHe 2.3. BcHKan (jiyHKi^uH ip G RO ozpaHuuena u 
omdeAena om uyAsi na KaotcdoM ompeane [1, 6], zde 1 < 6 < oo. 

IIpefljiojKeHHe 2.4. Cnpaeednueo cAedymu^ee onucanue KAacca 
RO: 



(/? e RO <^ (p{t) = exp f3{t) + / -—^ dr], t>l, 




zde eevnecmeeHHue cjiyuKv^uu f3 u e usMepuMU no EopeAto u ospanu- 
HCHU Ha noAyocu [l,oo). 

IIpefljiojKeHHe 2.5. /Jar npouseoAbHou cf)yHV,uu ip : [l,oo) — ?• 
(0, oo) ycAoeue (j2.89p paenocuAbHO CAedymmeMy: cymecmeymm uuc- 
Aa sq, Si G M, So < Si, u c> 1 maKue, umo 

t''Oip{t) < cr~'V(-^), T~'V(-r) < ct'''<p{t) (2.90) 

dAn ecex t>l u t > t. 

YcjioBHe (|2.90p noKasbiBaeT, hto 4)yHKLi;HH t~'^'^ip{t) SKBHBajieHT- 
Ha HeKOTopoii BOBpacTaiomeii 4)yHKii,HH, a cjayHKi^HH t~^^ip(t) 3kbh- 
BajieHTHa neKOTopoH yGbiBaromeH 45yHKii,HH na nojiyocH [l,oo). HpH 

3TOM 3KBHBajieTHOCTb nOHHMaeTCH B CJia6oM CMblCJie, a BospacTaHHe 

H y5biBaHHe — b necTporoM CMbicjie. 

HojiojKHB A := r/t b ycjioBHH ()2.90p . nepennmeM ero b sKBHBa- 

JieHTHOM BH/l,e 

c^^A'o < < cX""^ fljiH Bcex t> I, A > 1. (2.91) 

J\jlil npOHSBOJIbHOH 4)yHKIi;HH ip G RO o6o3HaHHM: 

(7o((/5) := supjso G K : BbinojiHHeTCH (|2.9ip }. 
o"i((^) := inf {si G M : BbinojinaeTCH (I2.9ip }. 
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OHeBH/];HO, HTO — OO < (Toiv) ^ ^li'-P) < CXD. 

^oonpe;];ejiHB 4)yHKii,HK) := ip'^{l)/if{t~^) npn < t < 1, no- 
jiyHHM nojioJKHTejibHyK) na nojiyocH (0, oo) 4)yHKLi;Hio (p, fljiH KOTopoH 
()2.9ip BjieneT ycjioBHe 

^-2^80 < ^Pi^ < ^2yi jim6mx t>0, A > 1. 

ip{t) 

OTCio/;a cjie/i,yeT, hto HHCjia croif) h <7i(¥') paBHbi cooTBeTCTBeHHO 
HHJKHeMy H BepxHBMy noKaaaTejiHM pacTHJKeHHH 4)yHKu;HH (p \36\ 
C. 76]. Hx MOJKHO BblHHCJIHTb HO (J^opMyjiaM |361 c. 75] 

logmy(A) logmy(A) 
c7o(¥j) = hm \ — , ai{ip) = lim — , (2.92) 

A-!>0+ log A A-i-oo log A 



"^<^(A) := sup -777;-, A > 0, 



— 4)yHKLi;H5i pacTHJKeHHH 4)yHKii;HH ip. Otmcthm |138) . hto npaBbie 
HacTH (JjopMyji (I2.92P paBHbi no onpe/i;ejieHHro HiiJKneMy h BepxneMy 

B BajKHOM cjiynae cro{ip) = cri{ip) =: cr hhcjio o" nasbiBaioT nopnd- 
KOM usMeneHun 4)yHKii;HH 93. OxMeTHM, hto BCHKaa HSMepHMaH no 
Bopejno 4)ynKn;HH ip : [l,oo) — t- (0,oo), KBasnnpaBHjibno Menaion^aa- 
ca nopHflKa o" na 00, a TaKJKe orpannnennaa n OT^ejiennaa ot nyjia 
na K&mjioM OTpesxe [1,6], rj^e 1 < 6 < 00, npnnafljiejKHT Kjiaccy RO 
n nMeeT nopH/],OK HSMenennH a. 3to BbiTeKaeT h3 |95| c. 26, 27] n 
npe/],jiojKennH [221 B nacTHocTH, M C RO. 



2.4.2. HHTepnojiau,HOHHMe npocTpancTBa 
napfai coSojieBCKHx npocTpancTB 

B 3TOM nynKTe mm onnnieM Bce nnTepnojiHu;Honnbie rnjibGepTO- 
Bbi npocTpancTBa /i,Jia nap rHjib6epTOBbix npocTpancTB Co6ojieBa. 
^jiH 9Toro BbiflejiHM cnanajia cjie^yiomnH Kjiacc rnjibSepTOBbix npo- 
CTpancTB XepMaH/i,epa. 
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Onpe^ejieHHe 2.12. HycTb (p G RO. JlnHeftHoe npocTpan- 
CTBO H'^(M") cocTOHT, HO onpe/iejieHHio, h3 Bcex pacnpe/iejieHHH 
u G 5'(M"') TaKHX, HTO Hx npeo6pa30BaHHe Oypte u jioKajibHO cyM- 
MHpyeMO no Jle6ery b h yflOBjieTBopaeT HepaBencTBy 



B npocTpancTBe ff'^(M") onpe^ejieHO cKajiapnoe npoHSBe^enHe pac- 
npe/iejieHHH ui, U2 no 4)opMyjie 



Oho CTan^apTnbiM o6pa30M sa^aeT nopiviy. 

KajKfloro 4)yHKn;HOHajibHoro napaMeipa (p £ RO npocTpan- 
CTBO H'^{W^) HBjiHeTCH HacTHbiM (nsoTponnbiivi) rHjib6epTOBbiM cjiy- 
HaeM npocTpancTB XepMan^epa: H'^{W^) = i32,^(K"), r^e := 
fiiO)^ C S Sflecb, KaK Mbi cennac noKaJKCM, 4)yHKu;HH fj, HBjiaeT- 
CH BecoBoii. 

JleMMa 2.7. Tlycmh ip G RO. Tozda cfiyHKi^ufi /i(^) := (/'((O) 
apgyMenma ^ G R" sieAHemcH eecoeou e cmucac onpedeneHun 

^OKasaTejibCTBO. HycTb R". BosBe^enneM b KBa^paT 

npoBepHBTca nepaBencTBO \{^) — (r/)| < | |,^| — \rj\ \. Orcmjia b cjiynae 
iO > iv) nojiynaeM, hto 






< 1 + iei -ki < 1 + 



riosTOMy B CHjiy npefljiojKeHHa 12.51 




EcjiH JKe {r]) > (S^), TO 
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TaKHM o6pa30M, /ijih jiio6bix ^, rj G MJ^ BbinojinaeTca oii,eHKa 

rfle HHCJia c > 1 n I := max{0, — sq, si} He saBHCHT ot ^ h ry. 3to 
osHanaeT, hto 4)yHKu;HH fi BecoBaa b CMbicjie onpejiejieHHg [L8l JleMMa 
12.71 flOKasana. 

3aMeTHM, HTO ecjiH ipo £ n s G M., TO 4)yHKii;HH ips{t) := 
t^(pQ{t) npHHa/iJiejKHT Kjiaccy RO. Cjie^OBaTejibHO, Kjiacc npo- 
CTpaHCTB {H'^{W^) : (p € RO} coj\&pm.wT b ce6e yTOHHeHHyio niKajiy 
npocTpancTB XepMaH^epa. 

YKajKeM CBOHCTBa npocTpancTBa i^'^(M"), BbiTeKaiomHe h3 coot- 
BeTCTByioiii,HX CBOHCTB npocTpaHCTB XepMaHflepa |118| c. 54 - 62]. 

npefljio:»<;eHHe 2.6. Uycmb 93,991 G RO. Tozda: 

(i) UpocmpaHcmeo H'^{W^) cenapa6eAbHoe guAb6epmoeo. 

(ii) MuoMcecmeo C^(M") nAomno e F^(]R"). 

(iii) OyHK-nuH ip{t)/ipi{t) ozpaHunena e OKpecmHocmu 00 mozda u 
moAbKO mozda, Kozda H^'^{W^) H^{W^). 9mo eAOMcenue 
HenpepueHO u nAomno. 

(iv) /],AH AwGux eeiu,ecmeeHHUx hucca sq < (^o{'p) u si > cri{(p) 
cnpaeedAueu Henpepuenue u nAomnue enoM^eHUM H^'^{M.'^) ^ 

(v) UpocmpaHcmea W^iW^) u H^^'^(M"') esauMHO deoucmeeHHue 
omHocumeAbHO pacmupeHUH no HenpepueHocmu ckga^phozo 
npouaeedenuH e npocmpaHcmee L2(M"). 

(vi) /Jam Kaoicdozo (jjuKcupoeaHHOzo neAozo HUCAa k >0 ycAoeue 

t^^+''-^^~^{t)dt<oo (2.93) 



/ 



1 

paenocuAbHO eAOMceHum H^iW^) M> C^(M"). 9mo eAOCHcenue 
HenpepueHO. 
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CflejiaeM pa^ noacHeHHH k npe;i;jio>KeHHK) 12.61 yTBepjK/i,eHHe (iv) 
cjie;i,yeT h3 (iii) h HepaeeHCTBa (I2.9ip . b KOTopoM nojiaraeM t := 1. 
HocKOJibKy ip G RO 44> G RO, to npocTpancTBO H^/'-^{'R"') h3 
yTBepjK/ieHHa (v) onpe/i,ejieHO KoppeKTHO. YTBep^KfleHiie (vi) cjie^yeT 
H3 TeopeMbi BjiojKeHHH XepMaHflepa (npe^jioJKeHHe ll.Sp . Tlpa stom 
cjiepjeT ynecTb, hto (ll.33j) <^ (I2.93j) flJiH 4)yHKu;HH /i(^) := ip{{S,)), 
^ G M", ecjiH nepeHTH k ccJ^epHHecKHM KoopflHHaTaM. 

HsyHHM HHTepnojiHu;HOHHbie CBOiicTBa npocTpancTB XepMaHflepa 
m{R"-), rp,e 4)yHK^HH ipGRO. 

TeopeMa 2.18. Uycmt sadanu ^yuKv^uu ipo,^i G RO u ip G B. 
UpednoAOMCUM, umo ^yHK%usi c/Jq/v'i ozpaHuueim e OKpecmHocmu oo , 
a ip — unmepnoAsmuoHHUu napajviemp. Uoaojicum 



Lp{t) := ipQ{t) ip{ipi{t) / ipo{t)) npu t>l. 
Tozda if G RO u 

[i7'^"(M"), i7'^i(R")]^ = iJ^(M") c paeencmeoM HopM. (2.94) 

^OKasaTejiBCTBO. Cnanajia noKajKeM, hto ip G RO. B ch- 

jiy onpeflejieHHH, 4)yHKii;Ha ip HSMepnivia no Bopejiio na nojiyocH 
[1, oo). ripoBepHM, HTO OHa yflOBjieTBopHeT ycjioBHio (|2.89p . rTocKOjiB- 
Ky po,pi G RO, cymecTByioT HHCjia a > 1 a c> 1 TaKHe, hto 

^ ^j(At) ^ ^ ^^^^ ^ ^ ^ ^ j^^^j^ ^ ^-^^ ^2 
ipj{t) 

Hb OrpaHHHeHHOCTH 4)yHKLI,HH po/pi B OKpeCTHOCTH OO BblTeKaeT 

BBH;i;y npe^JioJKeHHa 12. 3| hto cymecTByeT hhcjio e > 0, npn koto- 
poM 

> e Jiio6oro t > 1. (2.96) 

9^0 (i) 

^ajiee, TaK KaK ip — HHTepnojiHii;HOHHbiH napaivieTp, to no TeopeMe ll.9l 
4)yHKn,HH Ip nceB/],OBornyTa b OKpecxHocxH oo. Torj^a b cnjiy jieMM fTTT] 
n 11.21 (jjvnKnng ip cjia5o SKBHsajienxna Bornyxon 4)ynKu;HH na nojiy- 
ocH (e,oo), a 3xo paBHocnjibno cjie^iyiomeMy ycjioBHro: cyni;ecTByex 
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HHCJIO Co > 1 TaKOe, HTO 

V'(t 



<comax|l,— I fljia jiio6bix t > e, t>e. (2.97) 



OTciofla BbiTeKaeT HepaBencTBo 



> Cq ^ mill "1 1, — j> fljia jiK)6bix r > e, t > e. 



(2.98) 



Tenepb h3 (JjopMyji (|2.95|) , (|2.96|) h (I2.97P cjie^yeT, hto /iJia jiio6bix 
t > 1 H A G [l,a] 

v{Xt) ^ v^o(At) V;(v9i(At)/yo(At)) ^ 

(/.(i) v'o(t) " V'(¥'i(t)/'/'o(t)) - 

r v9i(At)/93o(AOl . 3 
c • Co max<^ 1, -— - — -— \ < d^co- 

AHajiorHHHo h3 4)opMyji (I2.95p . (I2.96P h (I2.98P BbiTexaeT, hto 

^ > c-ico-Vin|l,^^l^^^l/^| > c-^co-^ 

vj(t) - I ' v'i(t)M(t) J - ° 

TaKHM o5pa30M, (JjyHKi^HH (/? yflOBjieTBopaeT ycjioBHio (|2.89p h no3TO- 
My If £ RO. 

^OKaJKeM Tenepb paBencTBO (|2.94p . B CHjiy npe/];jiojKeHHH 12.61 (iii) 
napa [//"^"(R"), if*^! (M")] HBjiaeTca flonycTHMolt. IlceBflOfliKj^cJjepeH- 
ii,HajibHbiH onepaTop c chmbojiom V?i((C))/¥'o((0)> r/ie ^ G M", hb- 
jiaeTCH nopoJK^aiomHM onepaTopoM J ^jih stoh napbi. C noMombio 
npeoGpasoBaHHH Oypbe 

nopoJK^^aiomHH onepaTop J npHBO/],HTCH k BH^iy yMHOJKBHHa na cJjyHK- 
ii,Hio fi{{0)/^o{{0)- CjieflOBaTejibHO, onepaTop ip{J) npHBO^HTCH k 
BUflj yMHOJKeHHa na 4)yHKii;Hio 
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HosTOMy fljiH JI1060H 4)yHKii,HH u G C^(M") MOJKeM sanncaTb: 

ll'"llf/i'»'0{R"),/i'¥>l(]Rn)]^ = II^('^)'"IIh»'0(R") = 

OTcrofla cjie;i;yeT paBencTBo npocTpancTB (j2.94p . nocKojitKy MHOJKe- 
CTBO Cq°(M") njioTHO B KajKflOM H3 HHX. 3to BblTeKaeT H3 npeflJIOJKe- 
HHg |2.6l (ii) H TeopeMbi ll.il corjiacHO KOTopoii npocTpancTBO H'^'^iM"') 
HenpepbiBHo h hjiotho BjiojKeHo b [H"^" (R"-) , H'^^ {M.'^)]tp . 
TeopeMa 12.181 flOKasana. 

TeopeMa 2.19. Uycmb aadanu (pyHKV,UH ip G RO u eeiu^ecmeeH- 
Hue HUCAa So, si maKue, nmo sq < (To(y?) u si > o"! ((/?). IIojiooicuM 



(p{l) npu <t <l. 



Tozda cfiyuKv^ufi ip ^ B HeAnemcn unmepnoAsmuoHHUM napaMem- 
poM u 

[i7^o(M"), i?^i(M")]^ = H'^iW) c paeencmeoM nopju. (2.99) 

^OKasaTejiBCTBO. Tax Kax ip{t) = t'^'-'> 'ijj{t'^'^ /t^°) npu t > 1, to 
TeopeMa 12.191 cjiejiveT hs TeopeM [1 . 9 1 h [27181 ecjiH mbi j^oKayKeu, hto 
4)yHKii,HH tp npHHaflJiejKHT MHOJKecTBy B H HBjiHeTCH nceBflOBorHyToit 

B OKpeCTHOCTH OO. B CHJiy npeiIJIO>KeHHH [231 4)yHKII,HH tp yflOBJieTBO- 

paeT ycjioBHK) ()2.97p p^jia e = 1. B caMOM ^ejie, ecjiH t > 1 u t > 1, 

TO 



tp{t) \tJ (/7(tl/(si-'*o)) 

c max < I — 



c max 
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OTcrofla, B HacTHOCTH, BbiTeKaeT, hto (J^yhki^hh ip OTflejiena ot nyjia 
Ha nojiyocH [l,oo) h nosTOMy ip € B bbh/jj npenjioaceHHg [2^31 OcTa- 
eTca cocjiaTbCH na jieMMy ll.2| corjiacHO KOTopoft ycjioBHe (|2.97p paB- 
HOCHjiBHO TOMy, HTO 4)yHKii,HH ^ nceB/],OBorHyTa Ha nojiyocH (e,oo). 
TeopeMa 12.191 pflKasaua. 

Tenepb mm b coctouhhh ^oKaaaTb cjie^yiomee 4)yH;],aMeHTajibHoe 
CBOHCTBO Kjiacca npocTpancTB XepMaH;i;epa 



TeopeMa 2.20. KAacc npocmpaHcme (j2.1UUp coenadaem (c mou- 
Hocmbm do 9KeueaAeHmHocmu HopM) c MHOMcecmeoM ecex zuAb6ep- 
moeux unmepnoARVtUOHHUx npocmpaHcme Bah nap zuAb6epmo6UX 
npocmpancme Co6oAeea 



zde So, si € M u So < si . 

^OKasaTejiBCTBO. B CHjiy TeopeMbi 12.191 Kaacjoe npocTpancTBO 
H^iW^)^ Tj\e if G RO, HBjiaeTCH HHTepnojiHn,iioHHbiM fljiH napbi npo- 

CTpaHCTB (|2.1U1P npH yCJIOBHH, HTO So < 0"o('/') H Si > CTi 06- 

paTHO, ecjiH rHjib6epTOBO npocTpancTBO H HBjiaeTCH HHTepnojiaii;H- 
OHHbiM fljiH napbi npocTpancTB (I2.10ip . Tp,e so,si G M h so < si, to 
corjiacHO npeflJioJKeHHio 11.11 

H = [W{W),H'^ C BKBHBajieHTHOCTblO HOpM 

fljiH HeKOTopoit nceBflOBornyTOH b OKpecTHOCTii oo 4)yHKii,HH ij) & B. 
Ho TeopeMe 11.91 3Ta 4)yHKu;HH HBjiaeTca HHTepnojiaii;HOHHbiM napa- 
MeTpoM. OTCiofla na ocHOBaHHH TeopeMbi 12.181 nojiynaeM, hto H = 
H'^(W^), rfl(s 4)yHKii,HH ip G RO onpe^ejiena no (JjopMyjie ip{t) : = 
^so^(^^s^-so^ npH t > 1. TeopeMa [220] flOKasana. 

SaMenaHHe 2.5. B CHjiy xeopeM 12.181 11-91 h npe^jiojKeHHii 11.11 
Kjiacc npocxpaHCTB (|2.100p saMKHyT oxHOCHxejibHO HHTepnojiimnn, 
pesyjibxaxoM Koxopoii ecxb rnjibGepxoBo npocxpancxBo. 



{//'^(M") : ^ G RO}. 



(2.100) 




(2.101) 
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PaccMOTpHM Tenepb HHTepnojiHii,HOHHbie npocTpancTBa XepMan- 
/\epa Ha GecKoneHHo rjia/iKOM saMKHyTOM MHorooGpasHH F pasMepno- 
CTH n > 1. Cjie/],yioiii,aH TeopeMa j^aeT SKBHBajieHTHbie onpeflejieHHH 
npocTpancTBa H'^(T), ip S RO (cpaBHHTb c n. l2.1.ip . Mbi HcnojibsyeM 
0603HaHeHHH H3 n. 12. 1.11 

TeopeMa 2.21. Uycnib ip G RO. HuMcecnedymmue onpedeneHusi 
damm odno u mocHce 3UAb6epmoeo H'^{T) c mouHocmbm do sneuea- 
AeHmHocmu HopM. 

(i) JIuneuHoe npocmpaHcmeo H^{T) cocmoum, no onpedeACHum, 
U3 ecex pacnpedeACHUu f G D'iT) manux, umo {xjf) ° Q^j ^ 
H'^iW^) Bah Kajfcdoao j = l,...,r. B npocmpaHcmee H'^(T) 
aadano cKaAnpnoe npouaeedenue no ^opjuyAe 



u coomeemcmeymvuaH HopMa. 

(ii) Uycmt neAue uucAa u ki maKue, umo ko < o'q{ip) u ki > 
cri{ip). TIo onpedeACHWo, 



(iii) TIo onpedeACHUK), npocmpaHcmeo H^{T) — nonoAHCHue auhcu- 
Hozo MHOzoo6pa3UH C°°(r) no 2UAb6epmoeou HopMC 



r 



(/l, f2)Hv{T) ■= XI ((^i/l) ° "i' (Xi/2) o aj)H^(Mn) 



zde unmepnoAsmuoHHUu napaMcmp ip sadan (fjopMyAou 




3Ta TeopeMa SBjiaeTCH nacTHbiM cjiynaeM cjie;];yioiii;HX flfiyx Teo- 
peM. 3a Hcxo/iHoe onpe^ejieHHe npocTpancTBa H^iV) mm 6epeM n. (i) 
TeopeMbi 12.211 
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TeopeMa 2.22. HnmepnoAsmuoHHue meopeMu \2.18\ u \2.19\ co- 
xpaHsitom cuAy, ecAU e ux (popMyAupoeKax saMeHumt na T u 
paeeHcmeo HopM na ux SKeueaAeHmHocmb. 

TeopeMa 12.221 joKaBbiBaexcg anajiornHHO Teopeivie 12.21 
IlycTb A — sjijiHnTHHecKHH n^O nopa^Ka m > 0. npe/i,nojioJKHM, 
HTO A HBjiaeTCH (HeorpaHHHeHHbiivi) caMoconpajKeHHbiM nojioJKH- 
TejibHO onpe/iejieHHbiM onepaTopoM b rHjib6epTOBOM npocTpaHCTBe 
-L2(r). ^oonpe^ejiHM 4)yHKLi,Hio ip G RO paBencTBOM ip[t) := 92(1) 
npH < t < 1. 

TeopeMa 2.23. /I^ah npouseoAbuozo (p € RO nopMa e npocmpan- 
cmee H'^iT) aKeueaAeHnma HopMe 



HQ nAoniHOM MHOMcecmee C°°(r). Tern caMUM npocmpaHcmeo H'^{T) 
coenadaem c nonoAHCHueM MHOCHcecmea C°°{r) no HopMe (j2.102p . 

TeopeMa 12.231 joKaBbiBaexcg anajiorHHHO TeopeMe 12.51 
B saKjiRDHeHHe SToro nyHKTa npHBe^eM anajior TeopeMbi 12 . 201 jjih 
fljiH Kjiacca npocTpancTB 



TeopeMa 2.24. KAacc npocmpaHcme (j2.103p coenadaem (c mou- 
HocnibK) do 9KeueaAeHmHocmu nopM.) c MHOOfcecmeoM ecex zuAt>6ep- 
moeux UHmepnoAMii,uoHHUx npocmpancme Bah nap zuAb6epmoeux 
npocmpancme Co6oAeea [H'^'^'{^),H'^'^{^)], zde sq, si G M n sq < si. 

9Ta TeopeMa ^OKasbiBaeTca aHajiorHHHO TeopeMe 12.201 

2.4.3. IIpHJiojKeHHH K sjiJiHnTHHecKHM onepaTopaM 

HsyniiM HeKOTopbie npHjioJKeHHH KjiaccoB npocTpancTB (I2.100p h 
(j2.103p K 3jijiHnTHHecKHM n^O. 

Cnanajia paccMOTpHM H^O b M" . HsjiojKeHHbie HHJKe pesyjibTaTbi 
nojiesHO cpaBHHTb c n. 11.41 HpeflBapiiTejibHO HsyHHM fleiicTBHe 11/1,0 
B Kjiacce npocTpancTB (12.100p . IIojiojkhm Q{t) := t npn t > 1. 




(2.102) 



{H'P{T) : if G RO}. 



(2.103) 
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JleMMa 2.8. nycmb A - UffO KAacca ^''"(M"), sdemeR. To- 
zda cyMceHue omo6paMceHUH u i— )• Au, u £ 5'(M"'), na npocmpaHcmeo 
H'^^"' [M."') neAnemcn auhcuhum ozpaHuneHHUM onepamopoM 

A: H'^^'^i^"') ^ H'^iM!') dnn ak>6o2o G RO. (2.104) 

3Ta jieMMa flOKasbiBaeTca c noMoiii,bio HHTepnojiaLi,HOHHOH Teope- 
Mbi 12.191 aHajiorHHHO jieMMe [L6l 

HpeflnojiojKHM, hto H^O A € ^'|^j(M") paBHOMepno sjijinnTHHe- 
CKHH B R". Tor^a OToSpajKeHHe (j2.104p HMeeT cjie/];yiomne CBoiicTBa. 

TeopeMa 2.25. nycmb sadanu (pyHK%u}i ip G RO u hucao a > 0. 
Cymecmeyem hucao c = c{(p, a) > maKoe, umo Bah npouseoAwozo 
pacnpedcACHUM u € cnpaeedAuea anpuopnasi ov,eHKa 

\W\\hvQ''\W^) < C ( ||^tt||j^.p(]Rn) + \\u\\^^gm~a ). 

3Ta TeopeMa ;];oKa3biBaeTCH aHajiorHHHo TeopeMe 11.161 
ITycTb V — npoHSBOjibHoe nenycToe OTKpbiToe no^MHOJKecTBO 
npocTpancTBa M". ^jih ip S RO nojiojKHM 

Hf^^iV) := {w G H-'^iW) :xw£ H'^{M.'') 
fljiH Bcex X G C{f (M"), suppx C V, dist(suppx, SV) > O}. 

TeopeMa 2.26. UpednoAOJfcuM, umo u E H~°°(M"') neAHemcn 
pemcHueM ypaencHun Au = f na MHOMcecmee V , zde f £ H^^{V) 
Oaji HCKomopozo napaMcmpa ip S RO. Tozda u G H"^^^ (Y)- 

3Ta TeopeMa flOKasbiBaeTCH anajiornHHO TeopeMe 11.181 
Hs TeopeMbi 12.261 h npe/iJioJKeHHH 12.61 (vi) BbiTexaeT cjieflyioiii;ee 
(6ojiee TOHKoe, neM TeopeMa ll.lOp ^ocTaTOHHoe ycjioBHe cymecTBOBa- 
HHH HenpepbiBHbix npoHSBO^Hbix y pemeHHH ypaBHeHHH Au = f. 

TeopeMa 2.27. Uycmb sadanu v,eAoe hucao r > u cfiyHKU^UH 
(f £ Ai, ydoeAemeopRmm^aH ycAoeum 

oo 

/<~-V-(.)<i«oo. 

1 
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UpednoAODicuM, umo pacnpedeACHue u G H~°°(M"') neAHemcH peuie- 
HueM ypaeneHun Au = f na orriKpumoM MHOoicecmee V C M", gde 
f € H^^^^{V). Tozda eepno saKAWuenue meopeMu \1.19l 

^ajiee KpaTKO ocTaHOBHMCH na npHjioJKeHHii npocTpancTB H'^(T), 
ip G RO, K BjijiHnTHHecKHM H^O Ha 6ecKOHeHHO rjiaflKOM saMKHyTOM 
MHoroo5pa3HH r. 

IlycTb n^O A £ ^'^(r), rpis m G M, HBjiHeTca 3jijiHnTHHecKHM 
Ha r. ^JiH A KOHeHHOMepHbie HpocTpancTBa M h onpe/];ejieHbi no 
4)opMyjiaM (fZiS]) H ([2:iB]) . 

TeopeMa 2.28. /I^ah npouseoAbuoso napaMempa ip E RO cyoKe- 
Hue omo6paMceHusi u i— )• Au, u G P'(r), na npocmpaHcmeo H'^^"^ (T) 
H6AHemcH ogpanuHeHHUM onepamopoM 

A: H^^'^ir) ^ H^{r). (2.105) 

9mom onepamop nemepoe. Ezo ndpo coenadaem c M , a o6Aacmb sna- 
HCHUU paena 

{/ e F'^(r) : {f,w)r = dAn ecex w G AA+}. 

HndeKC onepamopa (j2.105p paeen dimM — dim A/'"*' u ne saeucum 
om if. 

3Ta TeopeMa flOKasbiBaeTca aHajiorHHHO TeopeMe 12.91 Hs Teope- 
MBi l2.28l cjieiiveT anajiorH xeopeivi \2 . 1 1 - [2713] jjih niKajibi npocTpancTB 
H^iV), if S RO. 3to ycTanaBjiHEaeTCH c noMombio Tex JKe paccy:ac- 
fleHHH, HTO H B n. 12.2.21 12.2.31 (PopMyjinpoBKH 3thx anajioroB mbi 
npHBOflHTb He 6y/],eM. 

2.5. IlpHMeHaHHa h KOMMenxapHH 

K n. 2.1. ycTaHOBjieHHbie hrmh SKBHsajieHTHbie onpe^ejieHHH npo- 
CTpancTB XepMRHflepa na saMKHyTOM (KOMnaKTHOM) rjiaflKOM MHorooGpa- 
3HH aHajiorHHHbi TeM, KOTopbie HcnojitayiOTca: jijia npocTpancTB CoGojieea; 
CM., HanpHMep, MOHorpa4)HH iK.-JT. JlnoHca h 3. Ma/iJKeneca |41| (n. 7.3), 
M. Tefljiopa [l09] (rji. I, § 5). 



\2.5l IIpHMeHaHHSI H KOMMeHTapHH 
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B CTRTBe r.UIjieHsaK |125[ c. 56] HcnojibsycTca BBefleHHBifi jiOKajiBHO 
HeKOTopbiii Kjiacc npocTpancTB XepManflepa na rpaHHn,e oSjiacTH. HesaBH- 

CHMOCTb 3THX npOCTpaHCTB H TOHOJIOrHH B HHX OT Bbl6opa JIOKajIBHBIX KapT 

B |125| He ^OKasbiBaeTCH. 

BemecTBeHHbie npocTpancTBa XepManflepa na OKpyjKHOCTH, r^e 4)yHK- 

II,HH 3a/I,aiOTCH TpHrOHOMeTpHHCCKHMH pSflaMH OypbC, HCnOJIb30BajIHCb B 

pa6oTax ft. UemejiH |215j . 11. B. /JjKaKOBa h B. C. MnTarHHa [511 I149j . 
B. A. Mnxaftjiei^a h B. H. MojihGofh |198[ 1199] , 3th npocTpancTBa tccho 
CBHsaHbi c npocTpancTBaMH nepHOflnnecKHx BemecTBeHHbix 4)yHKii,HH, bbc- 
fleHHbix A. H. CTenaHri,OM |107[|10S] . Ohh mnpoKO HcnojibsymTCH b TeopHH 
npH6 jiHJKeHHii . 

Bee peayjiBTaTbi n. 2.1 ycTanoBjieHbi HaMH b CTaibe j200| (n. 3.3, 3.4), 3a 
HCKjiHDHeHHeM TeopeMbi 2.7, flOKaaaTejiBCTBO KOTopoii ne 6bijio onyGjiHKO- 
saHO. HacTHHHO 3th peayjibTaTbi anoHCHpoBaHbi panee b |53j . Psip, pesyjib- 
TaTOB — TeopeMbi 2.2, 2.3 h 2.8 cnpaBe;i,jiHBiji TaKJKe ii fljiH KOMnaKTHoro 
rjia^Koro MHoroo6pa3Ha c KpaeM |51j (n. 3). 

K n. 2.2. HcHHCjieHHe KjiacciiHecKHx 11^0 na rjiaflKHx MHorooSpasnax 
6e3 Kpaa nocTpoeno Jl. XepMaH/i,epoM |119) . CiiCTeMaTHHecKoe HSJioJKeHne 
TeopHH sjijiHnTHHecKHx n/],0 na TaKHx MHoroo6pa3HHx HMecTca, nanpn- 
Mep, B ero MOHorpa4)HH |122| (rji. 19) h b oGsope M. C. ArpanoBH^a [3] 
(§2). npHBe/;eHHijie TaM KjiaccH^ecKHe peayjibTaTbi o neTepoBOCTH sjijinn- 
TH^^ecKHx n^O H peryjiapnocTH peinenHii b coGojieBCKOii niKajie HamjiH 
BajKHbie npHjiojKeHHH b Teopnii sjijiHnTHHecKHx KpaeBbix sa^a^ jiJia AH<t>- 
4)epeHi];HajiijHbix ypaBHCHHii, b cneKTpajibHoii xeopHH, b TeopHH 4)yHKn,H- 
OHajiBHbix npocTpancTB h flp., cm. TaKJKe MOHorpaeJ^HH M. Tefijiopa |109| . 
O. TpeBa [nniini], M. A. my6HHa [US]. 

OT^ejiBHbiH HHTepec npeflCTaBjiaiOT sjijiHHTHHecKne 11^0, ocym,ecTB- 
nsnouxae roMeoMop4)H3Mbi b coGojieBCKOit niKajie. UlnpoKHii Kjiacc TaKHx 
onepaTopoB — sjijinnTHHecKHe onepaTopti c napaMeipoM Bbi^ejien h nay- 
Hen B pa6oTax 111. ArMona h Jl. HHpeH6epra |1281ll3d] . M. C. ArpanoBHna 
h M. H. BHHiHKa [5]; cm. TaKJKC o63op M. C. ArpanoBH^a [3] (§ 4). 3th 
onepaTopbi HMeiOT BajKHbie npHjioxceHHa b cneKTpajibHoit TeopHH h Tcopnn 
napa6ojiHT^ecKHx ypaBneHHit. 

Bee TeopcMbi n. 2.2. ycTanoBjieHbi b |63| . nacTb h3 hhx anoHCHpoBaHa 
B |53| npHMeHHTejiBHO k /],H4)4)epeHn,HajH>HbiM onepaTopaM. 

K n. 2.3. fl^Jisi HpoHSBOjiBHbix opToroHajiBHbix paflOB KjiaccHHCCKaa 
TCopcMa o cxoflHMOCTH HOHTH BCiofly flOKasana neaaBHCHMO JJ^. E. MeHbnio- 
BbiM |195| H r. Pa;i,eMaxepoM |216| . TeopeMbi o 6e3ycjiOBHOH cxo^hmocth 
ycTaHOBjienbi B. OpjiH^CM |207) h K. Tanflopn |232) . Mbi HcnojibsycM 3k- 



144 



Fji. [21 IIpocTpaHCTBa XepMaH^epa Ha MHoroodpasHH 



BHBajieHTHyio cjjopMyjiHpoBKy TeopeMbi Opjiiina, nojiy^eHHyio 11. Jl. Ym>si- 
HOBbiM [1141 c. 53] (cm. TaKJKe [1151 c. 53]). Bee sth TeopeMbi ^OKaaanbi 
ynoMHHyTHMH aBTopaMH fljiH ejiynaH BemeeTBennbix paflOB, 3aflaHHi>ix na 
HHTepBajie oeH R, h Mepti JIe6era. HsjiojKeHHe sthx pesyjibTaTOB HMeeiea, 
HanpHMep, b MOHorpacJjiiax F. AjieKCH^ia |8]. B. C. KamiiHa h A. A. CaaKana 

m- 

TeopeMbi 2.15 h 2.16 aHOHCiipoBaHbi naMH b |59j (n. 5). Ohh o6o6ina- 
lOT H cymecTBeHHO yTOHHHiOT pesyjiBTaT K. Mhhh |194| . KOTopbiii Hcnojib- 
3yeT co6ojieBCKyio niKajiy h paecMaTpHBaei pasjiojKeHHH no co6cTBeHHbiM 
(^ymaxaaM onepaTopa BejibTpaMH-Jlanjiaca. TeopeMa 2.17 panee ne npHBO- 
flHjiaeb. 

K n. 2.4. Kjiacc RO-MenHioinHxca (JjyHKi^Hii BBe/ien B. ABaKyMOBHHeM 
|135| B 1936 r. h ;i,ocTaTOHHO nojino HsyHen: cm., nanpHMep, MOHorpaeJjHH 
H. X. BHHxeMa. H. M. roji;i,H h /Jjk. Jl. Taiirejibaa |137| c. 65], E. CeneTbi 
[951 c. 86]. 

llpocTpaHCTBa XepMaHflepa, napaMCTpHsyeMbie RO-MeHHiomHMHCH 
4)yHKii,HaMH HsyiCHBi HaMH B [581 I59j . rfle ycTanoBjieHbi Bce TeopeMbi n. 
2.4. A HMCHHO, B CTaTbe |58| nccjieflOBanbi npocTpancTBa b M" h flanbi iix 
npiijiojKeHHH K paBHOMepHO sjijiiraTHHecKHM n^O . B saMCTKe |59| BBCflenbi 
II iiayHCHbi npocTpancTBa na saMKnyxoM rjiaflKOM MHoroo6pa3iiii, npiiBe^e- 

Hbl HX npiIJIOJKeHHS K SJIJIIinTIIHeCKHM H HCCJie;i,OBaHHIO CXO;i,HMOCTH 

cneKTpajibHbix pasjioaceHHii. 



FjiaBa 3 



riojiyo^Hopo^Hbie 
3jijiHnTHHecKHe 
KpaeBbie sa^anH 

3.1. Peryjiapnaa sjiJinnTHHecKaH 
KpaeBaa sa^ana 

Sflecb Mbi npHse^eM onpe/;ejieHHe peryjiapHolt sjijinnTiiHecKoii 
KpaeBOH sa^aHH b orpaHHHeHHoft eBKjiHflOBoft o6jiacTH, a TaKJKe 
ccjjopMyjiHpyeM neKOTopbie hohhthh, OTHOCHmneca k 3toh saflane. 

3.1.1. OnpeflejieHHe sa^ann 

^ajiee b rjiaBax [3] h H] npe^nojiaraeTCH, hto Q — npoHSBOjibnaa 
orpaHHHeHHaH oGjiacTt b eBKjiH^oBOM npocTpancTBe M" (n > 2) c 
rpaHHLi,eH F, KOTopaa SBjiaeTca GecKoneHHO rjia/i,KHM MHorooSpasneM 
6e3 Kpaa pasMepnocTH n — 1. OSjiacTb Q jioKajibHO jiejKHT no Oflny 
CTopoHy OT r. riojiojKHM 0:=r2urHr2:= R"\fi. 06o3HaHHM Hepes 
opT BHyTpeHHeli HopMajiH K rpaHHii;e T b tohkb x S F, a nepes 
u 6ecKOHeHHo rjia/];Koe BeKTopnoe nojie sthx opTOB. 
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B o6jiacTH Q paccMaTpHBaeTCH Kpaesaa sa^ana 

Lu= l^{x)D^'u = f B n, (3.1) 

\^l\<2q 

BjU= ^ bj^^ix) D^'u = gj na T, j = l,...,q. (3.2) 

SflecE. L = L(x, D) — jiHHeiiHoe /],H4)(J)epeHLi;HajibHoe BtipajKeHHe na 
$1 HeTHoro nopa/;Ka 2q > 2, a Bj = Bj{x,D), j = 1, . . . ,q, — rpa- 
HHHHbie jiHHeiiHbie /],H4)45epeHii,HajibHbie BbipaJKeniiH na F nopH/i,KOB 
ord Bj = rrij < 2q — l. Bee K034)4)Hii,HeHTbi flH4)4)epeHii,HajibHbix bbi- 
pajKeHHH L H Bj npe^nojiaraioTeH SeeKoneHHO rjia^KHMH KOMnjiexe- 

HOSHaHHblMH 4)yHKII,HHMH: G C°°{Q) H bj^^ G C°°(r). IIOJIOJKHM 

B := {Bi, . . . , Bq). 

B 4)opMyjiax (j3.ip h (|3.2p h ^ajiee nenojibsyioTeH exan/iapTHbie 
o6o3HaHeHHa: fi := {fii, . . . , fin) — MyjibTHHHfleKe, |^| := fii + . . .+//n, 

:= D^^ . . . Dn" , Dk '■= id/dxk npn k = 1, . . . ,n, i — MHHMaa 
eflHHHii,a, x = {xi, . . . ,Xn) — TOHKa npoeTpaneTBa R". 

Berofly flajiee npe^nojiaraeTea, hto KpaeBaa safl^ana (|3.ip . (|3.2p 
peryjiapnaa sjijinnTHHeeKaH b o5jiaeTH 0. 

HanoMHHM eooTBeTeTByiomee onpe/iejieHHe (eM., Hanpniviep, |41l 
c. 137, 138], [in e. 167]). 

^HcJjcJjepeHi^HajibHbiM BbipajKeHHHM L(x,D) npn 4)HKeHpoBaHHOM 
X G Q 11 Bj{x,D) npH 4)HKeHpoBaHHOM x GT noeTaBHM b eooTseT- 
eTBHe o/iHopoflHbie xapaKTepneTHHeeKHe nojiHHOMbi 

LW(x,e):= Yl W^"" « Bfix,0:= ^ b.A^)^. 

\li\=2q \tJ-\ = -mj 

Ohh HasbiBaioTea TaKJKe rjiasHbiMH eHMBOJiaMH BbipajKeHHH L n Bj. 
Sfleeb nepeMeHHoe ^ = (6, • • • , Cn) £ C^, h := . . . ^H" . 

OnpeflejieHHe 3.1. KpaeBaa sa^ana (|3.ip . (j3.2p HasbiBaeTea pe- 
zyAHpHou 9AAunmuHecKou B o6jiaeTH 0, eejiH BbinojiHHioTeii ejie^yio- 
iii,He yejioBHH: 

(i) ^H4)4)epeHii,HajibHoe BbipaJKeHHe L HBjiHeTea npaeuAbuo 3a- 
AunmuuecKUM na t. e. /i,jih npoHSBOJibHoii tohkh x G h 
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JII06bIX JIHHeHHO HeaaBHCHMblX BeKTOpOB ^" G M" MHoro- 
HjieH L(^^(x,^' + T^") nepeMeHHoro r hmcct poBHO g Kopneii 

'Tj' {X]^' ,^"), j = 1) ■ ■ ■ ) C nOJIOJKHTejIBHOit MHHMOit HaCTblO H 

cTojibKo JKe KopHelt c oTpHii,aTejii>HOH MHHMofi HacTBK) (c yHe- 
TOM HX KpaTHOcra). 

(ii) CncTeMa rpaHHHHbix BbipaJKeHHii{i?i, . . . , yflOBjieTBopaeT 
ycjiOBHio donoJiHumeJihHocmu no OTHomeHHio k L na F, t. e. ^jia 
npoHSBOjiBHOH TOHKH X G F H jiio6oro BeKTopa ^ 7^ KacaTejib- 
HOrO K r B TOHKe X, MHOrOHJieHbl Bj^\x, ^ + Ti/(x)), j = 1, . . . ,q, 
nepeMeHHoro r jinneitHO nesaBHCHMbi no MOflyjiio MHoroHjiena 

ni=i(r-T;(x;c,K^))). 

(iii) CncTeMa BbipajKennn {Bi,...,Bq} aBjiHeTca HopMaAbuou, 
T. e. HX nopHflKH mj, j = l,...,q, nonapno pasjiHHHbi, n 

p^jisi JiK)5oro X G r. 

Bciofly flajiee (sa HCKjuoneHHeM n. 4.1.3) npeflnojiaraeTCH, hto 
KpaeBaa aa^ana (13. ip . (13. 2p HBjiaeTCH peryjiapnoii sjijinnTHHecKoft b 
o6jiacTH 0. 

SaMenaHHe 3.1. Ha ycjioBna (i) onpejejieHna \37\] cjiejyeT. hto 

lW(x,C)/0 fljia jiK)5bix xeTi, CgM"\{0}, (3.3) 

T. e. flH4)4)epeHLi;HajibHoe BbipaJKenne L HEjiaeTCH ajuiunmuuecKUM na 
n. EcjiH n > 3, TO ycjiOBHH (i) n (j3.3p SKBHBajieHTnbie |116| c. 166]. 
EcjiH Bce K034)4)HLi;HeHTbi BbipajKenna L BemecTBennbie, to 3Ta 3k- 
BHBajieHTnocTb HMeeT mbcto h npn n = 2. 

SaMenaHHe 3.2. YcjioBne /lonojinnTejibnocTn (onpejejienHe l^?T] 
(ii)) BnepBbie ccJjopiviyjiHpoBano 51. B. JlonaTnncKHM |42|I43) n, b nacT- 
Hbix cjiynaax, 3. 51. IHannpo |123| . HsBecTnbi nnbie 3KBHBajieHTHbie 

(jjOpMbl STOrO yCJIOBHH |131l C. 7-9]. YcjIOBHe HOpMajIbHOCTH CHCTeMbI 

rpaHHHHbix BbipaJKeHHH (onpe/iejieHHe l3?T] (iii)) BBefleno nesaBHCHMO 
H. AponmannoM, A. MnjibrpaMOM |132| h M. IIIexTepoM |124| . 
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IIpHMep 3.1. IlycTi. k£7jiiO<k<q. CncTeMa rpaHHHHbix 
BbipajKeHHH BjU := d^^^^'^u/ dv^^^~^ , j = l,...,q, HBjiHeTca Hop- 
MajibHOH H yflOBjieTBopHeT ycjioBHK) flonojiHHTejibHOCTH Ha r no OT- 
HomeHHio K jiio6oMy flH4)4)epeHii,HajibHOMy BbipajKeHHio L, npaBHjib- 
Ho ajijiHnTHHecKOMy na (cm., nanpHMep, |112l c. 454]). B cjiynae 
k = Mbi HMeeM KpaeByio sa^any ^npnxjie fljia ypaBHeHHH Lu = f. 

3.1.2. OopMajibHO conpH:a<:eHHaH sa^ana 

Hapafly c saj^anem (|3.ip . (j3.2p paccMOTpnivi KpaeByro sa^a^y 

L+v= Df'{lf,{x)v) =00 B n, (3.4) 

M<2q 

Bj~v = hj Ha r, j = 1, . . . , q. (3.5) 

Ona 4)opMajibHo coHpajKena k safl^ane (|3.ip , (|3.2p oTHocHTejibHo 4)op- 
Myjibi FpHHa: 

? q 

(Lu, v)n + J2 (^i"' '^/^)r = ^^^h + J2 ^'^J^' (3.6) 

cnpaBefljiHBOH p^jis jiio6bix 4)yHKii;HH u,v G C^{Q) |1161 c. 168]. 
3flecb {Bj~}, {Cj}, {Cj~} ~ HeKOTopbie HopiviajibHbie CHCTeMbi rpa- 

HHHHblX JIHHeHHblX /];H4)4)epeHIi;HajIbHbIX BbipaJKeHHfi C K034)4)HI],HeH- 

TaMH Kjiacca C°°{T). Hx nopa^KH y^oBjieTBopaioT ycjioBHio 

ord Bj + ord C+ = ord Cj + ord S+ = 2g - 1. (3.7) 

KpoMe Toro, s^ecb h p^ajiee nepes {■,-)n h {■,-)r o6o3HaHeHbi cKajiap- 
Hbie npoH3Be/];eHHa b npocTpancTBax L2{i^) h L2{T), a TaKJKe ecTe- 
CTBeHHbie pacniHpeHHa no nenpepbiBnocTH bthx CKajiapnbix npons- 
Be/];enHH. 

^H4)4)epenn;Hajibnoe BbipaJKenne nasbiBaeTca cJ^opMajibno co- 
npajKennbiM k BbipajKennio L, a cncTeivia rpannnnbix BbipaJKennfi 
{Bf , . . . , Bg} nasbiBaeTca conpajKennoli k cncTeMe {Bi, . . . , Bq} ot- 
nocHTejibHo Bbipaacenna L. ConpajKennaa cncTeivra onpe/];ejiaeTca 
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Heo/iHOSHaHHO, HO Bce conpajKeHHbie CHCTeMbi SKBHsajieHTHM B cjie- 
flyromeM cMbicjie |116l c. 168: 1225[ c. 232]: ecjiH {Bf , . . . , B^} — emfi 
oflHa CHCTeivia, conpHJKeHHaH k {Bi, . . . , Bg} OTHOCHTejibHO L, to 

{v G C°°(n) : B+v = Ha r, j = l,...,q} = 

{v eC°°{Ti) : B^v = aa r, j = l,...,q}. (3.8) 

HsBecTHO |1161 c. 168: 12251 c. 228], hto KpaeBaa sa^ana peryjiap- 
Haa 3jijiHnTHHecKaH Tor/],a h tojibko Torfl^a, Kor^a cJjopMajibHO conpa- 
jKeHHaa K Hell sa^ana HBjiaeTCH peryjiapnoH sjijinnTHHecKofi. 

HOJIOJKHM 

N := {u e C°°{Tl) : Lu = B n, Bju = na T, j = l,...,q}, 
iV+ := {v e C°°{Tl) : 
L+v = B Q, Bjv = Ha r, j = 1, . . . , g}. 

B ciijiy (13. Sp MHOJKecTBO N+ He SaBHCHT OT Bbl6opa COHpHJKeHHOH 
CHCTeMbi rpaHHHHbix BbipajKCHHii {Bf, . . . , Bq^. nocKOjibKy saflann 
(|3.ip . (|3.2p H (|3.4p . (I3.5p hbjihiotch peryjiapHbiMH sjijiHHTHHecKHMH, 
HpocTpaHCTBa N H KOHeHHOMcpHbi |41l c. 191: 11161 c. 168]. 

IIpHMep 3.2. PaccMOTpHM aa^any ^Hpnxjie j^jia /];H4)4)epeHH;H- 
ajibHoro ypaBHCHHH Lu = f, r^e BbipajKCHHe L npaBHjibHO sjijihh- 

THHBCKOe Ha O. ^JIH 3TOH KpaCBOH 3a/],aHH COnpaJKCHHOH 5yfleT 3a- 

jiana ^npnxjie fljia ypaBHCHHa L~^v = to [1161 c. 168]. IlpH 3tom 
dimA^ = dimiV+ [HI c. 227]. 

B SToii rjiaBe HsynaioTCH noAyodHopodnue peryjiapHbie sjijihhth- 
HecKHe KpaeBbie sa^aHH, t. e. Hpe/i,nojiaraeTCH, hto b (|3.ip . ()3.2p jih6o 
/ = B o6jiacTH fi, jih6o bcb gj = na rpaHHu;e F. 3th BajKHbie Kjiac- 
cbi 3ap,aH 6y/i,yT paccMOTpenbi oT/],ejibHo b h. 3.3 h 3.4. 

3.2. IlpocTpaHCTBa XepMan^epa 
^jiH eBKJiH^OBbix o6jiacTeH 

Sflecb Mbi HsyHHM OT/i,ejibHO Kjiaccbi npocTpancTB XepManflepa 
fljia OTKpbiTbix H saMKHyTbix eBKjiH/],oBbix o6jiacTeH. IlepBbie cocToaT 
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H3 pacnpe/;ejieHHH, sadannux e OTKpbiTOH o6jiacTH, a BTopbie o6pa- 
soBaHbi pacnpe/iejieHHHMH b M", cocpedomoueHHUMU na saMKHyToli 
o6jiacTH |20| c. 20, 22]. B KanecTBe OTKpbiTOH o6jiacTH mbi 6epeM 
a B KanecTBe saMKHyToii o5jiacTH — fl. YKasaHnbie npocTpancTBa 
HeoGxoflHMbi HaM /i,jiH HccjieflOBaHHs KpaeBOH sap^sHii (j3.ip , (j3.2p . Mbi 
HsyHHM cBasb MeyKflj hhmh, a TaKJKe npocTpancTBaMH na rpanime T. 
KaK o6biHHO, P'(r2) — TonojiorHHecKoe jiHHeiiHoe npocTpancTBO pac- 
npe/],ejieHHii, sajxaauhix b o6jiacTH 

3.2.1. IIpocTpaHCTBa fl^Jin OTKpbiTbix o6jiacTeii 

HycTb s eR n if £ M. 

Onpe^ejieHHe 3.2. JlnHeliHoe npocTpancTBO ff'^''^(r2) coctoht, 
no onpeflejieHHio, h3 cyjKeHHli b o6jiacTb Q Bcex pacnpe/],ejieHHH 
w G H^''^(W^). B npocTpancTBe H^''^(Q) onpe^ejiena HopMa pacnpe- 
flejieHHa u E H^''^{0,) no dpopuyjie 

lkl|jf"».^(!rj) '■= 

inf { \\w\\Hs.'P(wi'-) : tt; G i/'*''^(M"), w = u na J7 } . (3.9) 

TeopeMa 3.1. TIpocmpaHcmeo H'^''^{Q) cenapa6eAbH0 u 2UAb6ep- 
moeo oniHocumeA-bHO HopMU (j3.9p . 

^OKasaTejiBCTBO. Corjiacno onpe/];ejieHHio, i7*''^(Q) HBjiaeTCH 
4)aKTopnpocTpancTBOM rnjibSepTOBa npocTpancTBa ff'^''^(M") no no^- 
npocTpancTBy 

{w e H^'^PiW) : snppw Qh}. (3.10) 

(JlnHeliHoe Mnoroo5pa3He (I3.10p saMKnyTO b Tonojiornn npocTpan- 
CTBa H'^'^CR"-) B CHjiy nenpepbmnoro Bjio^Kenna i^''''^(M") V'{W^), 
CM. HHJKe TeopeMy 13. 6p . Cjie^oBaTejibHO, npocTpancTBO iJ*''^(f2) 
rHjib6epTOBO OTnocHTejibHO CKajiapnoro nponsBeflenna 

(ui,U2)Hs.'p(n) := (■wi - nii;i,ii;2 - nu72)Hs.'^(R")- (3-11) 

Sflecb Uj € H^'-^in), Wj £ H'''^{R'^), uj = Wj b Q npn j e {1,2}, a 
n — opTonpoeKTop b H'^''^(W^) na no/],npocTpaHCTBo (I3.10p . (IlpaBaa 
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HacTb paseHCTBa (j3.1ip He saBHCHT ot Bbi6opa pacnpeflejieHHfi wi h 
W2)- HopMa (I3.9p nopojKfleHa 3thm CKajiapHbiM npoHsee/ieHHeM. Ce- 
napa6ejibHOCTb npocTpancTsa H^''-^{Q) cjie^yeT b CHjiy onpeflejieHHH 
13.21 H3 cenapa6ejibHocTH npocTpancTBa H^''^(E."'). TeopeMa 13. II j^oKa- 
sana. 

B HacTHOM cjiynae ip = 1 npocTpancTBO H^'^{Q) mm oGosHanaeM 
TaKJKe Hepes H^{il.). 3to — npocTpancTBO Co6ojieBa nopa^Ka s G M 
B o5jiacTH Q [Il2l c. 384]. 

Kjiacc npocTpancTB 

{H'^'^in) : seR,^eM} (3.12) 

Mbi HasbiBaeM yTOHHeHHoft niKajioii b o6jiacTH HsyHHM CBOHCTBa 
3TOH niKajibi. 

TeopeMa 3.2. Uycmh aadanu (pyuKv^usi (p € Ai u noAOMCumeAb- 
Hue HUCAa e, 5. Tozda Bah npouseoAbuozo s G M 

[H'-^{n),W+^{n)]^ = H'^'^{Vt) (3.13) 

c 9KeueaAeHmHocmbK) HopM. 3decb ip — UHvnepnoAsi'nuoHHUu napa- 
Memp U3 meopeMu \1.14\ 

/^OKasaTejiBCTBO. HanHcaHHaa cjieBa b (I3.13P napa npo- 
CTpaHCTB Co5ojieBa flonycTHMaa. PaccMOTpHM onepaTop Rq cyjKeHHH 
pacnpe;],ejieHHa u G I?'(M"') b oGjiacTb Q. HMeeM jiHHeliHbie orpaHH- 
HeHHbie CK)pbeKTHBHbie onepaTopbi 

Rn : H'-^W) H'-^n), Rn : H'+^{W) H'+\n), (3.14) 
Rn : F"''^(M") ^ H^'^^in). (3.15) 

IIpHMeHHB HHTepnojiaii;Hio c napaMexpoM ip b (JjopMyjie (j3.14p . nojiy- 
HHM orpaHHHeHHbiH onepaTop 

3to b CHjiy TeopeMbi 11.141 BjieneT aa co6oh orpaniiHeHHOCTb onepaTO- 
pa 
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OTCK)fla, BBHfly cropbeKTHBHOCTH onepaTopa (|3.15p . nojiynaeM bkjiio- 
HeHHe 

H''^{n) c [H'-%n),H'+^{n)]^. (3.16) 

^OKaJKeM oGpaTHoe BKjironeHHe h ero nenpepbiBHOCTb. B moho- 
rpa4)HH |112l c. 386] (TeopeMa 4.2.2) j^jisi KaJKfloro G N nocTpoeno 
jiHHeHHoe OTo6pa>KeHHe T^, npoflOJiJKaiomee npoHSBOjibHoe pacnpe^e- 
jieHHe u G H~^{Q) b npocTpancTBO MJ^ h HBjiaromeecH orpaHHHeHHbiM 
onepaTopoM 

Tfc : H^iQ) F'^(M") npii |cj| < k. (3.17) 

BosbMBM A; G N TaKoe, hto |s — e| < k, \s + 6\ < k n paccMOTpnivi 
orpaHHHeHHbie onepaTopbi p.l7p fljiH a = s — e n p^jin a = s + 6. 
IlocKOJibKy ^lJ — HHTepnojiHu;HOHHbiH napaMBTp, 3to BJieneT orpann- 
HeHHOCTb onepaTopa 

OTCK)fla B CHjiy TeopeMbi II . 141 nojiynaeM orpaHHHeHHbili onepaTop 

Tk : [H'-%n),H'+\n)]^ H''^{R''). (3.18) 

npoHSBe^eHHe orpaHHHeHHbix onepaTopoB (j3.15p h (|3.18p flaeT orpa- 
HHHeHHbiit TOJK/];ecTBeHHbiH onepaTop 

TaKHM o6pa30M, uapsiffy c BKjiioHeHHeM (j3.16p BbinojinaeTCH o6paT- 
Hoe eMy nenpepbiBHoe BjioJKeHHe. CjieflOBaTejibHO, cnpaBCfljiHBO pa- 
BBHCTBO npocTpaHCTB (I3.13p . npHHCM, no TeopeMe Banaxa o6 o6paT- 
HOM onepaTope, HopMbi b 3thx npocTpancTBax SKBHBajieHTHbi. 
TeopeMa 13.21 flOKaaana. 

HanOMHHM, HTO 

C^{n) := {u G C°°(17) : suppu C n}. 

Mbi OTOJKflecTBjiaeM 4)yHKLi,HH u G Cq°{^1) c hx npoflOJiJKeHHeM ny- 
jieM B R". Hs KOHTeKCTa 5yfleT acno na KaxoM MHOJKecTBe — Q hjih 
M" — 3a/i,aHa cIpynKmisi u G C^{Q). 
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TeopeMa 3.3. Uycnib s G M u {p,ipi G 7W. Cnpaeednueu CAedy- 
loui^ue ymeepMcdeHUH. 

(i) MnocHcecmeo C°°(r2) riAomno e npocmpaHcmee H'^'^{Q). 

(ii) EcAU s < 1/2, mo MHOMcecmeo C^{Q) nAomno e npocmpaH- 
cmee H'^'^iyt). 

(iii) /I^AH npou3eoAbH020 HUCAa e > eunoAHnemcn KOMnanmHoe u 
UAomnoe eAOCHcenue (0) H^''^{Q). 

(iv) OyuK'nuH ozpaHuuena e OKpecmnocmu oo mozda u moAbKO 
mozda, Kozda H^''-'^^{Q) ^ H^''^{Q). 9mo eAOMcenue UAomno u 
HenpepuBHO. Oho KOMnanmno mozda u moAbKO mozda, Kozda 
ip{t)/ipi{t) —7- npu t —7- oo. 

^OKasaTejibCTBO. YTBepjKfleHHe (i) nenocpe/icTBeHHO cjie/],yeT 
H3 njioTHOCTH MHOJKecTBa C^(M") B npocTpaHCTBe H^''-P{W^) (cm. 
jieMMy 3.1 cTaTBH |20| c. 20]). 

yTBepjK^eHHe (ii) Bepno b co5ojieBCKOM cjiy^ae (p = 1 (cm., na- 
npHMcp, |112| c. 412], TeopeMa 4.7.1 (d)). OTcrofla fljia npoHSBOJibHoro 
if G M OHO BbiBo;];HTca c noMombio TeopeM 13.21 h 11.11 

IlycTb s < 1/2. CorjiacHO 3th TeopeMaM BbinojiHHeTCH nenpepbiB- 
Hoe H njioTHoe BjiojKeHHe H'^~^^{^) ^ H^'^{Q,) npn jiio6om 5 > 0. 
KpoMe Toro, ecjiH s + 6 < 1/2, to MHOJKecTBo C^(0) hjiotho b co- 
6ojieBCKOM npocTpancTBc ff*^'^($7). CjieflOBaTCJibHo sto MHOJKecTBo 
njiOTHO H B ff'*''^(J7). yTBep:ac;];eHHe (ii) flOKasano. 

yTBepjKflCHHH (iii) H (iv) COflepjKHTCH B TeopCMaX 7.4 H 8.1 CTaTbH 
|20^ C. 44, 48]. HjIOTHOCTb BJIOJKeHHli CJICflyCT H3 yTBCpjKflCHHH (i). 

TeopeMa 13.31 /lOKasana. 

TeopeMa 3.4. Uycmb sadanu (pyHKii^ufi ip G M u v,eAoe hucao 
k > 0. Tozda ycAoeue (I1.37P paeuocuAbHO eAOMcenuK) 

H^+n/2,V{'[l)^C^{Tl). (3.19) 



Oho KOMnanmHO. 
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^OKasaTejiBCTBO. Hpe/inojiojKHM, hto dpyaKu^ii ip yflOBjieTBO- 
paeT ycjioBHRD (ll.37p . Tor/ia no TeopeMe ll.lSl fiii) cnpaBefljiHBO nenpe- 
pbiBHoe BjioJKeHHe 

^k+n/2,^^^n^ ^ (3.20) 

OTCiofla cjiejxyeT nenpepbiBHoe Bjio»ceHHe (j3.19p . ^eiicTBiiTejibHO, fljia 

npOH3BOJIbHbIX 4)yHK^HH U G H W ^ F'=+"/2''/'(R") TE- 

KHX, HTO u = w B o6jiacTH 0, HMeeM: w S C^(M"), u E C'^(J7) h 

ll^llc"=(n) - ll''^llc^(M") — '^\\M\h''+"/2''p{R")^ 

rjie c — HopMa onepaTopa BjiOiKenna (j3.20p . IlepexoflH b stom nepa- 
BencTBe k HHcJjHMyMy no yKasannbiM 4)yHKii;HHM w, nojiynaeM on;enKy 

ll'"llc'=(II) - c ||^''||J^fc+n/2,¥•(^2)• 
He^pepbIBnoe BjioJKeHHe ()3.19p ^OKasano. Ero KOMnaKTHOCTb ycTa- 
naBjiHBaeTCH TaK JKe, KaK h KOMnaKTHOCTb BjiojKennH (|2.43p h3 flOKa- 
saTejibCTBa xeopeMbi 12.81 OcTaeTCH otmcthtb, hto BKjnoHenne (j2.43p 
Bjienex cbohctbo (I1.37P b cnjiy npe/];jio>KeHHa 11.51 (flJiH p = q = 2, 
V := Q) n SKBHBajienTHOCTH (jl.4ip . Teopeivia 13.41 joKaBana. 

SaMenaHHe 3.3. B cjiynae k = 3Ta Teopeivia coflepjKHTca b 
TeopeMe 7.5 cxaTbn Jl. P. BojieBHHa h B. IT. Haneaxa |20|, c. 45]. 

HayHHM Bonpoc o cymecxBOBannn n CBolicxBax cjieppB na rpann- 
n,e r npoH3BOJibnbix pacnpeflejiennn u G H^''^{Q). IIocKOjibKy F — 
saMKHyxoe KOMnaKxnoe GecKonenno rjia^Koe MHoroo6pa3He pasiviep- 
nocxH n — 1, TO Ha r onpe^ejiena yTonnennaa niKajia npocxpancxB 

i7'"'^(r), a eR,(peM. 

TeopeMa 3.5. /Jasi npouseoAbuux napaMempoe s > 1/2 u 
ip £ A4 AuneuHoe omo6paMceHue 

u ^ u \ T — CAed (f)yHKV,uu u na T, u £ C°°{0,), (3.21) 

npodoAMcaemcH no HenpepueHocmu do ozpanuueHHOzo cmpbeKmueno- 
zo onepamopa 

Rr : H^'^^in) H'^^/^'^PiT). (3.22) 



\3.2l IIpocTpaHCTBa Xepuaafl^epa esKjiufl^oBbix odjiacTeS 



155 



Oh UMeem AuneuHuu ozpaHuueHHUu npaeuu o6pamHuu onepamop 

Sr : i/^-i/2,v(p) ^ H''^{n), (3.23) 

maKou, umo omodpaoiceHue Sr He saeucum om s u ip. 

/^OKasaTejiBCTBO. B cjiynae ip = 1 (npocTpancTBa Co6ojieBa) 
3Ta TeopeMa HSBecTHa: cm., nanpHMep, MOHorpacJaHK) X. Tpn6ejiH 
|112| c. 484] (jieMMa 5.4.4). OTCiofla o6iri;HH cjiynaH ip ^ Ai mm bm- 
BeflBM c noMombK) HHTepnojiHLi,HH. Bbi6epeM hhcjio e > TaK, HTo6bi 
s — £ > 1/2. HMeeM orpaHHHeHHbie jinaeAahie onepaTopbi 

ripHMeHHB 3fl^ecb HHTepnojiimHio c napaMBTpoM ip h3 TeopeMbi 11.141 
r^e 6epeM 6 := e, nojiyHHM b cHjiy TeopcM 12.21 h 13.21 orpaHHHen- 
Hbie onepaTopbi ()3.22p h ()3.23p . IIocKojibKy RrS-ph = h fljiH jiioGoro 
TO onepaTop (j3.23p npabbiii o6paTHbiH k onepaTopy 
(I3.22p . H nocjieflHHH ciopbeKTHBeH. TeopeMa 13.51 JOKaaaHa. 

SaMenaHHe 3.4. TeopeMbi o cjie/i,ax na rHnepnjiocKOCTHX h njioc- 
KHX KycKax rpaHHii;bi flOKasanbi fljia o6mHX npocTpancTB XepMaHfle- 
pa B dH c. 60] H [201 c. 36, 38, 46] 

CjieflCTBHe 3.1. Uycmb a > u ip £ M. Tozda 

H^,V{T) = {Rrf : f G (3 24) 

\\h\\H'^.^{r) ^< 

inf { : / e H'^+'/^'^n), Rrf = h}. (3.25) 

^OKasaTejiBCTBO. B TeopeMe 13.51 nojioacHM s := a + 1/2. Pa- 
BBHCTBO (|3.24p cjie^yeT h3 ciopbeKTHBHOCTH onepaTopa (j3.22p . ^o- 

KaJKeM 3KBHBajieHTHOCTb HOpM (I3.25p . ^JIH npOHSBOJIbHblX (JayHK- 

i];hh h G H'^'^(r) h / G H'^^^/^''^{ft), y/i,OBjieTBopaioiii,HX paBencTBy 
Rrf = h, HMeeM: 

||^||j^'^.'^{r) < Cl \\f\\jJa + l/2,v>(Q), 
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rfle ci — HopMa onepaTopa (|3.22p . Ilepexo/^H b stom HepaBencTBe k 
HHcJjHMyMy no yKasaHHbiM 4)yHKii;HaM /, nojiynaeivi oii;eHKy 



||/i||^,...(r) < ciinf : / e H-+'/^''^{n), Rrf = h}. 



OGpaTHaH oii,eHKa cjie^yeT h3 Toro, hto ^jih 4)yHKii,HH / := Srh 



rjie C2 — HopMa onepaTopa (j3.23p . CjiejcTBHe l3.1l iiOKa3aHO. 

SaMenaHHe 3.5. Ecjih s < 1/2, to oTo6pajKeHHe (|3.2ip nejit- 
3H npoflojiJKHTb flo HenpepbiBHoro onepaTopa : H'^''^{Q) — )• I?'(r). 
^encTBHTejibno, ecjin 6bi 3to Sbijio BOBMOJKno, to b cnjiy TeopeMBi l3.3l 
(ii) flJiH KajK/ioro pacnpe^^ejienna / G H^''^{il,) ero cjie/i, i?r/ = na 
r, HTO neBepno, nanpniviep, fl^jiR (JjynKi^nn / := 1 na O. 3to saMena- 
nne coxpanaeT cnjiy j^jiii npocTpancTB Co6ojieBa n b cjiynae s = 1/2, 
nocKOJiBKy MnojKecTBo C^{Q) njioTno b |112| c. 412] (tbo- 

peMa 4.7.1 (d)). 

3.2.2. IIpocTpaHCTBa fl^Jin saMKHyTbix o6jiacTeii 

IlycTb s £ M, ip £ Ai, a Q — nponsBOjibnoe nenycToe saMKnyToe 
noflMnojKecTBO npocTpancTBa M". 

OnpeflejieHHe 3.3. Jlnneiinoe npocTpancTBO Hq'^{W^) coctoht, 
no onpeflejiennio, ns Bcex pacnpeflejiennii w £ H^''^(M^'') TaKHX, hto 
Hx nocHTejiH suppif C Q. HpocTpancTBO Hq'^{M.'^) naflejiaeTCH CKa- 
jiapnbiM npoHSBeflenneM n nopMoli ns npocTpancTBa ff'^''^(M"). 

TeopeMa 3.6. IJpocmpaHcmeo Hq'^{]SJ^) cenapa6eAbHo u suAb- 
6epmoeo. 

^OKasaxejibCTBO. HycTb nocjie^oBaTejibnocTb (wj) (JjynflaMeH- 
Tajibna b Hq'^(M"'). HocKOJibKy npocTpancTBO i/*''^(R") nojinoe, to 
ona nivieeT b hbm neKOTopbin npe^eji w. Bbhaj nenpepbiBnocTn bjio- 
jKennH H^''^{W^) I?'(M") nojiynaeM cxo/i,HMOCTb Wj ^ w b 2?'(M") 
npn j — )■ oo. OTcio/];a n h3 EKjironenHH suppif;^ C Q cjiepyeT, hto 
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suppw C Q. TaKHM oSpaaoM, nocjie/ioBaTejibHOCTb (wj) HMeeT npe- 
fleji w B npocTpancTBe Hq'^(M.'^). IlojiHOTa SToro npocTpancTBa ^OKa- 
aana. Oho cenapa6ejibHO KaK noflnpocTpancTBO cenapa6ejibHoro npo- 
CTpaHCTBa H^''^(W^). TeopeMa 13.61 joKaaana. 

B co6ojieBCKOM cjiynae ip = 1 mbi 6yfleM onycKaTb aajj^eKC ip b o6o- 
3HaHeHHH npocTpancTBa Hq'^(W^) ii ffpymx npocTpancTB, bbo^hmbix 
B 3TOH rjiase. 

^jiH Hac BajKBH cjiynaH, Kor/i,a Q := Q. HsyHHM CBoficTBa npo- 
CTpaHCTBa i7^'^(M") h ero cbhsb c yTOHHeHHoft niKajioii b o6jiacTH il.. 

TeopeMa 3.7. Ilycmb sadanu (pyHKU,u}i ip £ Ai u noAOMCumeAb- 
Hue HUCAa £, 5. Tozda Bah npouseoAbuoso s G M 

[Hfr%R^),H£+\R")]^, = Hfi^iR") (3.26) 

c dKeueajieHmHocm'bK) HopM. 3decb ip — uumepnoAsmuoHHUu napa- 
Memp U3 m.eopeMu \1.14\ 

^OKasaTejibCTBO. HocKOJibKy Q — orpaHHHeHHaa o6jiacTb c 
6ecKOHeHHO rjia/iKoft rpaHHLi,eH, to (cm., HanpHMep, |112| c. 395], 
TeopeMa 4.3.2/1 (b)) MHOJKecTBO C^{Q) hjiotho b npocTpancTBe 
H^(W^) npH JI1060M (T E M. Cjie/i,OBaTejibHO, HenpeptiBHoe Bjioxce- 
HHe H^\W) ^ iJ^~^(M") njioTHO, napa npocTpancTB H^%W^), 

H^^{W^) /i,onycTHMaH, h jieBaa nacTb (JjopMyjibi (I3.26P onpe^ejiena. 

Mbi BbiBe^eM 3Ty cJ^opMyjiy h3 TeopeMbi ll.l4l c noMombro TeopeMbi 
11.61 (HHTepnojiHLi;HH noflnpocTpancTb) . HaM noHaflo6HTCH OTo6paJKe- 
HHe, HBjMromeecil npoeKTopoM KajK;i;oro npocTpancTBa i?'^(M"), rjjfi 
s — £<a <s + S, aa no^npocTpaHCTBo H^{W^). IIocTpoHM 3to oto6- 
pajKeHHe cjie/iyiomHM o6pa30M. BoBbMeM TaKoe hhcjio r > 0, hto 

< r fljiH Bcex x G h nojiojKHM 

G = {x G M" : |x| < 4r} \a 

06o3HaHHM Hepea R OTo6paJKeHHe, KOTopoe KajKflOMy pacnpe^ejie- 
HHK) B M" cTaBHT B cooTBeTCTBHe ero cyjKeHHe B o6jiacTb G. IIojiyHHM 
jiHHeltHbiH orpaHHHeHHbiH onepaTop 



R : i?'^(M") ^ H'^iG) AJia KaJK/ioro cr G M. 



(3.27) 
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SaMeTHM 3flecb, hto G — orpaHHHeHHaH OTKptiTaH o5jiacTb c 6ecKO- 
HeHHO rjiaflKOH rpaHHii;eH. Tor^a (cm., nanpiiMep, |112t c. 386], Teo- 
peMa 4.2.2) fljiH jiio6oro KOMnaKTa K G M cymecTByeT jiHHeiiHoe 
OTo6pajKeHne T, KOTopoe HBjiHeTCH orpaHHHeHHbiM onepaTopoM 

T : H'^iG) H^iW) fljiH K&yKpflTO a£ K (3.28) 

H npo/iojiJKaeT pacnpe/i,ejieHHe c o6jiacTH G b M". 3to osHanaeT, hto 
onepaTop (|3.28p npaBbiti o6paTHbiH k onepaTopy (j3.27p . BosbMeM 
K = [s — e, s + 6] H paccMOTpHM oTo6pajKeHHe 

Po:u^u-TRu, u£H'-%W). 

B cHjiy orpaHHHeHHocTH onepaTopoB (I3.27P h (I3.28P HMeeM jiHHeHHbiit 
orpaHHHeHHbiit onepaTop 

Po : i?'^(M") ^ H^iW) fljiH KajK/ioro a£[s-e, s + 5]. 

Oh npoeKTHpyeT npocTpancTBO i?'^(R") na no/inpocTpaHCTBO 
H'^{W^) npH KajKflOM a £ [s — e, s + 6]. B caMOM ^ejie, 

u £ i7'"(M") 

RPqu = R{u - TRu) = Ru- RTRu = Ru - Ru = 
KpoMe Toro, 

u e H%(W) ^ Ru = ^ Pqu = u-TRu = u. 

Tenepb Bbi6epeM 4)yHKii,Hio x ^ C°°(M") TaKyio, hto xi^) = 1 
npH |x| < 2r H x{x) = npn |x| > 3r, h paccMOTpHM OTo6pajKeHHe 

P: u^x-Pqu, ueH'-^W'). 

IlocKOjibKy onepaTop yMHOJKeHHa na 4)yHKu;HK) x orpanHHen b KajK- 
flflM npocTpaHCTBe Co6ojieBa b M", to P — npoeKTop npocTpancTBa 
H^(W^) Ha no/];npocTpaHCTBo H^{W^) npn jiio6om a G [s — e, s + 5]. 
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Cjie^OBaTejibHO, b CHjiy TeopeM [1 . 6 1 h 1 1 . 1^ HMeeM cjieflyromne paneH- 

CTBa npOCTpanCTB C TOHHOCTBIO flO 3KBHBajieHTHOCTH HOpM B HHX: 

TeopeMa 13.71 /lOKasana. 

TeopeMa 3.8. Tlycmh s G M u 99 G CnpaeedAueu CAedymu^ue 
ymeepMcdcHUJi. 

(i) MHOJfcecmeo C^{n) nnomno e H^^^iW). 

(ii) EcAU \s\ < 1/2, mo npocmpancmea H^''^{il) u H^'^{W^) paenu 
KaK nonoAHenuH auhcuhozo MHOzoo6pa3usi C^{Q) no sneuea- 
AenmHUM HopmaM. 

(iii) npocmpancmea i?^'^(M") u H~''^/'P{n) esauMno deoucmeen- 
Hu omnocumcAhHO pacmupenusi no nenpepuenocmu cnaAHpno- 
zo npouseedcHUR e ^2(^2). 

(iv) YmeepjicdeHun (iii) u (iv) meopcMU \3.3\ coxpanntom cuAy, ec- 
Au e ux (popMyAupoeKax saMenumt npocmpancmea H'''{Q) na 
npocmpancmea //^'(R") c mcMU oice eepxnuMU undcKcaMU. 

^OKasaTejibCTBO. Y TsepyK flfiunsi (i), (iii) h (iv) co/iepjKaTca b 
cooTBeTCTBeHHo B jieMMB 3.3, n. 3.4 h TeopeMax 7.1, 8.1 cTaTbH |201 
c. 23, 25, 42, 48]. 

^OKajKeM yTBepjKfleHHe (ii). Ilpe/^nojiojKHM, hto \s\ < 1/2. 
YTBepjK/ieHHe (ii) b co6ojieBCKOM cjiynae ip = 1 flOKasano, nanpn- 
Mep, B |112| c. 395] (xeopeMa 4.3.2/1 (a), (c)). OTCiofla o6mHH cjiy- 
Haft if £ A4 BbmejieM c noMoiii,bio HHTepnojiHii,HH. Bbi6epeM hhcjio 
£ > TaK, HTo6bi |s =F e| < 1/2. TojK/iecTBeHHoe oTo5pajKeHHe, sa- 
p^aKKoe Ha MHOJKecTBe C^(f2), npo/],oji>KaeTca no nenpepbiBHocTH flp 

rOMeOMOp4)H3MOB 
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ITpHMeHHB sflecb HHTepnojiaii;Hio c napaMeipoM ^p h3 TeopeMbi 11.141 
rfle 6epeM 6 := e, nojiyHHM b CHjiy Teopeivi [3 . 2 1 h 13 . 7l erne o/^hh roMeo- 

MOp4)H3M 

HTO H /i,OKa3biBaeT yTBepjK/i,eHHe (ii). 
TeopeMa 13.81 flOKaaana. 

3.2.3. OcHameHHe L2{^) npocTpancTBaMH 
XepMaH^epa 

IIpH HSyneHHH SJIJIHnTHHeCKOH Sa^aHH C 0/;HOpOflHbIMH KpaeBblMH 

ycjioBHHMH 6yp,eT nojiesna cjie/i,yiomaH niKajia npocTpancTB XepMan- 
^epa. 

Onpe^ejieHHe 3.4. IlycTb sSMhc^GTW.B cjiynae s > 
o6o3HaHHM Hepes H'''fi'(^\n) rHjib5epTOBO npocTpancTBo H^'''^{Q,). 
B cjiynae s < o6o3HaHHM nepea H^''^'^^\Q) rHjib6epTOBO npocTpan- 
CTBO H^'^(W^), /iBOHCTBeHHoe B CHjiy TeopeMbi 13.81 (iii) k npocTpan- 
CTBy H~^'^/'-^(fl) OTHOCHTejibHO pacniHpeHHa no nenpepbiBHOCTH CKa- 
jiapHoro npoH3Be/],eHHH b ^2(^2). 

IIlKajia npocTpancTB 

{^^,v,{0)(s^) : sgR, ipGM} (3.29) 

;];BycTopoHHaji no napaMeTpy s n yxonnennaa no napaMeTpy if. Ylpn 
s > HMeeM nosHTHBHyio nacTb niKajibi, cocToan^yio h3 npocTpancTB 
//«.'/'.{0)^j^^ = H'^''-^{^}) pacnpe/iejienHH, 3a/],annbix b o6jiacTH fl. Ilpn 
s < HMeeM neraTHBnyio nacTb niKajibi, cocToani;yKi h3 npocTpancTB 
^s,i/?,(o)^j^-j _ pacnpe^ejienHH, cocpe^oTonennbix b saMbi- 

KaHHH o6jiacTH n. TaKHM o6pa30M, niKajia (13.29^ o6pa30BaHa npo- 
CTpancTBaMH pacnpe/iejiennn pasjiHHHon npnpoflbi. 

Mbi OTOJK^ecTBjiHeM (hto ecTecTBenno) 4)ynKn;HH h3 npocTpan- 
CTBa L2{^) = H^{Q,) c Hx npoflOJiJKenHHMH nyjieM b R". B 3tom 
CMbicjie L2{^) = Hj^{W^). B cnjiy TeopeM [3^3] (i) . (iii) h 13.81 (i) HMeeM 
HenpepbiBHbie h njiOTHbie BjioxceHna 

//^.v.(o)(j7) ^^2(0) ^i7-"'i/^'(°)(0), s<0, ipeM. (3.30) 
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3flecb KpaiiHHe npocTpancTBa BsaHMHO flBoiicTBeHHbi OTHOCHTejibHO 
pacniHpeHHH no nenpepbiBHOCTH CKajiapnoro nponsBefleHHH b L2(ri). 
TeM caMbiM Mbi nojiyHHjiH ocHavnenue riijib6epTOBa npocTpancTBa 
L2(r2) npocTpancTBaMH niKajibi ()3.29p . (Onpe^ejieHHe rHjib6epTOBa 
ocHameHHH H cBasaHHbie c hhm nonaTHH cm. b |1H [T2| c. 462].) 

B co6ojieBCKOM cjiynae = 1 ocnameHHe (I3.30p BBefleno h Hsyne- 
Ho K). M. BepesancKHM |l H[T2l c. 475]. B 3tom cjiynae npocTpancTBO 
^«>¥':(0)^^^ 6yfleM o6o3HaHaTb TaKJKe nepes H^'^^\^). 

Hs njioTHOCTH HenpepbiBHbix BjiojKeHiiH (|3.30p cjie^yeT, hto 
4)yHKii,HH Kjiacca C°°(J7) (npo/];oji>KeHHbie nyjieM b M") oGpasy- 
K)T njioTHoe noflMHOJKecTBO B viayKjioM HeraTHBHOM npocTpancTBe 
i7*''^'(^)(r2), s < 0. Ohh JKe njioTHbi h b KajKflOM hoshthbhom npo- 
CTpancTBe H'^'^'^^\n), s > 0. 3to nosBOjiaeT paccMaxpHBaTb nenpe- 
pbiBHoe njioTHoe BjiojKeHHe BH^a H^''^'^^\^) H^''-P''^'^\Vl), r^e 
s,rG]RH(/3,xGA^. Oho ecTecTBeHHbiM o6pa30M osnanaeT, hto 

||u||^s,v,(o)(Q) < const Hull j|^r,x,(o)(Q) flJM Jiio6oro u G C°°{Q.), 

npnneM TOJKflecTBeHHoe OToGpajKenne, sa^annoe na MHOJKecTBe 
C°° ( ) , npoflOJiJKaeTCH no nenpepbiBHOCTH /i,o orpanHHenHoro ukb- 
eKmuenozo onepaTopa / : H'^'^'^^\il.) — )■ H^''^'^^\Q). Ero nasbiBa- 
K)T onepaTopoM BjioJKennH npocTpancTBa H^'^'^^\Q) b npocTpancTBO 
H^,f,{0)(^^-j (no 3TOMy noBo^y cm. [121 c. 504]). 
HsyHHM CBOHCTBa niKajibi (|3.29p . 

TeopeMa 3.9. Uycnib s G M u (p,ipi G 7W. Cnpaeednueu CAedy- 
tomue ymeepMcdenusi. 

(i) C moHHOcnibm do SKeueaAeHmHocmu HopM 

H^'-fi'^^^Q) = F^'^(R") npu s < 1/2 (3.31) 
iJ'^'¥',(o)(^) = //^.'^(f)) npu s > -1/2. (3.32) 

(ii) EcAU s < 1/2, mo MHOofcecmeo Cg°(0) nAorrmo e H^'^'^^\^). 

(iii) IJpocmpaHcmea H'^''^'^^\^}) u esauMHO deou- 
cmeeHHU (npu s ^ c paeencmeoM HopM, a npu s = c 3Keu- 
eaAenmHocmbK) HopM,) oniHocumeAbHO pacmupenuH no nenpe- 
puenocmu cKaAMpnoao npouseedenun e L2(0). 
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(iv) /J^AH npouseoAbHozo HUCAa e > eunoAHHemcn KOMnaKmnoe u 
UAomHoe BAOMceHue ^ H'''^'^^\n). 

/^OKasaTejibCTBO. (i) PaseHCTBa (|3.3ip h (|3.32|) cpasy cjie/iyioT 
H3 xeopeMbi 13.81 (h) h onpe/i,ejieHHH npocTpancTBa H'^''^'^^\i}). 

(ii) 3to yTBepjK/ieHHe HBjiHeTca cjie/icTBHeM paBencTBa p.3ip h 
TeopeMbi 13.81 (i) . 

(iii) B cjiynae s ^ yTBepjK^eHHe (iii) co/iepjKHTca b onpe^ejieHHii 
13.41 B cjiynae s = oho cjiejxyeT h3 TeopeMbi 13.81 (iii) h 4)opMyjibi 
(I33T]) : 

(nocjieflHee paBencTBO BbinojinaeTCH c TOHHOCTbro flo SKBHBajieHTHO- 

CTH HOpiVl). 

(iv) B cjiynae s > yTBepjK/];eHHe (iv) coBna/],aeT c TeopeMoft 13.31 
(iii). CjiyHait s + e < co/];ep>KHTCH b Teopeivie 13.81 (iv); npn 3tom 
Mbi HcnojibsyeM (j3.3ip . ecjiH s + e = 0. Tenepb ocTaBiiiHHCH cjiynaH, 
Kor/];a s < < s + e HBjiaeTca cjieflCTBHeM KOMnaKTHbix hjiothmx 

BJIOJKeHHH 

Teopeivia 13.91 pflKasausi. 

TeopeMa 3.10. Uycmt sadanu (pyHKti,UH if G M u noAOMCU- 
meAbHue HUCAa e, 5. Tozda Bah npouseoAbHozo s G M 

[H'-'''^°\Q),H'+^'^^\n)]^ = H''^''^°\n) (3.33) 

c 9KeueaAeHTnHocim>K) HopM. 3decb %[) — UHmepnoASiy,uoHHUu napa- 
Memp U3 meopeMu \1.14\ 

/^OKasaTejibCTBO. B cjiynae, Kor/ia s — e > jih6o s + 5 < 3Ta 
TeopeMa Henocpe^cTBeHHO cjiejjjeT h3 HHTepnojiai^HOHHbix TeopeM 
l3.2l H [37n PaccMOTpHM ocTaBniHHCH cjiyHalt, Kor^a s — e<0<s + 6. 
IlojiojKHM A := min{e/2, (5/2, 1/4}. HocKOJibKy s^A < 1/2 jih6o 
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s=F'^>~l/2, TOB CHjiy TeopeMbi 13.91 (i) h ynoManyTbix HHTepnojia- 
i^HOHHbix TeopeM 

[H'-^'^^\n),H'+^'^'^\n)]^ = (3.34) 

3flecb HHTepnojiHii,HOHHbiii napaMexp rj saj^au no (^opuyjie 

npH < t < 1. 



rjit) :-- 



KpoMe Toro, tek krk s — e<s=pA<s + (5, Tono Teopeivie 12.5 
H3 rji. 1 MOHorpacJjHH >K.-JI. JInoHca h 3. MaflJKeHeca |4H c. 97] mm 
HMeeM: 

[{H''+%n))',H'+^{n)]^^ =i/^^^'(°)(17). (3.35) 

Sflecb V'=f(^) ^'^^ HHCjio ^=p G (0, 1) onpe/];ejiHeTCH h3 ycjioBHH 

s =F = (1 — ^t)('^ ~ ^) + ^t('^ + OTCio/ia nojiynaeM, hto 0=p = 
(e^A)/(e + 5). 

Tenepb paBencTBa (j3.34p h (|3.35p (c sKBHBajieHTHocTbio hopm) 
BjieKyT B CHjiy TeopeMbi peHTepaii,HH 11.31 paseHCTBO 

H',v>,{0)^^) = [i7^-^'(o)(l^),i7^+^'(o)(17)]^ = 
[ [//--^' (0) (Q), (17)]^_ , [//--.(o) (17), (17)]^ J, = 

[ii'^-^'(°)(0),//"+'^'(°)(0)]^. 

3flecb 

.w:^.-w,(|i||; 

^(e-A)/(e+5) ^X/ie+S) ^(tVie+S)^ ^ ^^p^ ^ > 

Cjie^OBaTejibHO (cm. BaMenaHHe II. ip . cnpaBefljinBO paBencTBO (I3.34P 

C TOHHOCTblO flO 3KBHBajieHTHOCTH HOpM. 

TeopeMa 13.101 /^oKaaana. 
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3.3. Kpaesaa sa^ana ^Jia o^Hopo^Horo 

3JIJIHnTHHeCKOrO ypaBHGHHH 

PaccMOTpHM peryjiapnyio sjijinnTHHecKyio Kpaesyio saj^any (13. ip , 
(j3.2p B cjiynae, Kor/ia sjijinnTHnecKoe ypaBHeHne (|3.ip oflHopo/i,Ho: 

L n = B J7, Bj u = gj Ha T npn j = 1, . . . ,q. (3.36) 

HsyHHM onepaTop B = {Bi, . . . , Bg), OTBeHaioin,HH 3toh sa/iane, b 
yTOHHeHHOH niKajie npocTpancTB XepManflepa. 

3.3.1. OcHOBHOH pesyjibTaT: 

orpaHHHeHHOCTt H HeTepoBOCTb onepaTopa 

IIOJIOJKHM 

K^{n) := {ueC^in) : Lu = b Q}. (3.37) 
CBHJKeM c safl^aneA (I3.36P jiHHefiHoe OToGpajKenne 

Bu= {Biu,. . . ,Bgu), me u£ Kf{n). (3.38) 

IlyCTb S G M H 9? S A^. 06o3HaHHM 

i^2''^(J]) := { n e //"'^(J]) : Lu = d b !^ }. (3.39) 

IlocKOjibKy BjiojKeHHe H'^'^{n) P'(il) nenpepbiBHO, to K^j^'^{Vt) — 
saMKHyToe no^npocTpancTBO b H^''^(Q). 

/I,eiicTBHTejibHO, nycTb u E H'^''^{i}) h nocjie^oBaTejibHOCTb 
(uj) C K^'^{Q) TaKHe, hto uj ^ u b H^''^{fi) npn j — )• oo. Tor^a 
tij — 7- u B 2?'(r2), OTKyfla = Luj — t- Ln b D'($7) npn j — t- oo. Cjieflo- 
BaTejibHo, Lti = B o6jiacTH t. e. u G -fC2''^(r2). 

Mbi paccMaTpHBaeM K^'^{Q) KaK rHjib6epTOBO npocTpancTBO 
OTHocHTejibHo cKajiHpHoro npoH3Be/];eHiiH, HHflyi^iipoBaHHoro hs 
i/*'^(J]). 

C4)opMyjiHpyeM ochobhoh peayjibTaT n. 13.31 
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TeopeMa 3.11. /Jam npouseoAbuux napaMempoe s G M n G 7W 
MHOOKecmeo K'^{Q) nAomno e K^£^{Q?), a omo6paoKeHue (I3.38P npo- 
doAMcaemcR no HenpepueHocmu do ozpanuueHHOzo auhcuhozo onepa- 
mopa 

B : K'^'^in) ^ //^-'".-i/s.^^r) =: 7^.,^(r). (3.40) 
i=i 

9mom onepamop nemepoe, UMeem ndpo N u o6Aacmt> SHaueHUU 

q 

{(51,- • -.gq) e ^s,<^(r) : ^ {gj,Cfv)r = dnn ecexv G iV+|. 

i=i 

(3.41) 

MndeKC onepamopa (|3.4U|) ne saeucum om s u ip. 

Otmbthm, hto b 4)opMyjie (j3.4ip BejiHHHHa {gj,Cj~v)r — 3to 
SHaneHHe aHTHjiHHeHHoro 4)yHKLi;HOHajia Qj na 4)yHKu;HH (7^ ?; G 
C°°(r2). Cjie^oBaTejibHO, MHOJKecTBO (I3.4ip saMKHyTO b npocTpan- 
CTBe T-lsjfi^)- JXsijiee, corjiacHO xeopeMe 13.111 MHoacecxBO 

G := { {C+v, . . . , C+v) : v£N+}. (3.42) 

SBjiaeTCH flecjaeKTHbiM no^npocTpancTBOM onepaTopa (j3.40p : oho op- 
ToroHajibHO o6jiacTH SHaHeHHii 3Toro onepaTopa OTHOCHTejibHO pac- 
niHpeHHH no nenpepbiBHOCTH CKajiapnoro nponsBefleHHH b npocTpan- 
CTBe {L2{T)y. Hh^bkc onepaTopa ()3.40p pasen dim — dim G. 51cno, 
HTO dimG < dimA^+, r^e BOSMOJKno n CTporoe nepaBencTBO. 3to 
BbiTeKaeT h3 |121l c. 257]. 

B cjiynae, Kor/ia if = 1 h s ^ {1/2 — k : A;G N}, yTBepjK;];eHHe 
TeopeMbi 13 . 1 1 1 cojepacHTca b TeopeMe >K.-JI. Jlnonca n 3. Ma^JKeneca 
|4H c. 216, 217] o paspemHMocTH Heo/i,HopoflHOH saflann (13. ip . (13. 2p b 
flBycToponneii mxajie npocTpancTB Co6ojieBa. 06n;HH cjiynafi ip ^ M 
H s G M Mbi BbiBeflHM H3 TBopeMbi JiHonca H MaflJKeneca c noMom,bio 
HHTepnojiHn,HH c noflxoflHU],HM 4)yHKii;HonajibHbiM napaMeTpoM n no- 
cjie/i,yion],ero cyjKeHHH onepaxopa sa/iaHn na npocTpancTBo K^'^{Q). 
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3to 6ypfiT c^ejiaHo b n. 13.3.41 B n. 13.3.21 ii 13.3.31 npHBefleHM Heo6xo- 
flHMbie fljiH 3Toro yTBepjK/ieHHa h3 TeopHH HHTepnojiai^iiH ii sjijiiin- 
THHecKHX KpaeBbix 3a,/\aH. 

Otmbthm, hto TeopeMa 13.111 gBjigeTca HOBoii ^ajKe b coSojieBCKOM 
cjiynae if = 1, ecjiH hhcjio s < nojiyii;ejioe (cm. hhjkb b n. l3.3.3l 3aMe- 
HaHHe [3^ . 3Ty TeopeMy mojkho CHHTaTb neKOTopbiM anajioroM Teo- 
peMbi XapnaKa o cxo^hmocth nocjie/ioBaTejibHOCTeii rapMOHiinecKHX 
4)yHKu;HH (cm., HanpHMep, |60| c. 247]). Hpn btom bmccto pasHOMep- 
HOH MCTpHKH HcnojibsyeTcn MeTpHKa npocTpancTBa H^''^{Q,). 

B CBH3II c TeopcMOH 13.111 OTMBTHM TaKJKe Hccjie/];oBaHHe p. Chjiii 
|228| I13H c. 48 - 52] flannbix KoniH pemeHHit oflHopoflHoro sjijiiinTH- 
HCCKoro ypaBHeHHH b /iBycTopoHHeli niKajie npocTpancTB Co6ojieBa. 

3.3.2. OflHa TeopeMa 06 HHTepnojiHu,HH 
no^npocTpancTB 

3flecb Mbi ccJjopMyjiHpyeM h pflKayKeu o^ho (necKOjibKO rpoMosfl- 
Koe no 4)opMyjiHpoBKe) yTBepjK^eHHe 06 HHTcpnojismiiH noflnpo- 
CTpancTB, CBHsaHHbix c jiHHeliHbiM onepaTopoM. Oho cbirpacT Ba>K- 
Hyio pojib B /i,OKa3aTejibCTBe ochobhofo pesyjibTaTa. J^Jia cjiynaa ro- 

JIOMOp4)HOH (KOMnjieKCHOit) HHTepnOJIHU;iIH 3TO yTBepjKflCHHe flOKa- 

sano B MOHorpa(|)HH JlnoHca h Ma/i,jKeHeca |4H c. 119 - 121] (Teope- 
Ma 14.3). Mbi noKajKeM, hto oho cnpaBe^jiHBO h p^jia HHTcpnojiai^HH 
rHjib6epTOBbix npocTpancTB c (]3yHKu;HOHajibHbiM napaMCTpoM. Hpn 
3TOM name flOKaaaTejibCTBo b otjihhhb ot Li;HTHpoBaHHOH pa6oTbi ne 
6yfleT HcnojibsoBaTb KOHCTpyKu;Hio HHTepnojiHii,HOHHoro cJjyHKTopa. 

Hpe/iBapHTejibHO npHMCM cjie/iyiomee o5o3HaHeHHe. HycTb H, ^> 
H \I' — THjibSepTOBbi npocTpancTBa, npHHCM nenpepbiBHO $ 
IlycTb TaKJKC sajj^auo jiHHeliHbiH orpaHHHeHHbift onepaTop T : H ^ 

^. 06o3HaHHM 

{H)t,^ = {u£H : Tn e $}. 

IIpocTpaHCTBO {H)t,^ rHjib6epTOBO OTHOCHTejibHO CKajiapHoro npo- 
HSBBfleKHH rpa4)HKa 
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H He SaSHCHT OT 

TeopeMa 3.12. Uycmb aadano mecmh zujib6epmoeux npo- 
cmpaHcme Xq, Yq, Zq, Xi, Yi, Z\ u mpu auhcuhux omo6paMceHusi 
T , R, S, Komopue ydoeAemeopsimm cjiedymvuuM ycnoeuHM: 

(i) napu X = [Xq,Xi\ uY = [Yo^^i] donycmuMue; 

(ii) Zq u Z\ HeAHmmcH nodnpocmpaHcmeaMU neKomopozo Jiuneu- 
Hozo npocmpancmea E; 

(iii) cnpaeedjiueu Henpepuenue enoMceHUH Yj ^ Zj npu j G {0, 1}; 

(iv) omo6paDKeHue T sadano na Xq u onpedeAnem ozpanuueHHue 
onepamopu T : Xj ^ Zj npu j € {0, 1}; 

(v) omo6paMceHue R sadano na E u onpedensiem ospanuueHHue 
onepamopu R : Zj ^ Xj npu j £ {0, 1}; 

(vi) omo6paoKeHue S sadano na E u onpedtAsiem ozpanuueHHue one- 
pamopu S : Zj ^ Yj npu j £ {0, 1}; 

(vii) dAM AH)6ogo uj £ E cnpaeedAueo TR uj = u + Su . 

Tozda napa npocmpancme [{Xo)tXoj i^i)T,Yi] donycmuMasi u Bah 
npouseoAbHozo UHmepnoAHU,uoHHOzo napauempa ip £ B cnpaeedAueo 
CAedyn)ui,ee paeencmeo npocmpancme c moHHOcmbw do aKeueaAenm- 
Hocmu HopM: 

[(Xo)T,yo, {Xi)t,y, ]^ = {X^)t,y^. (3.43) 

^OKasaTejibCTBO. BBH^y ycjioBHii (iii) h (iv) npocTpancTBa 
{Xj)T,Yj^ r^e j E {0, 1}, onpe^ejieHbi KoppeKTHO. HoKajKeM, hto npo- 
CTpaHCTBo B npaBOH HacTH paBBHCTBa p.43p TaKJKe onpeflejieHo Kop- 
peKTHO. B CHjiy ycjioBHa (i) onpe/i,ejieHbi npocTpancTBa X^ h Y^; j^jih 
HHX cnpaBefljiHBbi HenpepbiBHbie BjioJKeHHH X^ ^ Xq h Y^ ^ Yq. 
Tenepb nepBoe BjioJKeHHe h ycjioBHe (iv) npn j = BjieKyT orpaHH- 
HCHHOCTb onepaTopa T : X^ — )• Zq. KpoMe Toro, BTopoe BjiojKeHHe 
H ycjioBHe (iii) BjieKyT nenpepbiBHocTb BjiojKeHHa Y^ ^ Zq. TaKHM 
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o6pa30M, npocTpancTBO b npaBoii nacTH paBencTBa ()3.43p onpe^e- 
jieHO KoppeKTHO H SBjiaeTca rHjib6epTOBbiM npocTpancTBOM, KaK h 
npocTpancTBa {Xj)T,Yj npn j G {0, 1}. 

^ajiee b /i,oKa3aTejibCTBe HaM noHa;];o6HTCH oTo6pajKeHHe 

Pu = -RTu + u, ue Xq. (3.44) 

B CHjiy ycjioBHH (iv) h (v), onepaTop P : Xj ^ Xj orpaHHHen npn 
JI1060M j E {0, 1}. Bojiee Toro, ycjioBHH (vi) h (vii) BjieKyT ^jih npo- 
HSBOjibHoro u G Xj cjieflyiomee: 

TPu = -TRTu + Tu = -{Tu + STu) +Tu = -STu £ Yj, 

T. e. Pu £ (Xj)'r.Yj- KpoMe Toro, hs orpaHHHeHHOCTH onepaTopa P : 
Xj —7- Xj H ycjioBHH (iv), (vi) BbiTeKaeT oii;eHKa 

\\Pu\\^y . =\\Pu\\\ +\\TPu\\l = 

II ll{Xj)T,Yj II IIAj II lli] 

+ II - STuWl^^ < ci||u||^^., 

B KOTOpOH HHCJIO Cl > He SaBHCHT OT U. TaKHM o6pa30M, OToSpa- 
jKeHHe (j3.44p sa^aeT orpaHHHeHHbie onepaTopbi 

P : Xj ^ {Xj)T,Yj npH KajK/ioM j G {0, 1}. (3.45) 

PaccMOTpHM TaKJKe cyjKeHHH OTo5pa>KeHiiH R na Yj npn j G 
{0, 1}. B CHjiy ycjioBHH (iii) h (v) mbi HMeeM orpaHHHeHHbm onepaTop 
R : Yj ^ Xj. Bojiee Toro, h3 ycjiOBHH (vi) h (vii) BbiTexaeT, hto ^jih 
jiio6oro u G Yj BbinojiHseTCH paBencTBO TRuj = u + Suj G Yj, t. e. 
Ruj £ {Xj)T,Yy KpoMe Toro, h3 ycjioBHH (iii), (vi), (vii) h orpaHH- 
HeHHOCTH onepaTopa R :Yj ^ Xj cjie/iyeT oii;eHKa 



|i?w|L-5^\ — lliiwll-v + ||r-Rw||v 

I ''[Xi)T,Yj II ll-^J II II 

+ \\lo + Slo\\y^ 



ll-^'^llxj + 11"^ + 'S'^lly, < 

^^llx, + (ll^lly. + ||'5'^ll5^j)^ 



< 



C2 ll'^lly. + (ll^lly, + C3 II^^IU,) < C4 ||w||y.. 
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3fleCb nOCTOHHHblMH C2, C3 H C4 He SaSHCHT OT UJ. TaKHM o6pa30M, 

orpaHHHeHbi onepaTopbi 

R:Y, ^ iXj)T,Y, npH j G {0, 1}. (3.46) 

Tenepb c noMombio onepaTopoB (j3.45p h p.46p noKajKeM, hto na- 
pa npocTpancTB 

[{Xo)t,Yo, {Xi)T,n] (3.47) 
;i;onycTHMaa. YcTaHOBKM cnanajia cenapa6ejibHOCTb npocTpancTBa 
{Xj)T,Yj npH KaJKflOM j G {0,1}. B CHjiy ycjioBHH (i) npocTpancTBa 
Xj H Yj cenapaGejibHbie. BosbivieM KaKHe-jiH6o cneTHbie MHOJKecTBa 
Xj H Yj', jiejKamne h njioTHbie b Xj a Yj cooTBeTCTBeHHO. IIocTpoHM 

no HHM CHeTHOe MHOJKeCTBO 

Q = {Puo + Rvo : uo G X°, vo G Yj} 

H annpoKCHMHpyeM ero sjieMeHTaMH npoHSBOJibHoe u G {Xj)T,Yj- no- 
CKOJibKy u G H G Y^-, to Haft/iyTCH TaKHe nocjie/i,OBaTejibHOCTH 
sjieMeHTOB Uk G h G Y^^, hto — )• u b h t;^ — )■ Tu b Yj 
npH A; — )• oo. OTcro^a c noMombro orpaHHHeHHbix onepaxopoB (|3.45p . 
(I3.46P H paBBHCTBa (I3.44P HMeeM 

tffc := Puk + iJiJA: —5- Pu + i?Tn = n B (Xj)7^^Y^. npH k — )• oo, (3.48) 

npHHeM Wk G Q. SnaHHT, cneTHoe MHOJKecxBO Q hjiotho b npocTpan- 
CTBe {Xj)T,Yj, T. e. nocjie/iHee cenapa6ejibHO. 

^jiH /;oKa3aTejibCTBa Toro, hto sxa napa ()3.47p ^onycTHMaa ocTa- 
excH ycxaHOBHXb hjiothoctb nenpepbiBHoro BjiojKeHHH {Xi)tXi ^ 
{Xo)T,Y(y BosbMeM npoH3BOJibHoe u G {Xo)t,Yoi Torfla u G Xq h 
Tu G Iq- B CHjiy ycjiOBHa (i) npocxpancxBO Xi njioxHO b Xq, a npo- 
cxpaHCXBO Yi njioxHO b Yq. Cjie^oBaxejibHO, cymecxByioT xaKHe no- 
cjieflOBaxejibHocxH sjieMBHXOB u^ G Xi h G Yi, hxo u^ ^ u b Xq 
H Wfc — 7- Tu B Yq npH /c — )■ cxD. Oxciofla c noMombio onepaxopoB (I3.45p . 
(|3.46p H paBeHCTBa (|3.44p HMeeM (|3.48p fljiH j = m € {Xi)tXi- 
TaKHM o6pa30M, {Xi)t,Yi hjiotho b (Xo)T,yo- 

Ylepe&pfiM K /i,oKa3axejibcxBy (JjopMyjibi ()3.43p . YcxaHOBHM cHana- 
jia HenpepbiBHoe BjiojKenne 

[iXo)T,Yo, (^i)T,yi U ^ iX^)T,Y^- (3-49) 
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B CHjiy onpe/;ejieHHH npocTpancTBa {Xj)TXj orpaHHHeHbi onepaTopbi 
/ : {Xj)T,Y, ^Xj H T : (Xj)t,k, ^ Yj npn j G {0, 1}. 

3flecb, KaK o6biHHO, nepes / oGosHaneHO TOJK/];ecTBeHHoe OTo6paJKe- 
HHe. OTCiofla, nocKOJibKy napaMeTp ijj HHTepnojiaii,HOHHbiH, nojiynaeivi 
orpaHHHeHHOCTb onepaTopoB 

I ■ [ {Xo)t,Yq, iXl)T,Yi ]t(, 

T : [(Xo)r,yo; {Xi)t,Yi ]^ Y^)- 
SnaHHT, ecjiH u G [(Xo)T,i^), (-^i)T,yi to G X^, G y^, npn- 

ll^ll^i/. ll-^^llyi/, — II ^11 [(Xo)T,yQ , (-''^i)T,yi]^ 
C HeKOTOpOH nOCTOHHHOH C, He SaBHCHmeH OT U. HhMMH CJIOBaMH, 

cnpaBefljiHBO nenpepbiBHoe BjioJKeHne (13.49^ . 

Tenepb b CHjiy TeopeMbi Banaxa o6 o6paTHOM onepaTope ocTaeT- 
CH flOKasaTb BKjiioHeHHe, o6paTHoe k (I3.49p . SToro npiiMeniiM k 
(j3.45p H (j3.46p HHTepnojiaii,Hio c napaivieTpoM tj). IlojiyHHM orpaHH- 
HeHHbie onepaTopbi 

P : ^ [{Xo)TXoy iXl)T,Yi 

R -.Y^ ^ [{Xo)txo^ iXi)T,Yi Iv-- 
Cjie/i,OBaTejibHO, ecjiH u G {X^)ty^, t. e. u £ X^, Tu G , to BBupj 

U = PU + RTU£ [iXo)T,Yo, {Xi)t,YiU- 

TeM caMbiM cnpaBefljiHBO BKjiioHeHHe, o6paTHoe k (I3.49p . 
Teopeivia 13.121 /lOKasana. 

3.3.3. 3jiJiHnTHHecKcia Kpaeeaa sa^ana 
B npocTpancTBax Co6ojieBa 

^jia flOKasaTejibCTBa ochobhoto pesyjibTaxa naivi noHaflo6HTCH 
KjiaccHHecKaa TeopeMa o paspemiiMOCTH HeoflHopo/;Hofi Kpaesoii sa- 
flaHH (|3.ip . (|3.2p B nosHTHBHbix npocTpancTBax CoGojiesa (cm., na- 
npHMep, [milll c. 191; [m c. 169]). 
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IIpefljiojKeHHe 3.1. OmoGpaMcenue 

{Lu,Biu,. . . ,Bgu), uGC^iTl), (3.50) 

npodoAMcaemcn no Henpepueuocmu do ozpaHuueHHOzo Hemepoeozo 
onepamopa 

(L, B) : H'{n) ^ H'-'^i{n) © Tisir) (3.51) 

npu A1060M eeinecmeeHHOM s >2q. Hdpo amoso onepamopa coenada- 
em c N, a o6Aacmb SHaueHuu cocmoum us ecex eenmopoe 

{f,gi,...,g,)GH''^^n)ens(T), 

Komopue ydoeAemeopHiom ycAoeuto 

if, v)n + [gj, C+ v)r = Bam ecex v € iV+. (3.52) 

i=i 

MndeKC onepamopa (|3.5ip paeen dim A'" — dim u ne saeucum om s . 
SflecE. H /\ajiee o5o3HaHeHo (cp. c 4)opMyjiOH ()3.40p ) 

<? 

^,(r) := //^-"^.-i/2(r)^ s e 
i=i 

HpefljioJKeHHe 13.11 pacnpocTpaneHO na cjiynaii npoiisBOJibHoro Be- 
mecTBeHHoro s b pa6oTax >K.-JI. JlnoHca, 3. Ma/],JKeHeca |187l 11881 
W\\ H 51. A. PoHTSepra |811 [82l I218| (cm. TaKJKe HsjiojKeHHe peayjit- 
TaTOB PoHT6epra b |11) (rji. Ill, § 6). IlpH 3tom onepaTop (L, B) 6biji 
HsyneH b npocTpancTBax, nocTpoeHHbix pasjiHHHbiM o6pa30M c noMO- 
mtK) npocTpancTB Co6ojieBa cooTBeTCTByioiii,HX nopaflKOB. 3j\eci, naivi 
noHa/i,o6HTCH KOHCTpyKu;HH, HSJiojKeHHaa b MOHorpacJjHH >K.-JI. JIh- 
OHca H 3. MaflJKeneca |41| (rji. 2, § 6, 7), KOTopaa b OTjiHHHe ot li,hth- 
poBaHHbix pa6oT 51. A. PoiiT6epra ocTaeTCH b paMKax npocTpancTB 
pacnpe^ejieHHH b o6jiacTH Vt. ^jih npocTOTbi 4)opMyjiHpoBOK orpa- 
HHHHMca cjiynaeM ii;ejioro s (sToro HaM 5yfleT /i,ocTaTOHHo). 05iii,hh 
cjiynati 6y;i;eT paccMOTpen HHJKe b n. 14.4.11 
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IlycTb cjjyHKitHH gi E C°° ( 0, ) nojiojKHTejibHa b h pasna pac- 

CTOHHHRD flfl rpaHHLI,bI F B HeKOTOpOH 66 OKpeCTHOCTH. 

^jiH npoHSBOjibHoro Li;ejioro cr > nojiojKHM 

E''{n) := {u e V'{n) : ^^^'d^u G Lal^l), |/u| < a}. (3.53) 

3fl6CE. fi — n-MepHbiH MyjibTHHH/];6KC. IIpocTpaHCTBO rHJIb66p- 
TOBO OTHOCHT6JIbHO CKajiHpHoro npoH3Be/i,eHHa 

\fJ.\<cr 

CnpaB6/i,JiHBbi HenpepbiBHbi6 njioTHbie BjioJKeHHa 

H^{n) ^ E'^in) ^ L2{n). (3.54) 

3p<scb Hq{Q) — saMbiKaHHB MHOJKecTBa C^{Q) b TonojiorHH npo- 
CTpaHCTBa H"'{Q). 

06o3HaHHM Hepes H^'^(il) rHjib6epTOBO npocTpancTBO, pfioA- 
CTBeHH06 K 'E°' {i}) OTHOCHTBjibHO CKajispHoro npoH3Be/],eHHa B L2(f^). 
IlocKOJibKy |1121 c. 414] (T6opeMa 4.8.2 (a)) npocTpancTBa Hq{Q) h 

H~"'(Q) BSaHMHO /],BOHCTBeHHbI OTHOCHT6JIbHO 3TOrO JKB CKajIHpHOrO 
npOH3Be/],eHHH, to (I3.54P BJI6H6T H6np6pbIBHOCTb njIOTHblX BJIOJKeHHH 

L2{n) ^ E-^in) ^ R-'^in) ^jih ^eJIo^o cr > 0. (3.55) 

Hb npaBoro bjio>k6hhh BbiT6Ka6T, HTO npocTpancTBO E~°'{il.) coctoht 
H3 pacnpeflejiBHHH b o6jiacTH Q. 

^jiH npoH3BOjibHoro ii;6jioro s < 2q onp6/];6jiHM jiHH6HHoe npo- 

CTpaHCTBO 

DiiQ) := {u G H'{n) : Lu G E'-^'i{n)}. 
BBefl6M B HBM cKajiHpHOB npoH3B6/];6HH6 rpacJ^HKa 

{ui,U2)Dl{n) = {ui,U2)H=(^n) + {Lui,Lu2hs-2q^Qy 

HpocTpaHCTBO D£(0) nojiHO OTHOCHTBjibHO 3Toro CKajiHpHoro npo- 

H3B6/I,6HHa. 
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MHo:acecTBO C°°{^}) hjiotho b npocTpancTBe Df^(0,). B CHjiy 
(I3.54P H orpaHHHeHHOCTH onepaTopa L : H'^'^{Q) — t- L2{^) Bbinoji- 
HHKJTCH HenpepbiBHbie njioTHbie BjioJKeHHS 

^ Dli^) ^ H'{n) npH ^eJIOM s < 2q. (3.56) 

SaMenaHHe 3.6. B ii,HTHpyeMOH Bbime MOHorpacJjHH JlnoHca h 
Ma/];>KeHeca |41| nepes H^{il.) npn s < o5o3HaHeHO npocTpancTBO, 

flBOHCTBeHHOe K Hq^(Q) OTHOCHTejIbHO CKajIHpHOrO npOHSBe^eHHH B 

L2{^)- 3to flBOHCTBeHHoe npocTpancTBO coBnaflaeT c HcnojibsyeMbiM 
HaMH npocTpancTBOM H^{0,) fljiH Bcex Henojiyii;ejibix s < |112l c. 
414] (leopeMa 4.8.2 (a)) h ne coBna/],aeT c H^{Q) fljia nojiyii;ejibix 
s < 0, CM. TaKJKe n. 14.4.11 

Cjie/i,yK)mHH pesyjibTaT ;];oKa3aH JThohcom h Ma^JKenecoM |41l c. 
206, 216] (TeopeMbi 6.7, 7.4). 

IIpeflJiojKeHHe 3.2. Omo6pacHceHue (|3.50p npodoAOicaemcsi no 
HenpepueHocmu do ozpaHuueHHOzo Hemepoeozo onepamopa 

(L, B) : Dlifl) ^ ^ ^^(p) (3 57) 

npu AtoSoM v,eAOM s < 2q. Hdpo amoeo onepamopa coenadaem c N, a 
o6Aacmb SHaueHuu cocmoum us ecex eeKmopoe 

{f,g,,...,gg)GE'-^'^in)e'HsiT), 

Komopue ydoeAemeopHtom ycAoeum (I3.52P . Hndenc onepamopa (I3.5ip 
paeen dim — dim u ne saeucum om s. 

HaM TaKJKe noHa^oGHTca Ofxao yTBepjK/ieHHe o roMeoMop(]3H3Me, 
KOTopbiii ocymecTBjiaeT onepaTop, OTBeHaromnft neKOTopoii oflHopofl- 
Hofi KpaeBOH sa^ane ^npHXjie. 3a4)HKCHpyeM npoHSBOJibHoe ii,ejioe 
HHCjio r > 1 H BosbMeM r-yro HTepai^HK) L*" BbipaJKeHHH L. HycTb 
U'~^ — BbipajKeHHe, cJ^opMajibHO conpHJKeHHoe k . PaccMOTpHM jih- 
HeiiHoe /];H4)4)epeHu;HajibHoe BbipajKenne UU^ + 1 nopa/iKa Aqr c 
K034)4)Hii;HeHTaMH H3 C°° ( ^2 ) . ^JiH npoH3BOJibHoro ii,ejioro a > 2qr 

nOJIOJKHM 

if^(O) := {u G i/'^(J7) : 'jju = na T, j = 0, . . . , 2gr - 1}. 
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3flecb H /lajiee jju := (d^u/di) \ T — onepaTop cjie^a na T HopMajib- 
Hoit npoHSBOflHOH nopHflKa j. Upa 3tom cjie/i; noHHMaeTCH b cmmc- 
jie TeopeMbi 13.51 corjiacHO KOTopoii Mbi HMeeM orpaHHHeHHbiii onepa- 
Top 7j : jiHHeHHoe npocTpancTBO 

H'[){Q) nojiHO OTHOCHTejibHO CKajiHpHoro npoiisBefleHHH b npocTpan- 
CTBe H''{9.). 

JleMMa 3.1. Uycm-b v,eAoe r > 1. CyMcenue omo6paMceHUH u i— )• 
U'U'^u + u, zde u € T)'{Q), aadaem zoMeoMop(pu3M 

+ 1 : HU^)^ H'^'^'^^iQ) (3.58) 

dAfi npouseoAbHozo v^eAoso a > 2qr. 

^OKasaTejibCTBO. ^ii4)4)epeHii,HajibHoe BbipaaceHHe + 1 

npaBHjibHO sjijiHnTHHecKoe b fi, nocKOjibKy TaKOBbiM aBjiaeTCH Bbipa- 
jKeHHe L. PaccMOTpHM HeoflHopoflHyio KpaeByro sa^any ^Hpnxjie 

UU^ u + u = f B Q, 7j n = (7j Ha r npn j = 0, . . . , 2qr — 1. 

Ona peryjiHpnaH sjijinnTHHecKaa h, KaK ycTaHOBjieno b |41| c. 223, 
227], onepaTop SToii sa^aHH SBjiaeTCH orpaHHHeHHbiM m neTepoBbiM 
c HyjieBbiM HH/],eKCOM B nape npocTpancTB 

(L'^L'^+ + l;7o,...,72gr-i) : 

2qr-l 

H^in) ^ H''-^i''{n) e h''-^-^/'^{t) (3.59) 

j=0 

^jiH jiio5oro Li;ejioro a > 2qr. ^iflpo N£) onepaTopa (I3.59P jicjkht b 
C°°( 0,). C noMombio HHTerpnpoBaHHH no nacTHM nexpy^no BbiBecTH, 
HTO ono aBjiaeTCH TpnBHajibHbiM: u G =^ 

{u, u)n = -{U'U'+u, u)n = -{L^^u, U'+u)n < ^ u = 0. 

SaMeTHM, HTO npn nepeGpacbiBannn /i,H4)4)epeHn,HajibHoro BbipajKe- 
nna nopa^^Ka 2qr c noMon^bio HHTerpnpoBaHHH no nacTHM hohbht- 
ca BbipajKenHH BH^a ( • ,7jii)r, r/],e j = 0, . . . , 2qr — 1; a onn paBHbi 
nyjno j^jisi u G Nd. Cjie^OBaTejibno, onepaTop (I3.59P — roMeoMop- 
4)H3M. IlosTOMy ero cyjKenne na no/inpocTpancTBO H'^{Q) onpe^ejia- 
eT roMeoMop4)H3M (13.58p . JleMMa [XT] /lOKaaana. 
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SaMenaHHe 3.7. YTBepyK^eHHe noflpGwe jieMMe [3?T] HMeexcg b 
MOHorpacJ^HH X. TpnGejia |1121 c. 506]. 

3.3.4. ^OKasaTejibCTBO ocHOBHoro pesyjibTaTa 

^OKajKeM ocHOBHoii pesyjibTaT n. 13.11 — TeopeMy 13.111 

^OKasaTejifaCTBO xeopeMti 13.111 HycTb s S M h G . Bbi- 
6epeM ii,ejioe hhcjio r > 1 TaKoe, hto 



H BocnojibsyeMca npefljioJKeHHeivi 13.21 jjih u;ejioro s = 2q{l — r) < 
H npe/iJiojKeHHeM 13.11 j^Jia s = 2qr > 2q. Mbi nojiyniiM, hto oto5- 
pajKeHHe p.50p npo;],oji>KaeTCH no nenpepbiBHocTH flo orpaHHHeHHbix 
HCTepoBbix onepaTopoB 



{L,B) : Dl'^'-'^\n) ^ E-^'^^in) (Bn2qii^r){r), (3.61) 

{L,B) : H^'^'in) ^ H^''^'-^\n)(B'H2grir), (3.62) 



[Dl''^^~^\n),H^'"'{n)] H [E'^'''\n),H^'''-''-^\n)] (3.63) 



/lonycTHMbie. B caMOM p,ejie, b CHjiy (|3.55p h (|3.56p BbinojiHHioTCH 
HenpepbiBHbie njioTHbie BjioJKeHHH 



Cjie^OBaTejibHO, npabbie npocTpancTBa nap (|3.63p nenpepbiBno n 
njioTno BKjiaflbiBaioTCH b cooTBeTCTByiomne jieBbie npocTpancTBa. 
OTCK)fla, nocKOJibKy npaBbie npocTpancTBa Co6ojieBa cenapa6ejib- 
Hbie, BbiTeKaeT, hto h jieBbie npocTpancTBa cenapa6ejibnbie. SnannT, 
napbi (|3.63p flonycTHMbie. 
BBH/iy (|3.60p nojiojKHM 




(3.60) 



HMeiomHX o6uj,ee Hflpo h o^HnaKOBbin HHfleKC. 
OTMeTHM, HTO napbi npocTpancTB 




5 = 2qr — s > 0. 



(3.64) 
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IlycTb V — HHTepnojiaii,HOHHbiH napaMeTp h3 TeopeM 13.21 h 12.21 co- 

OTBeTCTByiOmHH Bbl6paHHbIM HEMH napaMBTpaM (f, e H 5. IlpHMeHHB 

HHTepnojiHD;Hio c napaMBTpoM tp k npocTpancTBaM, b KOToptix flefi- 
CTByioT orpaHHHeHHbie neTepoBbi onepaTopbi (I3.6ip h (I3.62p . nojiy- 
HHM corjiacHO xeopeMaM 11.71 h 1 1.51 orpaHHHeHHbm neTepoB onepaTop 



{L,B): [Dl'^'-'\n),H'"''\n)]^^ 
3/i,ecb B cHjiy TeopeM 12. 2| 11.51 h bbh/jj (|3.64|) mm HMeeM: 

['H2q{l-r)(^),T-(-2qr(F)U = 



r 9 



-rrij -1/2 



(r) 



^2g(l-r)~™,-l/2(r), ^2,r- 
j=l j=l J 

q 

0^^2g(l-r)-m,-l/2(p)^_^2gr-m,~l/2(p)j^ 

J=l 
9 

0[//^-™.-l/2-e(p)^ ^s-m, -1/2+5 ^p)]^ = 

i=i 

9 

C TOHHOCTbK) flO 3KBHBajieHTHOCTH HOpM. 06o3HaHHB 



(3.65) 



(3.66) 



nojiyHHM, HTO onepaTop (|3.65p orpanHHen h neTepoB b nape npo- 
CTpancTB 



L, B) : [D^^^^-'\n),H^'i'-{n)]^ ^ Z{n) © ?^s,^(r). (3.67) 



3tot onepaTop HMeeT to jkb H/],po h tot JKe HH^eKC, hto h onepa- 
Topbi dMI]), ([3:621) . 
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OnHineM npn noMomn Z{0,) o6jiacTb onpe/i,ejieHHH onepaTopa 
(I3.67P . 3to 6y/],eT cfl^ejiauo na ocHOBaHHH TeopeMbi I3.12| b ycjioBHH 
KOTopoii Mbi nojiaraeM 

Xo = H^i^^-''\n), Fo = Zq = E = H-'^i-'i^), 

Xi = H^'^^'in), n = Zi = T = L. 

Ha Toro, hto BTopaa napa b 4)opMyjie (|3.63p ;],onycTHMaji, a TaKJKe 
H3 npaBoro BjiojKeHHs (|3.55p BbiTeKaeT, hto ycjiOBHH (i), (ii) h (iii) 
TeopeMbi 13. 121 BbinojiHgioTcg. YcjioBHe (iv) 3toh TeopeMbi TaKJKe bbi- 
nojiHaeTCH, nocKOjibKy orpaHHHen onepaTop L : H'^{Q,) — )• H"~'^'^{Q) 
p^jisi npoHSBOjibHoro o" G R. HaM, KpoMe Toro, HyjKHbi jiHHeliHbie oto5- 
paJKeHHa Rn S, yflOBjieTBopaiomHe ycjioBHHM (v), (vi) h (vii). Onpe- 
j^ejiuM Hx cjie/];yiomnM o6pa30M. BocnojibsyeMCH jieMMolt 13.11 h pac- 
CMOTpHM OTo6pajKeHHe + 1)~^, o6paTHoe k roMeoMopcJjHSMy 

(|3.58p . IIojiyHHM jiHHeHHbiH orpaHHHeHHbiH onepaTop 

+ ly^ : H'^^^'^'i^) ^ H^iVL) (3.68) 

npoH3BOjibHoro ii,ejioro a > 2qr. IIojiojkhm 

R = U-^U+{U'U+ + 1)-^ H S = -{U U'+ + 1)-^ . 

B CHjiy (|3.68p npn a = 2qr h npn a = 2q{3r — 1) nojiynaeM orpaHH- 
HeHHbie onepaTopbi 

R:Zo = H-^'i'\VL) ^ //2gr-2g{2r-l)(j^) ^ 
R:Zi = H^'^'-^'-^^n) ^ //2g(3r-l)-2g(2r-l)(j^) ^ 

S:Zi = H'^'i^'-^\VL) ^ ^^^(^^-^^(O) ^ H^i''{n) = Xi. 

KpoMe Toro, na MHOJKecTBe E = H~'^'^^{Q) cnpaseflJiMBbi paseHCTBa 

TR = LU-^L''+{U'U'+ + 1)-^ = 
(^L^L^+ + 1 _ l){L^U'+ + 1)-^ = 1-S. 
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TaKHM o6pa30M, Bce ycjioBHH TeopeMbi 13. 121 BbinojiHgioTcg. CorjiacHO 
3TOH TeopeMe fljia HHTepnojiaLi,HOHHoro napaMeTpa ■0 HMeeM paneH- 

CTBO npOCTpanCTB C TOHHOCTBIO flO 3KBHBajieHTHOCTH HOpM 

3flecb 

iXo)L,Yo = {u(^H^''^^-'-\n) : Lug 

npHHeM HopMbi B KpaiiHHX npocTpancTBax paBHti. ^ajiee, b CHjiy 
orpaHHHeHHOCTH onepaTopa BepHO pa- 

BeHCTBO 

{Xi)l,y^ ={ue H^'"^{n) : Lu G -H'2g(r-i)(s^)} = H^gr^^^^ 

c SKBHBajieHTHOCTbK) HopM B KpaHHHX npocTpaHCTBax. KpOMB Toro, 
corjiacHO TeopeMe 13.21 h BBupy (j3.64p iiivieeM 

TaKHM o6pa30M, cooTHomeHHe (|3.69p npHHHMaeT bm^ 

[Dl^'^^~''\n),H^'''''{n)]^, = {u£ H^'^^in) : Lu G Z{n)}, (3.70) 

npHHeM B nocjie/iHeM npocTpancTBe BBe/ieno CKajiapnoe npoHSBe^e- 
HHe rpa4)HKa, OTHOCHTejibHO KOToporo 3to npocTpancTBO nojiHO (mm 
TaKJKe BocnojibsoBajiHCb o6o3HaHeHHeM (j3.66p . corjiacHO KOTopoMy 

= z{n)). 

IIo/iCTaBHB Tenepb paBencTBO p.70p b (I3.67p . nojiyniiM orpaHH- 
HeHHbiit onepaTop 

(L, B): {u£ H^'^Pin) : Lu G Z{n)} Z{n) 'Hs,^{r). (3.71) 

Ho yjKe /i,OKa3aHHOMy, oh neTepoB h hmoot nflpo N. KpoMe Toro, no- 
CKOJibKy onepaTop (j3.7ip nojiynen b peayjibTaTe HHTepnojiHu;HH, npn- 
MeHeHHoit K HCTepoBbiM onepaTopaM (|3.6ip h (13.62p , to na ocHOBaHHH 



= (^^)L,y^- (3.69) 
H-2'?-(f])} = Z)2g(i-r)(j^)^ 
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TeopeMbi ll.7l H npejiJio>KeHHg [3^ oSjiacxb SHaneHHii onepaTopa (j3.7ip 
paBHa 

T. e. COCTOHT H3 BCeX BeKTOpOB 

KOTopbie yflOBjieTBopHRDT ycjioBHK) (|3.52p . CyjKeHHe onepaTopa (|3.71|) 
Ha noflnpocTpancTBO 

K'^'^iQ) = {ue H'^'^in) : Lu = b } 

onpe^ejiHeT orpaHHHeHHbilt onepaTop 

B : K'^'^in) ^ -Hs,^(r). (3.72) 

Ero aflpo paBHO iV n K'^'^{il.) = N n, snaHHT, KoneHHOMepHO, a o6- 
jiacTb SHaneHHii coBnaflaeT c no/inpocTpaHCTBOM (|3.4ip ii, cjieflOBa- 
TejibHO, saMKHyTa h HMeeT KoneHHyio KopasMepnocTb, paBHyro paa- 
MepHOCTH npocTpancTBa G, onpe/iejieHHoro no (JjopMyjie (|3.4'2p . Ta- 
KHM o6pa30M, onepaTop (|3.72p neTepoB c HflpoM N, o6jiacTbio SHane- 
HHH (|3.4ip H KOHeHHbiM HH/];eKCOM dim N — dim G, He aaBHcamHM ot 

S, (f. 

OcTaeTCH HOKasaTb, hto MHOJKecTBo K^{Q) hjiotho b i^^2"^(r2), 
H HTO OHepaTop (I3.72P HBjiaeTca npo/i,ojiJKeHHeM no nenpepbiBHOCTn 
OTo6paJKeHHH (j3.38p . B cbhsh c 3thm saMeTHM cjie/];yiom;ee: nocKOjib- 
Ky onepaTop (I3.7ip HBjiaeTCH HpoflojiJKenHeM OTo6pajKeHHa (I3.50p , to 
B CHjiy onpe/i,ejienHa onepaTopa (j3.72p nocjieflnnii HBjiaeTCH npo^oji- 
jKenneM OTo6pa>KenHH (I3.38p . HosTOMy j^jisi Toro, HTo6bi saKOHHHTb 
/lOKasaTejibCTBO, na^o ycTanoBHTb njioTnocTb MHOJKecTBa K'^{il.) b 
K^'^{Q). CflejiaeM 3to npn noMom,H roMeoMop4)H3Ma 

B : K'^'^{n)/N^ 7l,,^(r), (3.73) 

KOTopbiH nopoJK^en neTepoBbiM onepaTopoM (|3.72p . 3flecb nepea 
^s,ip(r) o6o3nanena o6jiacTb anaHenHli (I3.4ip onepaTopa (I3.72p . Pac- 
CMOTpHM roMeoMop4)H3M B~^ , oGpaTHbiH K (|3.73p . On KajKflOMy bbk- 
Topy g = {gi, . . . ,gq) S TZs^^{T) CTaBHT b cooTBeTCTBne Kjiacc CMe>K- 

nOCTH 

B^^g =[u]= {u + w: w e N} 
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3jieMeHTa u £ K^'^{Q), TaKoro, hto Bu = g. 

IIoKaJKeM npeflBapHTejibHO, hto OTo6pajKeHHe (I3.73P o6jiaflaeT 
cjieflyiomiiM CBOHCTBOM noBbimeHHH rjiaflKOCTH: 

g e 7^.,^(^) n {c^{r)y 

B '^g = [u] fljiH HeKOToporo u £ K'^{il.). (3.74) 

IlycTb 

g = {gi,...,gg)ens,^{r)n{C^{r)y. 

IlocKOjibKy TZs^ip{T) — 3T0 MHOJKecTBO (|3.4ip . TO B CHjiy npefljio- 
jKeHHH 13.11 3jijiHnTHHecKaH KpaeBaa sa^ana p.36p HMeeT pemeHHe 
u £ H'^'^iyi). IIpaBbie nacTH stoh 3a/];aHH 6ecKOHeHHO rjia^KHe; cjieflo- 
BaTejiBHO |4H c. 191], BbinojiHaeTCH BKjironeHHe u E C°°{^). TaKHM 
o6pa30M, u S K'^{Vt) H Bu = g fljia onepaTopa (|3.72p . hto h flOKa- 
sbiBaeT p.74p . 

Tenepb HeTpyflHO ycTanoBHTb ynoMHHyTyio njioTHOCTb. BosbivieM 
npoH3BOjibHoe pacnpe^ejieHHe u S K^£'^{Q) h no HeMy o6pa3yeM bbk- 

TOp 

g = Bu£ 7^,,^(^) C ns,^{T). (3.75) 

IlocKOJibKy MHOJKecTBO C°° (T) njioTHO B H^'^^iV) npii KajK/ioM o" G M, 
TO /iJia g cymecTByeT nocjieflOBaxejibHOCTb BeKxopoB (^^'^^ xaKaa, hto 

g(k) ^ {^c^(Y^y u g{k) ^ Us^^iV) npH A; ^ oo. (3.76) 

SaMBTiiM flajiee cjie/iyiomee: xaK KaK ^Zs^^piT) h G — saMKHyTbie nofl- 
npocxpancxBa b 'Hs,^(X)-> yflOBjiexBopaiomHe ycjioBHSM TZs^^{T)r\G = 
{0} H codim7^s_^(r) = dimG, to 'Hs^^(r) HBjiaeTCH npHMofi cyMMoft 
3THX noflnpocxpancxB. BocnojibsoBaBinHCb 3xoh cyMMoii, saniimeM: 
c, = 5 + H = /iW rp,e G T^sA'^) h uj^^^ G G. OxciOAa 

H H3 (|3.76p nojiynaeM cjie/],yiomHe pfia, yTBep>K/];eHHH: 

^ ^(fc) _ ^(fc) ^ 7^^^^(r) n (c°°(r))'?, 

g B 7^s,<^(r) (x. e. B ?^s,<^(r) ) npH A; 00. 

riepBoe B CHjiy (j3.74p Bjienex Uk ] fl^Jin HeKOToporo G 

K^{Q). Hb BToporo B BHfly (I3.73P h (I3.75P BbiTeKaex 

[uk]=B-'h^'''>^B-'g=[u], 
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T. e. 



[uk-u]^0 B K^£'^{n)/N npH k ^ oo. 



HocjieflHee osHanaeT, hto 



Uk — u + Wk ^ B npH A; — )• oo 



/IJia HeKOTopoH nocjie^OBaTejibHOCTH 4)yHKii;HH Wk £ N G K^{i}). 
TaKHM o6pa30M, npoHSBOJibHoe pacnpe^ejieHHe u G K^'^{Q) annpoK- 
CHMHpoBaHO B npocTpaHCTBe /^^"^(ri) nocjieflOBaTejibHOCTbio 4)yHK- 
ii;hh Uk + Wk S i^£°(r2). SnaHHT, MHOJKecTBO hjiotho b 



TeopeMa 13.111 pflKasaua. 

3.3.5. CBoiicTBa pemeHHii oflHopoflHoro 
sjiJiHnTHHecKoro ypaBHeHHa 

Hs TeopeMbi 13.111 cjiejxyeT, hto b cjiynae TpHBHajibHbix H^pa N h 
/lecJjeKTHoro no^npocTpaHCTBa G onepaTop (I3.40p , cooTBeTCTByiomHH 
sa^ane (j3.36p . HBjiHeTca roMeoMop4)H3MOM. B o6meM cjiynae stot 
onepaTop onpeflejiaeT roMeoMop4)H3M 

B : i^^'^(0)/iV o TZs^^iT) fljiH jiio6bix s G M, if e M. (3.77) 

3flecb, HanoMHHM, TZs^ip{T) — no/inpocTpaHCTBo (I3.4ip . (SaivieTHM, 
HTO onepaTop, o6paTHbiH k (|3.77p . orpaHHHen no TeopeMe Banaxa o6 
o6paTHOM onepaTope.) Ha6op roMeoMopcJjHBMOB (I3.77P ^aeT peineHHe 
saflaHH (|3.36p ^jih npoHSBOjibHbix pacnpe^ejieHHH gi, . . . ,gq £ T>'{T), 

yflOBJieTBOpHIOmHX yCJIOBHK) 

{gi, Ci v)r + . . . + {gq, v)t = p,jia jiio6oro v G A'""'". 
IIpH 3TOM BbinojiHHeTCH cjieflyiomaH anpHopnaH oii,eHKa peineHHH u. 

TeopeMa 3.13. Uycmb sadanu napaMempu s £ M, £ Ai u 
e > 0. Cyiu,ecmeyem hucao c = c(s, (p,£) > maKoe, umo Bah aioSozo 
u G K'^'^{il.) eepna ov^eHKa 
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^OKasaTejiBCTBO. ^Jia jiio6oro pacnpe/i,ejieHHH u € K^'^{Q) b 
CHjiy roMeoMop4)H3Ma (I3.77P HMeeM 

inf{ \\u + w\\Hs,^(n) ■ w e N} <co ||Bu||-H,_^{r)- (3.79) 

SflecE. Co — HopMa onepaTopa, o5paTHoro k p.77p . ^ajiee, nocKOjibKy 
— KOHeHHOMepHoe noflnpocTpancTBO b H'^''^{i},) h b H^~^{il.), Hop- 

Mbl B 3THX flByX npOCTpaHCTBaX SKBHBajieHTHbl Ha A^. B HaCTHOCTH, 

/IJin jiio6oro w ^ N 

\\w\\H=>'p(n) < ci \\w\\hs-s(^^-) 
c nocTOHHHOH Ci , He saBHCHmeii ot u n w. KpoMe Toro, 

WMlH^-^n) < \W + w\\Hs-e(^n) + IMn'^-^iu) < 
C2 ||n + w\\ijs,v(n) + \\u\\H^-^{n)- 

S^ecb C2 — HopMa onepaTopa BjiojKeHHH H^''^(Q) ^ H^~^{Q). Cjie- 
;];oBaTejibHO, 

< (1 + C1C2) \\u + w\\H'>,'p{n) + Cl \\u\\H'>~^{n)- 

IlepeHfleM Tenepb k HHcJ^HMyMy no w £ N n BOCHOJibsyeMCH nepaBen- 
CTBOM (j3.79p . IIojiyHHM 

Wulln-'fin) < (1 + C1C2) Co ||5n||^^^^(r) + ci 

T. e. oii;eHKy (j3.78p . ecjiH nojioJKHTb c = max{(l + ciC2)co, ci}. Teo- 
peMa 13.131 /lOKasana. 

EcjiH B HepaBBHCTBe (|3.78p npaBaa HacTb KoneHHa, to KOHenna h 
jieBaH HacTb. 

TeopeMa 3.14. Uycnib s £ (p £ A4 u e > 0. IJpednoAOMcuM, 
umo pacnpedeneHue u G H^~^(n,) neAnemcn peiuenueM sadanu (j3.36p , 
zde 

BjU = gj G HS-ni,-i/2,^^Y) dAH KaMcdozo j = l,...,q. (3.80) 
Toedaue i7'^'^(0). 
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^OKasaTejiBCTBO. Ho ycjioBHio, u G K^'^' (Q), ii Bu = g, r^e 
BeKTop g = {gi, . . . , gq). CjieflOBaTejibHO, b CHjiy (I3.80p h TeopeMbi 
13.111 (onHcaHHe o6jiacTH SHaHeHHH onepaTopa (|3.40p ) HMeeM 

HosTOMy cymecTByeT pacnpe/i,ejieHHe uq £ K'^'^(^}) TaKoe, hto Buq = 
g. OTCiofla c yneTOM TeopeMbi 13.111 (onHcaHHe H^pa onepaTopa (|3.40p ) 
nocjie/;oBaTejibHO nojiynaeM: B(u — uq) = 0, 

w = u-uo € N C C°°Cn), u = uo + w € H^'^^in). 

TeopeMa 13.141 ^oKaaana. 

TeopeMa 13.141 — sto yTBepjK^eHHe o noBbimeHHH rjia^KOCTH pe- 
meHHa u saj^aHU (j3.36p brjiotb j^o rpaHHii;bi T. Tlpn 3tom, KaK bh^hm, 
yTOHHeHHaa rjia/],KOCTb npaBbix nacTeft 3a;i;aHH nacjie^yeTca peme- 
HHeM. OTMeTHM (cM., HanpHMep, |118| c. 237], TeopeMa 7.4.1), hto 
BCSKoe pemeHHe oflHopo^Horo ajijmnTHHecKoro ypaBHeHHH Lu = 
B o6jiacTH Q o6jia/];aeT cbohctbom u G C°°(0). IlosTOMy b TeopeMe 
l3.14l cymecTBeHHO. hto rjia/i,KOCTb pemeHHa u noBbimaeTca ehjiotb flo 
rpaHHLi;bi o6jiacTH Q. 

CjieflCTBHe 3.2. Uycmt cr G M. IIpednoAOMCUM, umo pacnpede- 
AeHue u G neAHemcH pemenueM aadauu (|3.36p . e Komopou 

gj G i7™-'».+("-i)/2, ^(r) dAM KaoKdozo j = l,...,q, (3.81) 

zde m := max{mi, . . . ,mq} , a (pyHKU,UH (/? G 7W ydoeAemeopjiem. 
ycAoeum (ll.37p . Tozda u G C"^( Vt), u nocKOAbny muKMce u G C°°{Q), 
mo u neAHemcH KAaccuuecKUM pemenueM sadauu (j3.36p . 

^OKasaTejitCTBO. YcjioBHe (I3.8ip coBna/];aeT c (I3.80p . ecjiH no- 
jioJKHTb B HeM s = m + n/2. IIosTOMy b CHjiy TeopeM r3.14l H [3l^ 

nGF"+"/2.V(f])^C'"(n), 

HTO H Tpe6oBajiocb flOKasaTb. 

OTMeTHM, HTO /iJiH KjiaccHHecKOTO pemeHHa u jieBbie nacTH sa- 

/I,aHH (|3.36P BblHHCJIHIOTCH C nOMOILI,bIO KJiaCCHHeCKHX npOHSBO/lHblX, 

npH 3TOM BjU G C(r). 
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3.4. 3jiJiHnTHHecKaH sa^ana c 

O^HOpO/],HI>IMH KpaeBblMH yCJIOBHHMH 

PaccMOTpHM peryjiapnyio sjijinnTHHecKyio Kpaesyio saj^any (j3.ip , 
(|3.2p B cjiynae, Kor/ia Kpaesbie ycjioBHH (j3.2p oflHopo/iHbie: 

Ln = / B n, (3.82) 
Bj u = Ha r npH j = 1, . . . , g. (3.83) 

HsyniiM CBOHCTBa OTo6paJKeHHa u i— t- Lu, rpfi u yflOBjieTBopaeT 
paBeHCTBaM (|3.83p . b niKajie npocTpancTB XepMaHflepa. 

3.4.1. TeopeMa o roMeoMopcJjHSMax 

fljia ajiJiHnTHHecKoro onepaTopa 

BBe^eM Heo6xoflHMbie naM npocTpancTBa pacnpeflejieHHfi, yflp- 

BJieTBOpHIOmHX OflHOpOflHbIM KpaeBbIM yCJIOBHilM. HyCTB S G M H 

If & M. ^Jia KpaTKOCTH B n. 13.41 6yfleM oGosHanaTb rnjibGepTOBO 
npocTpancTBO H'^''^'^^\Q) nepes i?**'"^. 

06o3HaHHM Hepea (b.c.) oflHopo/iHbie KpaeBbie ycjioBHH (|3.83p . 

IIOJIOJKHM 

C°°(b.c.) := {u G C^iTl) : Bju = na T, j = 1,...,^}. 

06o3HaHHM Hepes H^''^{h.c.) saMbiKaHHe MHOJKecTBa C°°{h.c.) b to- 
nojiorHH rHjib6epT0Ba npocTpancTBa H'^''^. 

HapHfly c aaflanefi (|3.82p . (|3.83p paccMOTpHM 4)opMajibHO conpa- 
jKeHHyio safl^any c o/];Hopo/i,HbiMH xpaeBbiMH ycjioBHHMH: 

L^v = g B n, (3.84) 
B^v = Ha r npH j = 1,..., q. (3.85) 

06o3HaHHM Hepes (b.c.)'*' o/iHopoflHbie KpaeBbie ycjioBHH ()3.85p h no- 

JIOJKLIM 

C°°(b.c.)+ :={'y gC°°(0) : B+v = na T, j = l,...,g}. 
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05o3HaHHM Hepea H'^''^{b.c.)^ saMtiKaHHe MHOJKecTsa C°°(b.c.)^ b 
TonojiorHH rHjib6epTOBa npocTpancTBa H^''^. 

JlHHeiiHbie npocTpancTBa H^''^{h.c.) h H^''^{h.c.)^ rHjib6epTOBbi 
OTHOCHTejiBHO CKajiHpHoro npoH3Be/];eHHH B npocTpancTBe H^'"^. 

B CHjiy paBencTBa (j3.8p MHOJKecTBO C°°(b.c.)"'", a snaHHT, h npo- 
CTpancTBO H^''^(h.c.)^ ne saBHCHT ot Bbi6opa CHCTeMbi rpanHHHbix 
BbipajKeHHii {B^ , . . . , B^}, conpHJKeHHOii k CHCTeMe {Bi, . . . , Bg} ot- 
HOCHTejibHO /i,H4)4)epeHii;HajibHoro BbipaJKeHHa L. 

CorjiacHo 4)opMyjie FpHHa (|3.6p 

{Lu,v)n = {u,L+v)n (3.86) 
/IJia Bcex u G C°°(b.c.), v G C°°(b.c.)+. 

no3TOMy o6pa3 Lu npoHBBOjibHoii 4)yHKii,HH u E C°°(b.c.) ecTecTBen- 
Ho HHTepnpeTHpoBaTb KaK aHTHjiHHeitHbift orpaHHHeHHbiH 4)yHKii;H- 
OHaji {Lu, •)q Ha npocTpancTBe i729-^.i/¥'(b.c.) + . KpoMe Toro, no- 

CKOJIbKy npOCTpanCTBa //^g-s.l/i^ ^ ^s-2q,ip ggaHMHO /l,BOHCTBeH- 
Hbl OTHOCHTejIbHO (JjOpMbI (•,-)q, OTHOCHTejIbHO Hee TaKJKe BSaHM- 

HO /IBOHCTBeHHbl no/];npocTpaHCTBO H^i-''^/^{h.c.)^ H 4)aKTopnpo- 

CTpanCTBO H^~'^'^''^ /Ms-2q,ip , Tfl^e 

Ms-2g,^ := {h G . (/i^^)^ = OflJiH Bcexu; G C°°(b.c.)+}. 

SnaHHT, Lu mojkho HHTepnpeTHpoBaTb KaK Kjiacc CMe>KHOCTH 

{Lu + h : h e Ms-2q,^}, 

npHHafljiejKan];HH 4)aKTopnpocTpaHCTBy H^~'^'^''^ /Ms-2q,ip- 

Mbi paccMaTpHBaeM jinnelinoe OToGpaJKenne u i— )• Lu kslk one- 
paTop, /leHCTByiomnii ns npocTpancTBa H^''^(h.c.) b npocTpancTBO 
H^~'^'^''^ /Ms-2q,<fi, KOTopoe OTOJK/],ecTBjiHeTca c flBoiicTBennbiM npo- 
CTpancTBOM (if^'^"*' ^/"^(b.c. )"'')' (ono coctoht h3 anTHjinnennbix 
4)ynKn,HonajioB) . ^jih toto, nTo6bi ccJjopMyjinpoBaTb TeopeMy o ro- 
MeoMop4)H3Max fljiH TaKoro onepaTopa L, naivi nona/],o6aTca npoeK- 
Topbi npocTpancTBa H'^'^ na no/inpocTpancTBa, opToronajibHbie co- 
OTBBTCTBenno K H A*""*" OTnocHTejibno Gnjinnennon (JjopMbi ( • , 
3th npoeKTopbi cymecTByroT, nocKOjibKy npocTpancTBa N a ko- 
nennoMepnbi. 
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JleMMa 3.2. Tlycmh s G M u 99 E A^. UpouseoAbHuu SAeMeHm 
u G H'^'^ donycKaem eduHcmeemoe npedcmaeneHue euda u = uq+ui, 
ede uq £ N , a ui £ H^'^ ydoeAemeopnem ycAoeum {ui,w)^ = Oah 
Aio6ozo w £ N . Upu amoM omo6paMceHue P : u 1— )• ui sieMemcH 
npoeKTnopoM npocmpancmea H'^''^ na nodnpocmpaHcmeo 



u o6pa3 Pu He aaeucum om s,ip. CycHcenue omo6paMceHUR P na 
H^''^(h.c.) neAnemcH npoenmopoM npocmpaHcmea i7'^''^(b.c.) na nod- 
npocmpaHcmeo 



9ma ACMMa coxpannem cuAy, ecAU e ee cfjopMyAupoeKC saMCHumh N 
na N'^ , P na P^ u (b.c.) na (b.c.)"*" coomeemcmeeuHO. Upu amoM 
Mg^ip — nodnpocmpancmeo e P^{H^''^). 

/J^OKasaTejiBCTBO. KaK OTMenajiocb Bbime, — KoneHHOMepHoe 
noflnpocTpancTBO b H'^''^. 5Icho, hto dimA^ coBna^aeT c KopasMep- 
HOCTbio no/],npocTpaHCTBa (|3.87p . npn^eM h (|3.87p hmbiot tphbh- 
ajiBHoe nepeceneHHe. CjieflOBaTejibHO |116| c. 56], npocTpancTBO H^'"^ 
pasjiaraeTCH b npaiviyio cyMMy noflnpocTpancTB h (j3.87p c npoeKTO- 
poM P Ha noflnpocTpancTBO ()3.87p . KOToptiii, ohcbhaho, He saBHCiiT 
OT s H OTCiofla, nocKOjiBKy A^ C H^''^(h.c.), BbiTeKaeT, hto npo- 
CTpancTBO H^''^{h.c.) pasjiaraeTCH b npHiviyio cyMMy HOflnpocTpancTB 
A'^ H (j3.88p c TeM jkb npoeKTopoM P na no/];npocTpaHCTBO (|3.88p . KaK 
BH^HM, cyiH;ecTBOBaHHe npoexTopa P cjiepjeT h3 flfiyx ycjioBHii: npo- 
CTpancTBO A^ KoneHHOMepHO h A^ C H^''^(h.c.). SnaHHT, nocKOJibKy 
npocTpancTBO A^"*" KoneHHOMepHO h A^"*" C H^''^{h.c.)~^ , to jieiviivia 
ocTaeTCH BepHOH H fljiH npoeKTopa P+ npn yKasaHHbix saMenax 060- 
SHaneHHii b ee 4)opMyjiHpoBKe. HaKOHeu;, saMeTHM, hto nocjieflnee 
npe;];jioJKeHHe jieMMbi BbiTBKaeT h3 BKjiioHeHHH A^^ C C°°{h.c.)~^ . 
JleMMa 13.21 /^oKasana. 

C4)opMyjiHpyeM ochobhoh pesyjibTaT n. 13.41 — TeopeMy o ro- 
MeoMop4)H3Max, ocymecTBjiaeMbix sjijinnTHHecKiiM onepaTopoM L b 
yTOHHeHHoit uiKajie npocTpancTB XepMaH/i,epa. 



{ui £ H^'"^ : {ui,'w)n = Oah ecex w G A^} 



(3.87) 



{ui G i7^''^(b.c.) : {ui,w)q, = Bah ecex w G A^}. 



(3.88) 
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TeopeMa 3.15. Tlycmh s S M u ip ^ Ai, npuucM 

s ^ j + 1/2 Bah naMcdozo j = 0, 1, . . . , 2*7 — 1. (3.89) 

Omo6paMceHue u i— )• Lu, zde u € C°°{h.c.), a Lu UHmepnpemupyem- 
CH Au6o KQK KAacc CMeMCHOcmu {Lu + h : h €z Ms_2g, <^}, Jiu6o kgk 
(pyHKU^uoHaA {Lu, npodoAOicaemcH no Henpepueuocmu do ozpa- 
HUHCHHOgo AuneuHoso onepamopa 

L : i7"'^(b.c.) ^ H'~^'i^^/Ms-2q,^ = ( i^^''-"' ^/^(b.c.)+ )'• (3.90) 
CyMcenue onepamopa (|3.90p na nodnpocmpancmeo (|3.87p neAnemcn 

SOMeOMOpcfiuSMOM 

L : P{H''^{h.c.)) ^ P+{W-''^^^)/Ms-2q,^. (3.91) 

SaMenaHHe 3.8. B coSojieBCKOM cjiynae ip = 1 Teopeivia 13.151 
/lOKasana K). M. BepesancKHM, C. T. KpeftnoM h 51. A. PoHT6ep- 
roM |10| c. 747; [TTl c. 262] ^jih ii,ejibix s. Jlflu scex BemecTBeHHbix 
s OHa flOKasana b MOHorpacJjHH PoiiT6epra |2181 c. 168] (cm. TaKJKe 
o63op |13H c. 85, 86]). Hpn stom ^jih nojiyii,ejiE,ix s G {j + 1/2 : 
J = 0, 1, . . . , 2g — 1} npocTpancTBa, b KOTopbix fleiicTByeT onepaTop 
(|3.90p . onpe^ejiajiHCb c noMombro HHTepnojiHu;HH. 

Otmbthm, hto, ecjiH npocTpancTBa N h TpHBHajibHbi, to one- 

paTOp (|3.90P CTaHOBHTCH rOMeOMOp4)H3MOM. 

Hs TeopeMbi 13 ■ 1 5 1 c jiejyex cbohctbo neTepoBOCTH onepaTopa (13.90p 
H anpHopnaH oii,eHKa pemeHHH ypaBHeHHS Lu = f. 

TeopeMa 3.16. Tlycmb s G M u 99 G A^, npuucM eunoAHHemcn 
ycAoeue (I3.89p . Tozda cnpaeedAueu CAedymu^ue ymeepotcdenuM. 

(i) OzpaHUHCHHuu onepamop ()3.90p nemepoe c ndpoM N u o6Aa- 
cm-bK) SHaueHuu 

{[/] G H'-^'i^'P / Ms-2q,^ : U,w)n = dAR ecex w e N+] . 

(3.92) 

HndeKC amozo onepamopa paeen dimA^ — dimA^^ u ne saeu- 
cum om s,(p. 3dect> [f] = {f + h : h £ Ms^2q,ip} ^ KAacc 
CMCMCHOcmu SAeMenma f G H^^'^'^'^. 
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(ii) Bepna CAedymu^aH anpuopnan ov^enKa pemenun u € H'^''^{h.c.) 
ypaeneHUH Lu = [/]; Bah npouaeoAbuozo uucAa e > cyui,e- 
cmeyem maKoe hucao c = c{s,(p,e) > 0, ne 3aeucHUj,ee om u, 
umo 



Mm flOKajKeM TeopeMi3i l3.15l H l3.16l HH>Ke b n. 13.4.31 
Hs TeopeMbi 13.161 cjiefljeT, hto N'^ HBjiHeTCH flecjaeKTHbiM no^- 
npocTpancTBOM onepaTopa (I3.90p . Ecjih = {0}, to b oii;eHKe (I3.93P 
MOJKHO onycTHTb cjiaraeMoe ||ii||j|^s-e . 

OTMeTHM TaKJKe cjieffymm^ee. IlocKOjibKy (JjopMajibHO conpajKen- 
Haa KpaeBaH sa^ana (j3.84p . p.85p peryjiapnaa sjijinnTHHecKaH, to 
TeopeMbi 13. 151 H [3. 161 coxpanaioT CHjiy fl^jiR onepaTopa BMeCTO L (c 
OHeBHflHblMH HSMeHeHHSMH B (JjopMyjiHpoBKe) . TaK, JIHHeilHOe OTo6- 
pajKeHHe v i— )• L~^v, rjjfi v E C°°(b.c.)~'", npo/iojiJKaeTca no nenpepbiB- 
HOCTH jio orpaHHHeHHoro HeTepoBoro onepaTopa 



L+ : H'^i~''^/v>(h.c.)+ ^ H-''^/^/ . = {H''^{h.c.)y (3.94) 



c HflpoM H flecJjeKTHbiM no;];npocTpaHCTBOM N. 3/;ecb o6o3naneno 



M+^^^/^ = {h€ i^-^'Vv : {h,w)n = fljia Bcex w G C7°°(b.c.)}, 



a npeflnojioJKenna OTnocHTejibHO napaMeTpoB s n ip Taxne KaK b tbo- 



peMax 13.151 n 13.161 CyjKenHe onepaTopa (I3.94P na no/;npocTpaHCTBO 
{v G i^^?-^. V¥'(b.c.)+ : {v,w)n = fljia Bcex w G iV+} 



L+ : P+(i72'?-«'i/^(b.c.)+) ^ P{H-''^/^)/M+^ 

B CHjiy orpaHHHeHHOCTH onepaTopoB (j3.90p n (j3.94p paBencTBO 
()3.86p npoflojiJKaeTCH no nenpepbiBHOCTH fl<o cooTHomennH 

iLu,v)n = {u,L'^v)q 
fljiHBcex M G ^r"'^(b.c.), V e H^'^-''^/'P{h.c.)+. 




(3.93) 



HBJiHeTca roMeoMop4)n3MOM 
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9to OBHanaeT, hto onepaTopti (|3.90p h (|3.94p BsaHMHO conpajKenbi 
OTHOCHTejibHO nojiyTopajiHHeHHOH 4)opMh.i ( • , • )q — pacniHpeHHH no 
HenpepbiBHOCTH CKajiapnoro npoHSBefleHHH b L2(f^). 

3.4.2. HHTepnoji5m,Ha h o/],Hopo/i,Hi«ie 
KpaeBbie ycjiOBHa 

HsyHHM HHTepnojiJmHOHHbie CBoiicTBa npocTpancTB, b KOToptix 
fleitcTByeT onepaTop (j3.90p . 3th CBoltcTBa cbirpaiOT BaJKHyro pojit. b 
flOKasaTejibCTBax TeopeM [3?T5] h [3?T6j HanoMHHM, hto b co6ojieBCKOM 
cjiynae ip = 1 mm onycKaeM HH^eKC Lp b o6o3HaHeHHJi npocTpancTB, 
BBe/i,eHHbix b npe/ibiflymeM n. 13.4. 1[ 

TeopeMa 3.17. Uycmb s £ M u (p £ M, npuneu 

s 7^ rrij + 1/2 Bah naMcdozo j = 1, . . . ,q. (3.95) 
Tozda cnpaeedAueu CAedytoinue ymeepMcdeHun. 

(i) /I^AH yKasauHozo s Haudemcn maKoe hucao q = q[s) > 0, ne sa- 
euc^mee om (p, umo npu ak)6om e E (0, g) cnpaeedAueo paeen- 
cmeo npocmpaHcme c moHHOcmwo do SKeueaAeHmHocmu Hopjvi: 

zde ip — He 3aeucmii,uu om s unmepnoAR'nuoHHUu napamemp 
U3 meopeMu \1.14\ ^ Komopou 6epeM e = 6. 

(ii) EcAU HUCAO s, ydoeAemeopHtom^ee ycAoeum (I3.95p . uoaomcu- 
mcAhHO, mo npocmpancmeo H^'^{b.c.) cocmoum U3 ecex pac- 
npedeACHUu u E H^''^{Q), Komopue ydoeAemeopnmm ycAoeuw 
Bj u = hgT Bah ecex j = 1, . . . ,q maKux, umo s > nij + 1/2. 

(iii) EcAu s < 1/2, mo i7*''^(b.c.) = H''"^. 

(iv) YmeepMcdeHUH (i), (ii) u (iii) coxpauAmm cuAy, ecAU e ux (pop- 
MyAupoeKax saMenumb rrij ua rn^ , (b.c.) na (b.c.)"^ u Bj na 
Bj' coomeemcmecHHO. 
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SaMenaHHe 3.9. B cbhsh c yTsepjK/ieHHeM (i) xeopeMbi 13.171 ot- 
MeTHM, HTO HHTepnojiHii;HH CO CTeneHHbiM napaMBTpoM npocTpancTB 
Co6ojieBa, yflOBjieTBopaiomHX oflHopo/iHbiM KpaeBbiM ycjioBHHM, pac- 
CMOTpena IT. FpHBapoM |162| h P. Chjih |229| (cm. TaKJKe |112t 
c. 400]). Ha peayjibTaTOB 3thx pa6oT BbiTexaeT, hto ycjioBHC (j3.95p 
OT6pocHTb HejibSH. ^ajiee, b yTBepjKfleHHH (ii) TeopcMbi 13.171 Bbipa- 
jKCHHe Bj u noHHMaeTCH b CMbicjie TeopeMbi 13.51 o cjie^ax. YcjioBHe 
()3.95p jiJiii 3Toro yTBepjK/i,eHHH o6ycjioBjieHo cKasaHHbiM b saMenanHH 
[531 

/J^OKasaTejiBCTBO xeopeMti 13.171 npoBe/i,eM oT/i,ejibHo fl,jia cjiy- 
HaeB s > H s < 1/2. 

CAyuau s > 0. Hsmchhb npn Heo6xoflHMOCTH HyMepaii;Hio onepa- 
TopoB CHCTCMbi {Bj : j = 1, . . . ,q}, nojiyHHM, hto 

< mi < m2 < . . . < mq < 2q — 1. 

^onojiHHTejibHO nojioJKHM mo := —1/2 h m-g+i := +00. B ch- 
jiy ycjioBHH (I3.95P Haft/ieTCH HOMep r G {0,1,..., q} TaKoft, hto 
rrir + 1/2 < s < rrir+i + 1/2. 06o3HaHHM nepes q = q{s) nojio- 
jKHTejibHoe paccToaHHe ot tohkh s pfl MHOJKecTBa 

{j + 1/2: j = -l/2, 0, l,...,2q-l}\{s} 

H B03bMeM npoHSBOjibHoe e £ {0, q). Tor^a 

s =F e 7^ J + 1/2 fljiH KajK/ioro j = 0, 1, . . . ,2q — 1, (3.96) 
0< mr + 1/2 <s-e<s<s + e< rur+i + 1/2. (3.97) 

IlycTb ip ~ HHTepnojiHu;HOHHbiH napaMCTp h3 cJ^opMyjiiipoBKii Teo- 
peMbi [TTlH B KOTopoH e = 6; 3tot napaMeTp ne saBHCHT ot s. Upo- 
HHTepnojiHpyeM c napaMCTpoM ip napy npocTpancTB H^^^{h.c.) na 
ocHOBaHHH TeopeM 13.101 h 11.61 (HHTepnojiHii,HH noflnpocTpancTB) . ^jih 
3Toro Heo5xo/],HM HeKOTopbift npocKTop V KajKfloro npocTpancTBa 
H^^^{n) = H"^^ Ha no/inpocTpaHCTBO H^^^iY^.c). Oh cyH];ecTByeT 
B CHjiy cjieflyiom,HX coo5pajKeHHH. 

IIpe/iHOjioJKHM CHanajia, hto r 7^ h paccMOTpHM naSop {Bj : 
j = 1, . . . , r}. IlocKOJibKy cHCTeMa {Bj : j = 1, . . . , g} HopMajibna, 
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TO H paCCMOTpeHHblH Ha6op, KRK 66 HaCTb, HBJIHeTCH HOpMajIbHOH CH- 
CT6MOH rpaHHHHblX BbipaJK6HHH. Tenepb COmjI6MCH Ha MOHorpacJiHio 
X. TpnGejiH |112l c. 484, 485] (ji6MMa 5.4.4), b KOTopoft nocTpoeno 
jiHHeHH06 OTo6pajKeHHe HBjiHK)ii],eecH npoeKTopoM KajK/i,oro npo- 
CTpaHCTBa H^{Q) = , r^e a > ray + 1/2, na no^npocTpaHCTBO 

{ li G H''{Q) : BjU = na T, j = 1, . . . , r }. (3.98) 

BosbMeM 3flecb o" = s ^ e; Tor^a b CHjiy (j3.97p no^npocTpaHCTBO 
()3.98p /];onycKa6T cjie/];yiom66 onncaHHe: 

{u G H^in) : BjU = na. r 
fljiH Bcex j = 1, . . . ,q TaKHX, hto a > rrij + 1/2}. (3.99) 

Ho, KaK noKasano b MOHorpacJiHH 51. A. PoHT6epra |218^ c. 167], as 
peryjiapHoii sjijiHnTHHHOCTH saflanii (I3.82p . (I3.83P BbiTeKaeT b Bnpj 
ycjioBHH (|3.96p njioTHOCTb MHOJK6CTBa C°°{h.c.) B no/];npocTpaHCTB6 
(I3.99P npocTpancTBa H"'{Q). Shbhut, mhojk6ctbo C°°(b.c.) hjiotho 
B npocTpaHCTB6 (|3.98p . t. 6. nocjie/iHee coBna^aeT c H'^ih.c). Ta- 
KHM o6pa30M, OTo6pa>KeHHe V HBjiaeTca npoeKTopoM npocTpancTBa 
H^^^{Q) Ha noflnpocTpancTBo H'^^^(h.c.). 

EcjiH r = 0, ToO<s=Fe< rrij + 1/2 fljiH KajK^oro HOMepa j = 
l,...,q. Cjie/ioBaTejibHO |218l c. 167], mho^kbctbo C°°(b.c.) hjiotho 
B npocTpaHCTB6 i/*^^($7) = H^^"^ H no3TOMy H^^'^{h.c.) = H^^^{Q). 
SnaHHT, npH r = b KaH6CTB6 V Ha^o bshtb TOJKfl6CTB6HHoe OTo6pa- 
jKeHHe. HxaK, npo6KTop V nocTpo6H. 

3to nosBOjiHCT Ha ocHOBanHH T6opeM 11.61 (HHTepnojiHii,HH nofl- 
npocTpancTB) h 13.101 HanncaTb cjie;];yioiri;H6 paseHCTBa npocTpancTB 

C TOHHOCTbRD flfl 3KBHBajI6HTHOCTH HOpM B HIIX: 

[H'~%h.c.),H'+%h.c.)U = 

[H'-%n),H''^'{n)]^ n H'-'{h.c.) = H'^^{n) n H'-'{h.c.) = 

H^'^^in) n {u£ H'-%n) -. BjU = na T, j = 1, . . . , r} = 
{u £ H'^'^^n) : BjU = ua T 
fljiH Bcex j = 1, . . . ,q TaKHX, hto s > rrij + 1/2 | . (3.100) 
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SaMeTHM 3flecb, hto nocjie^Hee paseHCTBO BbiTeKaeT h3 ycjioBHH 
()3.97p . TaKHM o6pa30M, HHTepnojiaLi,HOHHoe npocTpancTBO 

coBna/i,aeT (c tohhoctbio SKBHBajieHTHOCTH HopM) c noflnpocTpaH- 
CTBOM (|3.1UUp npocTpancTBa H^''^(Q) = H^''^ . SnaHHT, BBH^y Teo- 
peMbi 11.11 npocTpancTBO //*^'^(b.c.) nenpepbiBHO h hjiotho BjioJKe- 
HO B (|3.1UUp . OTCK)/],a BbiTeKaeT, HTO MHOJKeCTBO C°°(b.c.) hjiotho b 
(j3.100p . T. e. npocTpancTBO (j3.100p coBna^aeT c i?*''^(b.c.). TeM ca- 
MbiM yTBepjKfleHHH (i) (flJiH cjiynaa s > 0) h (ii) flOKasaHbi. 

Cjiyuau s < 1/2. IIojiojkhm q = 1/2 — s > h BosbMeM npoHS- 
BOJibHoe HHCjio e £ (0, HocKOJibKy s — e<s<s + £< 1/2, to 
B CHjiy [3]9] (ii) MHOJKecTBO CQ°{i}), a snaHHT, h Sojiee miipoKoe mho- 
jKecTBO C°°(b.c.) njioTHbi b npocTpancTBax H^''^ h H'^^^. HosTOMy 
H^''^(h.c.) = H^'^ H //^^^(b.c.) = H^^^. OTCiofla b CHjiy TeopeMbi 
13.101 HenocpejCTBeHHO cjie^yeT yTBepjK^eHiie (i) flOKasbiBaeMoli Teo- 
peMbi B cjiynae s < 1/2. 

YTBepjK/ieHiie (iii) 3toh TeopeMbi HBjiaeTCH cjieflCTBHeM hjiotho- 
CTH MHOJKecTBa C°°(b.c.) B npocTpancTBe H^''^. 

^OKasaTejibCTBo TeopeMbi 13. ITI jjih ycjioBHa (b.c.) saKOHneno. 3a- 
MBTiiM, HTO OHO oniipaeTCii jiiinib Ha peryjiapnyio sjijiHnTiiHHOCTb 
KpaeBoit 3a/i,aHH (I3.82p . p.83p . Cjie/i,OBaTejibHO, nocKOJibKy cJiopMajib- 
Ho conpHxceHHaa aaflana (j3.84p . p.SSp TaKJKe peryjiapnaH 3jijiiinTii- 
HecKaH, TO BepHO yTBepjKfleHHe (iv). 

TeopeMa 13.171 /lOKasana. 

IlycTb fj G M H 9? E A^. HsyHHM ^ajiee CBOftcTBa npo- 
CTpaHCTBa (i?^'^' ^/"^(b.c.)^)', aHTH/iBoitcTBeHHoro K npocTpancTBy 

ff-a, 1/V(b.c.) + . 

HanOMHHM, HTO 

M^,^ = {he H''''^ : {h,w)n = flJiH Bcex w G C7~(b.c.) + }. 

MHOJKecTBO McJ^^p saMKHyTO B npocTpaHCTBe H^'"^ . B caMOM /lejie, b 
CHjiy TeopeMbi 13.91 (iii) (JjyHKi^iia w E C°°(b.c.)+ C H~"'^/''^ nopovK- 
;i,aeT jiHHeHHbiH HenpepbiBHbiit 4)yHKii;HOHaji ( • , w)o na npocTpan- 
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CTBe H"'''^ . CjieflOBaTejibHO, ecjiH nocjie/ioBaTejitHOCTb pacnpe^ejie- 
HHH hj £ Mcr^ip TaKaa, hto hj ^ h b H"'"^ npn j — )■ c«, to 

{h,w)Q = lim {hj,'w)n = ^jih jiio6oro w S C°°{h.c.)~^ , 

T. e. h G Mcj^ip. HxaK, M^j^^ — noflnpocTpancTBO b rHjib6epTOBOM 
npocTpancTBe H'^'^. HosTOMy (JjaKTopnpocTpaHCTBO H^'^ / Mu^^ to- 
jKe rHjib6epTOBO. 

TeopeMa 3.18. Ilycm-b u G M u if G M. CnpaeedAueu cjiedyw- 
WjUe ymeepMcdeHUR. 

(i) EcAU a > -1/2, mo M^^^ = {0}. 

(ii) 0aKmopnpocmpaHcmeo H"''*' / M^^ip u nodnpocmpancmeo 

esauMHO deoucmeeHHU (npu s 7^ c pa- 
eeHcmeoM HopM, a npu s = c SKeueaAeHmHocmbio HopM.) 
omHocumeAbHO pacmupenuR no Henpepuenocmu CKaAHpnozo 
upouseedeHUH e L2{0,). Tounee, — oniHocumeAbHO 6uAUHeuHou 
(popMU ( [u] ,v)^ := [u,v)^, sde [u] = {u + h : /i G M^^^^} — 
KAacc CMCMCHOcmu SAeMenma u G H"'''^ , a v €z H^'^'^^'^(h.c.)~^ . 

(iii) BepHU KOMnanmnue nAomnue eAoofcenun 

Bah AH)6ogo e > 0; 

(iv) EcAU HUCAO a ydoeAemeopsiem ycAoeum 

— a ^ + 1/2 Oah Kaofcdoso j = 1, . . . , g, (3.101) 

mo Bah a naudemcn maKoe hucao g = g^a) > 0, ne saeucn- 
mee om ip, umo npu ah)6om e G (0, g) cnpaeedAueo paeencmeo 
npocmpancme c moHHOcmwo do aKeueaAenmHocmu nopM 

3decb ip ^ He saeucHinuil om a unmepnoAAV^uoHHUu napajuemp 
U3 meopeMu \3.10[ e Komopoii 6epeM e = 6. 
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^OKasaTejibCTBO. (i) Hpe/inojiojKHM, hto a > —1/2 a h £ Mu^^. 
B CHjiy TeopeMbi 13.91 (iii) 4)yHKii;HOHaji (h, ■ )q orpanHHen na npo- 
CTpaHCTBe CorjiacHO npe/],nojioJKeHHio, oh pasen nyjiio na 

MHOJKecTBe C°°(b.c.)^, KOTopoe b BUffy TeopeMbi 13.91 (ii) hjiotho b 
3T0M npocTpaHCTBe. SnaHHT yKasaHHbiii 4)yHKLi,HOHaji paBeH Hyjiio 
KaK 3jieMeHT conpajKeHHoro npocTpancTBa {H~°''^^'^y . OTciofla na 
ocHOBaHHH TeopeMbi 13.91 fiii) BbiTeKaeT paBencTBO h = 0. YTBepjK/ie- 
Hiie (i) /lOKasaHO. 

(ii) IlocKOJibKy MHOJKecTBO C°°{h.c.)'^ hjiotho b npocTpancTBe 

i?-<^'l/'^(b.C.) + , TO 

M^,<^ = {h£ H'''^ : {h,w)n = fljia Bcex w G i?"'"' ^/'^(b.c.)+} 
H, cjieflOBaTejibHO, 

H-'''^/^{h.c.)+ ={we H-'''^''^ : {h,w)n = flJia Bcex h E M^^^]. 

Tenepb yTBepjK/ieHHe (ii) HBjiaeTCH cjie/i,CTBHeM TeopeMbi 13.91 (iii) h 
HSBecTHOH TeopeMbi |1161 c. 47] o6 npocTpancTBax, conpajKeHHbix k 
noflnpocTpancTBy h (JjaKTopnpocTpaHCTBy flaHHoro npocTpancTBa. 

(iii) CorjiacHO TeopeMe 13.91 (iv) BepHbi KOMnaKTHbie njioTHbie bjio- 
jKeHHa 

^ F'"''^ ^ H"-' jiio6oro e>0. 

OTCiofla BbiTeKaeT, hto OTo6pajKeHHH 

{u + h : he M„+e} ^ {u + h: h £ M„^^} ^ {u + h : he M^.^}, 

r;i;e u E H"'^^ fl^jin nepBoro OTo6paJKeHHa h n E H"'''^ p^jiii BToporo 
OToGpaaceHHs, onpe;];eji5iioT KOMnaKTHbie njioTHbie BjiojKeHHa, ccjsop- 
MyjiiipoBaHHbie b yTBepjK/ieHHH (iii). 

(iv) HpeflnojiojKHM, hto hhcjio s = —a y;];oBjieTBopaeT ycjioBiiio 
(j3.10ip . PaccMOTpiiM CHanajia cjiynali s > 0. 06paTHMCH k flOKa- 
saTejibCTBy TeopeMbi 13.171 b KOTopoM BMecTO saj^aHU (j3.82p , (j3.83p 
BosbMBM 4)opMajibHo conpajKeHHyio 3a;i;aHy (I3.84p . (13. BSD . Ilpii 3tom 
B /lOKasaTejibCTBe cjiejxyeT saMeHHTb o6o3HaHeHHJi nij, Bj, (b.c.) h 
P Ha m^, Bj~, (b.c.)^ h cooTBeTCTBeHHO. Ho ^OKaaaHHOMy, 

— npoeKTop Ka>K/i,oro npocTpancTBa H'^^'^ na no/inpocTpancTBo 
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H^^^{b.c.)^ . 3flecb e G (0, q), Tj\e g — neKOTopoe /i,ocTaTOHHO Majioe 
nojiojKHTejibHoe hhcjio, npn^eM s^e > 0. IlycTb n"*" — onepaTop, co- 

npHJKeHHblH K OTHOCHTejIbHO nOJiyTOpajIHHeHHOH 4)OpME.I ( • , • )q. 

B CHjiy TeopeMbi 13.91 (iii) h yjKe /i,OKa3aHHoro yTBepjK/i,eHHH (ii) na- 
CTOHmeft TeopeMbi mm iiMeeM jiHHeliHbiH orpaHHHeHHbili onepaTop 

n+ : H"^^/ M^±e H"^""- (3.102) 

Oh o6jia/],aeT cjie/];yiomnM cbohctbom: 

u G H"^' n - n+[M] E M^±,. (3.103) 

Sflecb [u] = {u + h : h G — Kjiacc CMejKHOCTH sjieMeHTa u. 

3to BbiTexaeT h3 Toro, hto a^jir jiK)6bix u E H"^'^ h it; E C'^{h.c.)~^ 

(n+M,^)^ = ( [u],P^w)n = ( [u],w)a = {u,w)n, 

T. e. (u — n+ [u\,w)q = 0. Tenepb h3 cbohctb (I3.102p . (I3.103P cjie/;yeT, 
HTo oTo6pajKeHHe 

5iBji5ieTCH npoeKTopoM npocTpancTBa H'^^^ = H^'^{W^) na nofl- 
npocTpancTBO Mo-±e (nocjie/iHee paBencTBO BbiTexaeT h3 ycjioBHH 
o" lb e = — (s =F e) < 0). 3to no3BOJi5ieT na ocHOBaHHH TeopeM 11.61 
(HHTepnojiJmHH 4)aKTopnpocTpaHCTB) H 13.101 sanHcaTb cjieflyromHe 
paBeHCTBa npocTpancTB c tohhoctbio flo SKBiiBajieHTHOCTH HopM: 

[ifp(R")/M,_, , if^+^(M")/M,+,]^ = 
[i/p(M"), /?-+^(M")]^/([Fp(]R"), F^+^(M-)]^n Af._,) = 
i/^'^(M") /( //^'^(R") n M,_, ) = 

3/;ecb t/; — HHTepnojiHii;HOHHbiH napaMeTp h3 TeopeMbi l3.10| r^e 6epeM 
e = 5. TeM caMbiM yTBepjK/i,eHHe (iv) ;i,oKa3aHo b cjiynae s = —a > 0. 
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npoTHBonojiojKHbiii cjiynait a > TpHBHajien b CHjiy yjKe flpKa- 
saHHoro yTBepjKfleHHS (i). B caMOM flejie, nojioJKHB g := 1/2, mbi 
MOJKeM sanHcaTb ^jih npoHSBOjiBHoro e £ (0, 1/2) na ocHOBaHHH Teo- 
peM 13.91 (i) H 13.101 cjie/iyromee: 

Sflecb, KaK H npejK/ie, paBencTBa npocTpancTB BbinojinaroTCH c toh- 
HOCTbio flo SKBHBajieHTHOCTH HopM. YTBep^KfleHHe (iv) flOKasaHO. 
TeopeMa 13.181 /lOKasana. 

KaK OTMeHajiocb Bbime, mbi OTOJK/iecTBjiHeM b CMbicjie Teope- 
Mbi 13.181 (ii) 4)aKTopnpocTpaHCTBO H^''^ / M^^^p h conpaxceHHoe npo- 
CTpaHCTBO (if"*^' ^/"^(b.c. )"*")'. HpH 3TOM fljiH KaJKfloro pacnpe/iejie- 
HHa u £ H'^''^ ero Kjiacc CMejKHOCTH [u] = {u + h : h G M„^^} 

OTOJKfleCTBJiaeTCH C aHTHJIHHeHHbIM OrpaHHHeHHbIM 4)yHKI^HOHajIOM 

(n, ■)q Ha npocTpancTBe H^'^'^^'^{h.c.)^ . CooTBeTCTByK)n],He HopMbi 
Kjiacca cMejKHocTH H 4)yHKi];HOHajia paBHbi npn s ^ n sKBHBajieHT- 

Hbl npH S = 0. JijlSl KpaTKOCTH 3TO OTOJKfleCTBJieHHe npOCTpaHCTB Mbl 

sanHCbiBaeM (necKOjibKO ycjioBHo) KaK iix paBencTBo: 

H^^^/M^^^ = (F-'^'i/^(b.c.)+)' (3.104) 
fljiH jiio6bix a £ M R ip £ Ai. 

3.4.3. ^OKasaTejibCTBO TeopeM 

o roMeoMopcJjHSMax h HexepoBOCTH 

^OKajKeM TeopeMbi 13.151 h 13.161 ccJiopMyjiHpoBaHHbie b n. 13.4.11 
/J^OKasaTejibCTBO TeopeMbi I3.15L B cjiynae ip = 1 (npocTpan- 
CTBa Co6ojieBa) 3Ta Teopeivia flOKasana b MOHorpa4)HH 51. A. Poht- 
6epra |2181 c. 168] (xeopeMa 5.5.2). CjiyHali npoHSBOJibHoro (p £ Ai 
Mbi BbiBe^eM H3 3Toro pesyjibTaTa c noMombro HHTepnojiHii,HH c 4)yHK- 
Li,HOHajibHbiM napaMBTpoM. 

B CHjiy ycjiOBHH (|3.89p HMeeM 

s nij + 1/2, 2q — s + 1/2 Bcex j = 1, . . . ,q. (3.105) 
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Cjie^OBaTejibHO, corjiacHO TeopeMaM l3.17l (i) h I3.18I (iv) (b nocjie/iHeit 
6epeM (T = s — 2q) cymecTByeT flocTaTOHHO Majioe hhcjio e > TaKoe, 

HTO 

[H'-'{h.c.), H'+%h.c.) ]^ = H''^{h.c.), (3.106) 

H'-^i'^P / Ms-2q,^. (3.107) 

Sflecb s =F e / j + 1/2 ^jia KajK^oro j = 0, 1, . . . , 2(7 — 1, a V — 
HHTepnojismHOHHbiH napaMBTp. Tenept. comjieMCH na TeopeMy 5.5.2 
MOHorpacJ^HH 51. A. PoHT6epra |2181 c. 168], corjiacHO KOTopoii jih- 
HCHHoe OTo6pajKeHHe u i— )• Ln, vj^e u E C°°(b.c.), npo^ojuKaeTCH no 
HenpepbiBHOCTH orpanHHenHbix onepaTopoB 

H COOTBeTCTByiOIII,HX rOMeOMOpcJjHSMOB 

L : PiH'^'ih.c.) ) P+(i7^T^-2«)/M,^,_2,. 

ripHMeHHB K HHM HHTepnojiHi^HRD c napaMBTpoM ip, nojiyHHM orpaHH- 
HeHHbiH onepaTop 

L:[H'-%h.c.),H'^+'{h.c.)]^^ 

[H^-'~^y Ms-s-2g , H'^'~^y Ms+e-2,h (3-108) 
H rOMeOMOp4)H3M 

L : [P{H'-yh.c.)), P{H'+%h.c.))U o 
[P+^H-'-s-2gy Ms-e-2, , P+{H'+'-^y/ Ms+e^2,U. (3.109) 

(Ilapbi npocTpancTB, HanHcaHHbie b (j3.1Q9p . flonycTHMbie, hto bbitb- 
KaeT H3 TeopeMbi II. 6j cm. HHJKe.) B CHjiy HHTepnojiaLi,HOHHi>ix 4)op- 
Myji (j3.106p H p.l07p (a TaKJKe paBencTBa p.l04p ) onepaTop (|3.108p 
CTanoBHTCH orpaHHHeHHbiM onepaTopoM (I3.90p h3 cJaopMyjinpoBKii pfl- 
KasbiBaeMOH TeopeMbi. OcTaeTCH noKasaTb, hto (|3.109p ecTb roMeo- 
Mop4)H3M (|3.9ip . 
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^OKajKeM CHanajia, hto o6jiacTb onpe/iejieHHH roMeoMopcjjHS- 
Ma ()3.109p coBnaflaeT c noflnpocTpancTBOM P(i?^''^(b.c.)). Corjiac- 
Ho jieMMe 13.21 OTo6pajKeHHe P HBjiaeTCH npoeKTopoM npocTpancTBa 
H^^^{h.c.) Ha no^npocTpaHCTBO 

PiH'^^h.c.)) = {ue H'^^h.c.) : {u,w)n = AJia Bcex w G N}. 

3to nosBOjiaeT na ocHOBaHHH TeopeMbi 11.61 (HHTepnojiHii,HH noflnpo- 
cTpaHCTB) H 4)opMyjibi (|3.106p sanHcaTb cjie;]yK)n],He paBencTBa npo- 

CTpaHCTB C TOHHOCTbK) flO 3KBHBajieHTHOCTH HOpM: 

[H^-'ih.c), H^+%h.c.)]^ n PiH'-^h.c.)) = 
/7"'^(b.c.) n P{H'-'{h.c.)) = P{H''^{h.c.)). 

HiaK, 

[P{H'-%h.c.)), P{H'+%h.c.))U = P(F^''^(b.c.)). (3.110) 

HoKajKeM /lajiee, hto o6jiacTb sHaHeHHit roMeoMopcJjHSMa (j3.109p 
paBHa P^{H'^~'^'^'''^)/Ms-2q,ip- CorjiacHO jieMMe [3^2] oxoGpaaceHHe P^ 
HBJiHeTca npoeKTopoM npocTpancTBa iJ*Te-2i? no/inpocTpaHCTBO 

p+^^,Te-2q^ = {/ e : if,w)n = AJiH Bcex w G N+}. 

PaccMOTpHM jiHHeHHoe oTo6pajKeHHe 

[f] = {f + h: he Ms^e-2q} ^ 

[P^f] = {P^f + h: he M,^,_2j. (3.111) 

r^e / G }{^T£~2q^ QjjQ onpe^ejieHO KoppeKTHO. ^eficTBHTejibHO, 
nocKOjibKy Mszpe_2g C P~^{H^^^~'^'^), TO P~^h = h ^jih Kamppro 

h G Ms^e-2q- Cjie/];OBaTejIbHO, KJiaCC CMeJKHOCTH [P^ f] He SaBHCHT 

OT Bbi6opa npeflCTaBHTejiH / Kjiacca CMejKHOCTH [/]. Hs CKaaaHHoro 
Bbime o6 oTo6pajKeHHH P"*" BbiTexaeT, hto oTo6pa>KeHHe (I3.11ip HBjia- 
eTca npoeKTopoM npocTpancTBa H'^^'^~'^'i /Mszfs-2q Ha no^npocTpaH- 
CTBo P^ {H'^^^~'^'^) / Mszp£-2q- 3to nosBOJiseT Ha ocHOBaHHH TeopeMbi 
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11.61 (HHTepnojiaii;HH no^npocTpaHCTB) h 4)opMyjibi (|3.107p sanHcaTb 
cjie^yiomHe paeeHCTBa npocTpancTB c tohhoctbio j^o SKBHsajieHTHO- 

CTH HOpM B HHX: 

(P+(if^-^-2^)/AW2,) = 

(//^-2'?'7M,„2,,^) n (P+(F^-^-2'?)/iVW2g) = 
n P+(i7^-^-2^))/M,_2g,^ = 

P+(^^-'^''^)/M,_2,,^. 

HiaK, 

P+{H'~^'l'^)/Ms-2g,^. (3.112) 

Tenepb h3 HHTepnojiHii,HOHHbix (|)opMyji (|3.110p h (|3.112p cjie^yeT, 
HTO OToSpajKeHHe (|3.1U9p ocymecTBjiaeT roMeoMop4)H3M (|3.9ip . 
TeopeMa 13.151 ^OKasana. 

/JjoKasaTejibCTBO TeopeMti 13.161 HanoMHHM, hto npocTpan- 
CTBa N H KOHeHHOMepHbi. HoKaJKeM cnanajia, hto A'^ — aflpo one- 
paTopa (j3.90p . HocKOjibKy N C C°°(b.c.), o6pa30M sjieivieHTa u ^ N 

npH OTo6paJKeHHH p.90P HBJiaeTCH KJiaCC CMeJKHOCTH 

{Lu + h: he Ms-2q,^} = {0 + h : h£ M,_2g,<p}, 

T. e. HyjieBoii sjieivieHT 4)aKTopnpocTpaHCTBa H^~'^'^'^ /Ms-2q,ip- Bep- 
Ho H o6paTHoe: ecjiH sjieMeHT u G H^''^ yflOBjieTBopaeT ycjiOBHio 
Lu = 0, TO HanHcaB b CHjiy jieiviMbi 13.21 pasjiojKeHHe u = uq + Pu, 
rfle Mo £ -^j nojiyHHM, no yjKe /lOKaaannoMy, paBencTBO 

= Lu = Luo + LPu = LPu. 



OTciofla B cHjiy roMeoMop4)H3Ma (j3.9ip BbiTeKaeT, hto Pu = 0, t. e. 
u = Uq G N. HTaK, A'' — KOHeHHOMepHoe a^po onepaTopa (I3.90p . 



200 



Fji. O UojiyoflHopo^Hbie ajijinnTHHecKHe Kpaesbie 3a/i,aHH 



H3 roMeoMop4)H3Ma (|3.9ip TaKJKe cjiejjjeT, hto o6jiacTb ana- 
HeHHii onepaTopa (|3.90p coBna^aeT c 4)aKTopnpocTpaHCTBOM 
P"'"(iJ*~^^''^)/Ms_2g,<^, T. e. c (|3.92p h no3TOMy saMKHyTa b npo- 
CTpaHCTBe H^~'^'^'^ /Ms-2q,ip- Tenepb KopasMepHOCTb o6jiacTH 
SHaHeHHH paBHa pasMepnocTH 4)aKTopnpocTpaHCTBa 

( H'-^'^' 7Ms-2,, ^)/(.P^ {H'-^'^' n/Ms-2q, ^ ) = 

Ilocjie/iHaH B CHjiy jieiviMbi 13.21 coBna^aeT c H n03T0My KO- 

HeHHa. TaKHM o6pa30M, onepaTop ()3.90p neTepoB h HMeeT HHfleKC, 
paBHbiit dim — dim . 

OcTaeTca ycTanoBHTb anpHopnyio oii;eHKy (j3.93p . BosbMeM npo- 
HSBOJibHoe pacnpeflejieHHe u £ H'^''^{h.c.) h hhcjio e > 0. CorjiacHO 
jieMMe [312] cnpaBejiJiHBO u — Pu G N. Ho N — KoneHHOMepHoe nofl- 
npocTpancTBO b npocTpancTBax H'^''^ h H'^~'^; cjie^oBaTejibHO, HopMbi 

B HHX 3KBHBajieHTHbI Ha A^. B HaCTHOCTH, 

\\u — Pu\\h^'V < ci \\u — Pu\\hs-6 

C HeKOTOpOH nOCTOHHHOH Cl > 0, He 3aBHCHH;eH OT U. OTCIO/ia HOJiy- 

HaeM 

||n||//s,<p < \\u — PuWh^'-p + < 
Cl \\u — Pu\\h=-s + ||-P^i||Hs.¥' < 

Cl ||M||j|/s-e + Cl + ||Pm||//s,.p < 

Cl + (ciC2 + 1) ||Pn||Hs,v=. 

Sflecb C2 — HopMa onepaTopa BjioJKeHHS H^'^ ^ H'^~^ (cm. Teopeiviy 
[33](iv)). HTaK, 

II^^IIj/".'^ < Cl ||u||j|^s-e + (ciC2 + 1) (3.113) 

IlycTb Tenepb Lu = [f] . HocKOJibKy, ho yjKe /lOKasaHHOMy, A'^ — aflpo 
OHepaTopa (j3.90p n u — Pu G N, to TaKJKe LPu = [/]. TaKHM 06- 
paaoM, Pu — Hpoo6pa3 Kjiacca CMeJKHOCTH [/] npn roMeoMop4)H3Me 
(j3.9ip . Cjie/];oBaTejibHo, 

||Pu||h=.v= < Co \\f\\Hs-2q,v, 
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rfle Co — HopMa onepaTopa, oSpaTHoro k (j3.9ip . OTCiofla h h3 nepa- 
BeHCTBa (I3.113P neiviefljieHHO BbiTeKaeT anpHopnaa oii,eHKa (I3.93p . 
TeopeMa 13.161 flOKasana. 

3.4.4. JloKajibHoe noBMineHHH rjia^KOCTH 
pemeHHa BnjiOTb flo rpaHHu,bi 

06o3HaHHM Hepes H^°° oGte^HHeHHe Bcex npocTpancTB H'^''^, Tj\e 

S G M H (/3 G A^. HOJIOJKHM 

M_oo := {h G H'°° : {h,w)ii = flJiH Bcex u; G C(b.c.)+}. 

OnepaTopbi (|3.90p npn s G M h (/9 G A^, onpe/i,ejiaK)T jiHHeiiHoe oto6- 
pajKeHHe 

H H30MOp4)H3M 

L : P{H-°^) ^ P+(i?-°°)/M_oo (3.114) 

Safla/iHMCH cjie/];yioiii;HM BonpocoM. riycTb pacnpe;],ejieHHe u G 
H~°° yflOBjieTBopaeT ypasaesmo 

Lu = {f + h:h£M_oo}, (3.115) 

npHHeM / HMeeT sa^aHHyK) rjia^KOCTb b yTOHHeHHOH niKajie npo- 
CTpaHCTB Ha HeKOTopoM OTKpbiTOM B $7 MHOJKecTBe U. Hto Tor/];a 
MOJKHO CKasaTb o rjiaflKOCTH pemeHHH h na stom MHOJKecTBe? /],afliiM 
OTBeT Ha 3TOT Bonpoc. 

IlycTb U — OTKpbiToe MHOJKecTBO B npocTpancTBe M", npHHeM 
:= QnU ^ 0. IlojiojKHM Tq := rnf7 (B03M0JKeH cjiynaii Tq = 0). 
BBefleM cjie/iyiomHe npocTpancTBa yTOHHeHHoft rjiaflKOCTH na Qq. 
HycTb s G M H G A^. 05o3HaHHM 

Kf'\^o) ■■= 

{u G H-°° : xu G H'''^ fljiH Bcex x G C°°(f7), suppx C Uq}. 

OtMBTHM SflidCb, HTO OnepaTOp yMHOJKeHHH Ha 4)yHKH,HIO X £ C°°(0) 

orpaHHHeH b npocTpancTBe H'^'^ . B co6ojieBCKOM cjiynae = 1 3to 
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xopomo HssecTHO (cm., nanpHMep, |218l c. 57], n. 1.12), a fljiH npoHS- 
BOjibHoro if G M cjieffyeT h3 HHTepnojiHi^HOHHoli xeopeivibi 13.101 
^ajiee, BBUjxy TeopeMbi 13.171 (ii) nojioJKHM 

fl^jia Bcex j = 1, . . . ,q TaKHX, hto s > rrij + 1/2}. 
3flecE. npe/inojiaraeTca, hto s ^ nij + 1/2 fljiH Bcex j = 1, . . . ,q. 

TeopeMa 3.19. Uycnib u G H^°° neAnemcH pemenueM ypae- 
HCHun (|3.115p . e KomopoM f G H^^^^''''^'^^\Qq) Oah Henomopozo 
s G M, ydoeAemeopHTomego (|3.89p . n neKomopozo if £ A4. Tozda 

TeopeMa l3.19l — 3to yTBepjK/];eHHe o jioKajibHOM noBbimeHHii yTOH- 
HeHHoit rjiaflKOCTH pemeHHa u KpaeBoii saj^aHU ()3.82p . (j3.83p brjiotb 
pp rpanimbi o6jiacTH 0. Otmbthm, hto b cjiynae 0, G U, t. e. Kor;],a 

= ^ H To = r, ,/[OKajibHbie" npocTpancTBa coBna/i;aioT c „rjio- 
6ajibHbiMH": 

Kf'\no) = H'^'^ H H^^^{no,h.c.,To) = H'^^h.c.). 

IloBTOMy TeopeMa 13. 191 cojep:?KHT b ce6e TaKJKe yTBepjK^eHHe o rjio- 
6ajibHOM noBbimeHHH rjia^KOCTH, T.e. bo Bceit saMKHyTofi o6jiacTH Q. 
HaKOHen;, OTMeTHM eme cjiynaft U C il., t. e. Tq = 0, KOTopbifi npn- 
bo;i;ht k yTBepjK/];eHHio o noBbimeHHH rjia/i,KOCTH BHyTpn o6jiacTH il. 

SaMenaHHe 3.10. B co6ojieBCKOM cjiynae ip = 1 TeopeMa 13.191 
flOKasana K). M. BepesancKHM, C. F. KpeliHOM ii 51. A. PoHT6eproM 
Ha EQl ttH Em c. 221]. 

^OKasaxejiBCTBO xeopeMti 13.191 KaK oTMenajiocb b saMena- 
HHH 13.91 3Ta TeopeMa HSBecTHa b cjiynae (p = 1. OTCio/ia mm BbiBej^eM 
ee flJiH npoHSBOjibHoro 99 G c noMombio TeopeMbi 13.151 o roMeo- 

MOp4)H3Me. 

^jia npoHSBOjibHoro HHCjia e > nojiojKiiM 

Ue:={x gu : dist{x,du) > e}, ne-='^r\Ue, re:=rnUe. 
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Sflecb, KaK o6biHHO, dU — rpaHHii,a MHOJKecTBa U . BbiGepeM TaKyio 

4)yHKIi;HK) Xe £ C°°(r2), HTO SUppXe C f^O, H Xe = 1 Ha J^e. 

npe/],CTaBHM pacnpe/iejieHHe / b BH/ie f = Xef + ~ Xe)f ■ no- 

CKOJiBKy / G /7f-''^''^'(°)(J]o), H suppx. C Oo, TO Xef G 
OTCiofla B CHjiy roMeoMop4)H3Ma (|3.9ip h3 TeopeMbi 13. 15^ cymecTBy- 
eT pacnpe/i,ejieHHe G P{H^''^ (h.c.)) TaKoe, hto 

Lu, = [P+x./]- (3.116) 

^ajiee, nocKOjibKy 1—Xe = na MHOJKecTBe il^, to xi^~Xe)f = 
fljia JI1060H 4)yHKii;HH x £ C°°(J7), y KOTopolt suppx C il^. OTcrofla, 
B HaCTHOCTH, CJie/I,yeT HTO (1 — Xe)/ £ ^foc^ ^'''^''^(^e)- CorjiacHo 
jieMMe 13.21 sannmeM: 

{1-Xs)f = ge + P^{l-Xe)f, 
rfle G 7V+ C C°°(b.c.). SnaHHT, 

KpoMe Toro, b CHjiy (|3.114p cymecTByeT G P{H~°°) TaKoe, hto 

Lz;, = [P+(l-x.)/]. (3.117) 

CjieflOBaTejibHO, corjiacHO TeopeMe 7.3.1 h3 MOHorpacjann 51. A. Poht- 
6epra |218^ c. 221] BbinojiHHeTca BKjiioHeHHe G H^J^^{il,i;,h.c.,Ti;). 
OTCK);i;a b cHjiy (I3.116p . (I3.117P h ycjioBHH Ue G H^''^(h.c.) HMeeM 

paBeHCTBO 

LiUe + Vs) = [P+Xef] + [^^+(1 - Xe)f] = [P^f], 
B KOTOpOM 

Sflecb MM Bocnojib30BajiHCb BjioJKeHHeM H^^^ ^ jj onpe^ejie- 

HHeM npocTpancTBa H^^^iyt^,h.c.,Ti;). 
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Ho Lu = [/], SHaHHT, B CHjiy (|3.114p sepno / = P~^f. CjiepflBa- 

TejIbHO, 

L{u-u,-v,) = [f]-[P+f] = 0, 
r^e Us + Vs € //[^^(rie, b.c, Fg). OTCiofla b CHjiy TeopeMbi 13.151 hmbbm : 

V :=u-Ue-Ve e N C C°°{h.c.). 

TaKHM o6pa30M, 

u = Us + Vs + v £ H^^'^{Qs,'b-C-,Ts). 
HanoMHHM, HTO B flOKasaTejibCTBe hhcjio e > npoHSBOjibHO. 

OneBH^HO, HTO 

e>0 

IlosTOMy u £H^{Qo,h.c.,To). 
TeopeMa 13.191 ^OKasana. 

3.5. HeKOTopbie CBOHCTBa 

npocTpancTB XepMan^epa 

B 3TOM nyHKTe mm HsyHHM HeKOTopbie no;];npocTpaHCTBa npo- 
CTpaHCTBa H'^''^{i}), a TaKJKe j^afl^nM o^ho SKBHBajieHTHoe onncaHHe 
3Toro npocTpancTBa. IIpHBe/ieHHbie s^ecb peayjibTaTbi noHa/i,o6HTCH 
B flajibHelinieM, b nacTHOCTH, b n. 14.51 

3.5.1. IIpocTpaHCTBO Hq'^{Q) h ero CBoiicTBa 

riycTb s G M H € M. 06o3HaHHM nepes saMbiKaniie MHOJKe- 
CTBa C^(0) B npocTpancTBe H'^''^(i^). Mbi paccMaTpHBaeM HQ'^{i}) 
KaK rHjib6epTOBO npocTpancTBO OTHOCHTejibHO CKajiapnoro npoHSBe- 
fleHHH B H^''^{Q). B 3TOM nyHKTe mm nsynuM CBoficTBa npocTpancTBa 
Hq'^{Q), hto npHBe/i,eT nac k pasjiHHHbiM SKBHBajieHTHbiM onncaHH- 
HM npocTpancTBa H^''^(fl) fl^jia Henojiyii;ejibix OTpHii;aTejibHbix nupfiK- 
coB s. 3th BajKHbie pesyjibTaTbi 6yflyT HyjKHbi naM b /i,ajibHeHmeM. 
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Mbi OTjiojKHjiH Hx /],OKa3aTejibCTBO flo HacTOHmero nyHKTa, nocKOJib- 
Ky jiJisi 3Toro HaM nonafloGHTCH o^hh pesyjibTaT n. 13.4.21 

^JIH /c S N nOJIOJKHM 

C^,^{Tl) ■.= {ueC°°iTl) : Di-\ = OHaT, j = l,...,k}. (3.118) 

3flecb H flajiee HaM yflflSuo HcnojibsoBaTb o6o3HaHeHiie D^y := id/dv. 
06o3HaHHM TaKJKe HepeB H^''^{Q) saivibiKaHHe MHOJKecTBa C^(r2) 
B npocTpancTBe H^''^{Q). Mbi paccMaTpHBaeM H^''^{Q) KaK rnjib- 
6epTOBo npocTpancTBo oTHocHTejibHo cKajiapHoro npoH3Be/i;eHHH b 

EcjiH s > 0, TO H^''^{Q) — 3TO npocTpaHCTBo if*''^(b.c.), BBe^eH- 
Hoe B n. I3.4.1I 3/],ecb (b.c.) o5o3HaHaeT o/iHopoflHbie KpaeBbie ycjio- 
BHH ^HpHXjie, 4)HrypHpyiomHe b (jS.llSp . HosTOMy corjiacHO TeopeMe 

EIZKii) 

Hl'^{n) = {uCi H'^'^in) : Dl-^u = na T 

fXJin Bcex j = 1, . . . , A;} npn s > k — 1/2. (3.119) 

B cHjiy TeopeMbi 13.31 (ii) 

Fo'^(r?) = H'''^{n) npH s < 1/2. (3.120) 

EcjiH s > 1/2, TO BKjiioHeHHe /7q''^($7) C H'^''-^{il.) CTporoe. 3to bbi- 
xeKaeT h3 xeopeMbi 13.51 o cjie^ax. 

TeopeMa 3.20. Uycmt s > 1/2, s - 1/2 ^ Z, u ip £ M. Cnpa- 
eedAueu c/iedyioui^ue ymeepMcdenuH. 

(i) Hq'^{Q) coenadaem c npocmpaHcmeoM (I3.119p . sde k := [s + 
1/2]. 

(ii) Hopjuu e npocmpaHcmeax Hq'^{Q) u H^'^iM."') aKeueajienm- 
Hu Ha nAomnoM MHOMcecmee C^{Q), u noamoMy HQ'^{i}) = 
H^'^{W^) c moHHOcmhK) do 9K6ueaAeHmHocmu nopu. 

(iii) npocmpaucmea i?o'^(0) u H-'^^l'f'iQ) esauMHO deoucmeeH- 
Hue (c moHHOcrribK) do 9KeueaAeHmHocmu HopM.) omHocumeAh- 
Ho cKQAnpHozo npou3eedeHUH e L2{^). 
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^OKasaTejiBCTBO. B cjiynae ip = 1 (npocTpancTBa Co6ojieBa) 
3Ta TeopeMa HSBecTHa. Ee /lOKasaTejibCTBO HMeeTCH, nanpHMep, b 
MOHorpa4)HH X. TpH6ejiH |112| c. 396, 412, 414]. A HMeHHo, yTBep- 
yKfl^eane (i) co/];epjKHTCH b TeopeMe 4.7.1 (a), yTBepjK^eHHe (ii) — b 
Teopeivie 4.3.2/1 (c) h yTBepxc^eHHe (iii) — b TeopeMe 4.8.2 (a) 3toh 
MOHorpa4)HH. BbiBe/ieM orcmjia, nocjie/ioBaTejibHO yTBepjKfleniia (i) - 
(iii) fljiH oSmero cjiynaa. 

(i) IlycTb k := [s + 1/2], Tor/ia k - 1/2 < s < k + 1/2. Bbi6epeM 
HHCJio e > TaK, HTo5bI 

k-l/2<s^e<k + l/2. (3.121) 

Hmbbm HenpepbiBHoe h njioTHoe BjiojKeHHe 

KaK yKasbiBajiocb Bbime, sanncaHHoe sj^ecb paBencTBO npocTpancTB 
CoGojieBa sepno, TaK KaK [s + e + 1/2] = k. HosTOMy MHOJKecTBO 
CQ°(r2) njioTHo B H^''^{i}). Cjie/i,oBaTejibHo, HQ'^{n) = H^''^(Q) h 
yTBepjKfleHHe (i) flOKasano. 

(ii) Mbi BbiBefleM yTBepjK/];eHHe (ii) h3 co6ojieBCKoro cjiynaa ip = 1 
c noMombio HHTepnojiaii,HH. IlycTb HHCjia k n e TaKHe xax h b npe;];bi- 
flymeM a63aLi,e. 06o3HaHHM nepea O onepaTop npo^ojiJKeHHa nyjieM 
4)yHKu;HH c o6jiacTH b npocTpancTBO M". OTo6pajKeHHe u i— ?■ Ou, 
rfle u G CQ°(r2), npoflOJiJKaeTCH no nenpepbiBHOCTH pp roMeoMop4)H3- 
mob 

O : H^^^n) o Hff'{W). 

ITpHMeHHM 3flecb HHTepnojiaii;HK) c 4)yHKii;HOHajibHbiM napaMeTpoM ■0 
H3 TeopeMbi 11.141 rjie 6 = e. Bbhaj TeopeMbi 13.71 nojiyHHM ein,e o^aa 

rOMeOMOp4)H3M 

O : [H^~%Q),H^,^%Q)]^ o i?^^(M"). (3.122) 

OnnmeM o6jiacTb onpe/i,ejieHHH onepaTopa (|3.122p . B ciijiy nepa- 
BencTBa (j3.12ip h yTBepjK;],eHHH (i) HMeeM: 
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OTCiofla Ha ocHosaHHH TeopeMbi 13.171 (i) nojiynaeM: 

Sflecb BTopoe paBencTBO npocTpancTB BbinojinaeTCH c tohhoctbio 
jip 3KBHBajieHTHOCTH HopM. C JieflOBaTejibHO , ()3.122p OBHanaeT roMeo- 

MOp4)H3M 

TeM caMbiM flOKaaano yTBepjK/],eHHe (ii). 

yTBep>K;];eHHe (iii) cpasy cjie^jeT hs TeopeMbi 13.81 (iii) h yTBep- 
jK^eHHH (ii). 

TeopeMa 13.201 flOKasana. 

3.5.2. 3KBHBajieHTHoe onncaHHe H'^''^(Q) 

CorjiacHO Teopeivie 13.201 (iii) npocTpancTBO H^''^{i}) j^jisi nenojiy- 
ii;ejibix OTpHu;aTejibHbix HH^eKCOB s mojkho onpe/iejiHTb KaK ^boh- 
CTBeHHoe npocTpancTBO k Hq *'^^'^(il) OTHOCHTejibHO CKajiHpHoro 
npoH3Be;i;eHHH b L2{^). B co6ojieBCKOM cjiynae Taxoe onpe^ejieHHe 
HcnojibsoBajiH >K.-JI. JIhohc h 3. Ma^jKenec |4H 144} 11871 1188| npn 
HayneHHH KpaeBbix saj^an (cm. aaMenaHHe I3.6p . 

OTCiofla cjieflyeT /ipyroe (sKBHBajieHTHoe) onncaHHe npocTpan- 
CTBa H'^''^{il.). HanoMHHM, hto, no onpe;];ejieHHio, 

H''^{n) = {w\n: we H''^{W)}. 

OKasbiBaeTCH, s^ecb mojkho orpaHHHHTbca pacnpe;];ejieHHHMH w, co- 

CpeflOTOHeHHblMH Ha 0. 

TeopeMa 3.21. Ilycmb s < 1/2, s - 1/2 ^ Z, rnp £ M. Tozda 

H''^{Q) = Hfi'^{W')/H^''^{W) = {w\Q: we H^'^{W)}, (3.123) 

||n||j:/s,v(-f2) X inf { ||t(;||j;^s,,p(]jn) : w G H^'^{R"'), w = u e Q}. 

(3.124) 
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^OKasaTejiBCTBO. B cHjiy TeopeMbi 13.201 (iii) HMeeM ^jih neno- 
jiyii;ejibix s < —1/2 paBencTBo 

H'^''^{^) = [Hq ^'^^'^{Q))' C 3KBHBajieHTHOCTbIO HOpM. (3.125) 
^BOHCTBeHHOCTb npOCTpaHCTB Mbl paCCMaTpHBaeM OTHOCHTejIbHO 

CKajiHpHoro npoHSBCfleHHa 3^2(0). Ecjih —1/2 < s < 1/2, to (j3.125p 
TaKJKe BepHO b CHjiy TeopeMbi 13.81 (ii) , (iii) h paBencTBa (|3.120p : 

H''^{n) = (i7-''^/'^(M"))' = {H-''^/'^{Q)y = {HQ''^^^{n)y. 

OnHineM {H~''^^'^{n)y KaK flBOHCTBeHHoe npocTpancTBO k noflnpo- 
CTpaHCTBy Hq '^'^^'^(^7) npocTpancTBa H~^'^^'^{^). BBH^y TeopeMbi 
13.81 (iii) HMeeM: 

Sflecb 

Gs,^ := {w G /7^'^(M") : {w,v)n = ^jih Bcex v e H~''^^'^{n)} = 
{w £ Hfi'^iW) : {w,v)n = fljia Bcex v £ C^in)} = F^''^(M"). 

TaKHM o5pa30M, b ciijiy (I3.125P 

c TOHHOCTbio flo 3KBHBajieHTHbix HopM. OTCio^a HeMe;];jieHHO cjieflyiOT 
4)opMyjibi (131231) H (I3J241) . 
TeopeMa 13.211 flOKasana. 

3.6. npHMGHaHHa H KOMMGHXapHH 

K n. 3.1. HoHHTHe o6iii,eH sjijiiinTHHecKofl KpaeBoit sa^aw BnepBbie 
c4)opMyjiHpoBaHO 51. B. JlonaTHHCKHM [421 I43j h, b ^lacTHbix cjiy^aHx, 
3. 51. llIanHpo |123| . H. ApoHinaftH, A. MnjitrpaM |132| h nesaBHCHMO 
M. niexTep |124| bbbjih BajKHoe ycjiOBHe HopMajitHOCTH CHCTeMbi rpaniiH- 
Hbix BbipajKCHHit, o6ecneHHBaiOLLi,ee cymecTBOBaniie 4)opMajii>HO conpajKCH- 
Hoii KpaeBOH sa^anH b Kjiacce flH4)4)epeHii,HajibHbix onepaTopoB. 
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CHCTeMaTH^^ecKoe HSjiojKeHHe TeopnH oSmHx sjijinnTmecKHx Kpaesbix 
sa^an HMeeTca, nanpuMep, b MOHorpacJjHax K). M. BepesancKoro >K.- 
JI. JlnoHca H 3. MafljKeneca [41], O. H. HanHHa [73], 51. A. PoHT6epra |218| . 
X. TpH6ejiH [112], Jl- XepMaH^epa [I18l[l22], M. lUexTepa [225], b oSsope 
M. C. ArpanoBina [T3T] . 

K n. 3.2. ^JIH OTKpblTblX H SaMKHyTBIX eBKJIHflOBblX 06jiaCTeH THJIb- 

SepTOBbi npocTpancTBa XepMan/iepa BsefleHbi h HayneHbi JI. P. BojieBHHCM 
H B. n. IlaHeaxoM |20| . Hmh HcnojitaoBaHbi CTaH^apTHBie onpeflejieHHH, 
oGbnHO HcnojibsyeMbie b leopHH 4)yHKLi;H0HajibHbix npocTpancTB (cm., na- 
npHMep, MOHorpa4)Hio X. TpH6ejiH |112i c. 384, 395]). 

yTOHHeHHbie niKajibi npocTpancTB fljia esKjiH^OBbix o6jiacTeH Bse^e- 
Hbi aBTopaMH B |49j . B otjihhhs ot JI. P. BojiCBH^a h B. H. IlaHeHxa mbi 
ycTanaBjiHBaeM CBOiiCTBa npocTpancTB XepMan^epa na oGjiacTHx, ncnojib- 
ayH HHTepnojiHi^HOHHbie 4)opMyjibi, CBHSbiBaiomHe 3th npocTpancTBa c co- 
6ojieBCKHMH niKajiaMH. TeopcMbi 3.1 - 3.5 o CBOiicTBax yTOHHCHHOH inKajibi 
B eBKjiHflOBOii oGjiacTH flOKasanbi naMH b |51| (n. 3) b 6ojiee o6iLi;eH CHiy- 
aii,HH yTOHHeHHOii niKajiBi na MHoroo6pa3HH c KpaeM. TeopeMbi 3.6 - 3.8 o 
CBOHCTBax yTOHHeHHOii niKajibi na saMKHyToit eBKjiHflOBOii o6jiacTH ycTa- 
HOBjieHbi B |55) (n. 4). TaM jKe ^OKaaana Teopeivia 3.9, a flOKaaaTejibCTBO 
HHTepnojiHn,HOHHOH TeopeMbi 3.10 panee ne npHBo;;Hjiocb. IIocjieflHHe ^bc 
TeopeMbi onHCbiBaiOT CBOiicTBa ocHameHHH npocTpancTBa ^2(51) npocTpan- 
CTBaMH XepMaHflepa. 

Onpeflejienne rnjibGepTOBa ocnamenHH h CBHsanHbie c hum hohjithh cm. , 
HanpHMep, b MOHorpacJjHsx K). M. BepesancKoro [TTJ c. 47], K). M. Bepe- 
sancKoro, T. O. Yea, 3. F. UlecJjTejiH [121 c. 462]. OcHani,eHne co6ojieBCKHMH 
npocTpancTBaMH BBe^eno ii iisyneHO K). M. BepesancKHM |11[ c. 66; 1121 
c. 475]. 

B CTaTbe r. IIIjieHsaK [1251 c. 55] ^OKaaana HHTepnojiaD;HOHHaH 4)op- 
Myjia, CBH3biBaiomaji coSojiCBCKyio niKajiy c HCKOTopbiMii npocTpancTBaMH 
XepMaHflepa, saflannbiMii na eBKjiHflOBOfi o6jiacTH c rjiaflKoii rpaHHii,eii. IIo- 
cjie/],HHe npiiMeHCHbi F. HIjiensaK k tcophh o5ili,hx sjijiiinTHHCCKHx KpacBbix 
sa^an. 

K n. 3.3. Bee TeopeMbi SToro nyHKTa flOKasanbi aBTopaMH b |54) . Oc- 
HOBHoii peayjibTaT (TCopcMa 3.11) HBjiJieTCH hobbim pfOKe b co6ojieBCKOM 
cjiynae fljiH nojiyLi;ejibix s < 0. JXna ocTajibHbix aHaHCHiiii napaMCTpa s oh 
coflepjKHTCH B TCopcMC >K.-JI. JIiiOHca H 3. MafljKeneca |411 c. 216, 217] o 
paapeniHMOCTH Heo;i,Hopo/i,HOH peryjiapHOii sjijiHHTHHecKofi KpacBoii aa^a^iH 
B flBycTopoHHcii niKajie npocipancTB Co6ojieBa (cm. TaKace hx CTaTbH |187l 
[188]). 
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K n. 3.4. TeopeMa o roMeoMopcJjHSMax, ocymecTBjiHeMbix sjijihuth- 
necKHM onepaTopoM b flBycTopoHneii co6ojieBCKOH niKajie b cjiynae oflHO- 
poflHbix HopMajiBHbix KpaeBbix ycjiOBHii, flOKaaana K). M. BepeaancKHM, 
C. r. KpeflHOM H 51. A. PoHTSeproM b CTaTbe |10( c. 747]. TaM jkc ycTa- 
HOBjiena xeopeMa o jiOKajibHOM noBbimeHHii rjia/i,KOCTH pemeHHH sjijihuth- 
necKoro ypaBHCHHa: bhjioti. pfl rpanimbi o6jiacTH. HesaBHCHMO M. IIIexTep 
|223j ycTanoBHji cooTBeTCTByiomyio anpnopnyio OLi,eHKy peincHHa sjijihuth- 
necKoro ypaBHCKHH. /^OKasaTejiBCTBO sthx pesyjibiaTOB npHBe^eno b moho- 
rpaeJjHHx K). M. BepesancKoro [TT] (rji. Ill, § 6, n. 6, 12) ii 51. A. PoHT6epra 
|218| (n. 5.5, 7.3). Cm. TaK>Ke oSaop M. C. ArpanoBHHa |131l c. 85, 86] h yHe6- 
Hoe noco6He K). M. BepeaancKoro, F. O. Yea, 3. T. lllecJjTejiH [T^l c. 538, 
553] (b nocjieflHCM paccMOTpen cjiynaii, Korfla sjijinnTHnecKoe Bbipa>KeHHe 
HMeeT BTopoii nopHflOK h BemecTBeHHbie K034)4)Hii,HeHTbi) . 

06o6meHne sthx pesyjibTaiOB na cjiynaii KpaesBix ycjiOBHii, ne hbjih- 
lomHxcH HopMajiBHbiMH, HOjiyHeHO K). B. KocTapnyKOM H 51. A. PoHT6ep- 
roM |321 c. 274], a na cjiynaii ajijinnTHHecKHx CHCTeM — H. 51. PoHT6epr h 
51. A. PoHTSeproM [2201 c. 298]; cm. TaK>Ke MOHorpacjDHio 51. A. PoiiTSepra 
Em (n. 1.3.7). 

B CBSSH c n. 3.4.2 OTMeTHM, hto HHTepnojiai];HH c hhcjiobbimh napaMeT- 
paMH npocTpancTB Co6ojieBa, yflOBjieTBopsiomnx oflHopo/;Hi>iM KpaeBbiM 
ycjiOBHSM, HCCjieflOBana 11. PpHsapoM |162| . P. Chjih [229], H. JleeJacTpcMOM 
|190j (pesyjiBTaTH nepsBix flsyx aBTopoB HSJiojKeHbi TaxsKC b MOHorpaeJjiiH 
X. TpH6ejiH [ni c. 400]). 

Bee TeopeMbi n 3.4 flOKaaanbi naMH b [55], 3a HeKjiiOHeHHeM noejieflneii 
TeopeMbi 3.19, KOTopaa aHOHeHpoBana bmbctc e TeopeMaMH 3.15 h 3.16 b 

m- 

K n. 3.5. ^OKasaHHbie Sflecb pesyjibTaTbi flaroi flpyrne aKBHBajiSHT- 
Hbie onpe^ejieHHa npocTpaneTB XepManflepa H'^'f{n) b eBKjiHflOBOfi o6jia- 
eTH fljiH Henojiyn,ejibix s < 0. B co6ojieBCKOM ejiynae sth onpeflejieniiH vlc- 
nojibsOBajiH >K.-J1. JIhohc h 3. Ma^jKenee [4T 1 l44 l[1871ll88| npn HsynenHH 
KpaeBbix sa^an. TeopeMbi SToro nynKTa panee ne ny6jiHK0BajiHCb. 
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HeoflHopoflHbie 
3jijiHnTHHecKHe 
KpaeBbie sa^anH 

4.1. 3jiJiHnTHHecKHe KpaeBbie sa^aHH 
B niKajie hoshthbhijIX npocTpancTB 

B 3T0M naparpacjje mm nsynuM Heo/];Hopo/i,Hbie sjijinnTHHecKHe 
KpaeBbie sa^aHH b niKajiax nosHTHBHbix npocTpancTB XepMan^epa. 
^jia 3THX npocTpancTB hhcjioboh HH^eKC, 3aflaioii],HH ocHOBHyro rjia/i;- 
KOCTb, nojioJKHTejieH. B n. l4.1.1l H l4.1.2 1 paccMaTpHBaeTca peryjiapnaa 
3jijiHnTHHecKaa KpaeBaa sa/iana, a b ocTajibHbix nyHKTax — flpyrne 
BaacHbie Kjiaccbi sjijinnTHHecKHX KpaeBbix sa^an. 

4.1.1. TeopeMbi o neTepoBOCTH 

H rOMeOMOpcJjHSMclX 

PaccMOTpHM Heo/i,HopoflHyio peryjiHpnyK) sjijinnTHHecKyio Kpae- 
Byro saflany (13.11) . (13. 2p : 

Lu = f B Q, Bj u = gj Ha r npn j = 1, . . . , q. (4.1) 
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CeajKeM c Heli jiHHeiiHoe OTo6paJKeHHe 



{Lu,Bu) := {Lu,Biu,...,Bgu), uGC°°{n). (4.2) 



HsyHHM CBoiicTBa onepaTopa {L,B), HBjiHioiu,eroca npo/;ojiJKeHHeM 
no HenpepbiBHOCTH SToro OTo6paJKeHHH b cooTBeTCTByiomiix napax 
no3HTHBHbix npocTpaHCTB XepMaH/];epa. HanoMHHM, hto kohchho- 
MepHbie npocTpancTBa N,N'^ C C°°(ri) onpe/i,ejieHbi b n. 3.1. 

TeopeMa 4.1. /I^ah npouseoAbuux SHaueHuu napaMempoe s > 2q 
u ip £ Ai omo6paMceHue (j4.2p npodoACHcaemcH no Henpepuenocmu do 
ozpanuueHHozo auhcuhozo onepamopa 



9mom onepamop nemepoe. Ezo ndpo paeno N , a od/iacm'b SHaueHuu 
cocmoum us ecex ecKmopoe (f,gi,... ,gq) £ 7^3^(^(17, T) maKux, umo 



if, vh + Yl (9j,C^v)r = dAH ecex v £ N+ . (4.4) 
i=i 

HndeKC onepamopa (14. 3p paeen dimA^ — diniA^^ u ne saeucum om 
s, ip. 

^OKasaTejiBCTBO. B coGojieBCKOM cjiynae (/9 = 1 h s > 2g 3Ta 
TeopeMa — KjiaccHHecKHii peayjibTaT o paspeniHMOCTH peryjiapnoii 
3jijiHnTHHecKOH KpaeBOH sa/iaHH |116^ c. 169]. Oh flOKaaan, nanpn- 
Mep, B MOHorpacJ^Hiix K). M. BepesancKoro |11) (rji. 3, §6) h >K.- 
Jl. JlnoHca, 3. Ma^JKeneca |41| (h. 2, n. 5.2). OTCiofla o6ii],hh cjiynafi 
^p £ nojiynaeTCH c noMoiii,bio HHTepnojiHii;HH c 4)yHKLi,HOHajiE.HbiM 
napaMexpoM. 

A HMBHHO, nycTb s > 2g H e := (s — 2q)/2 > 0. OTo6pajKeHHe 
()4.2p npo/];ojiJKaeTca no nenpepbiBnocTH p,o orpannHennbix neTepoBbix 




(4.3) 



T~Ls.if:{^^ r). 
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onepaTopoB 



g 



{L,B) : H'^^n) ^ H'^'-^'i{n) e 0F"T£-m,-i/2(p) 



(4.5) 



Ohh HMeroT o6u\ee si ffpo N, oflHHaKOBbiH hh/^bkc x := dimA'^ — 
dimiV+ H o6jiacTH saaHeanA 



IlpHMeHHM K (|4.5p HHTepnojiHLi,Hio c 4)yHKu;HOHajiE.HbiM napaMeT- 
poM ip H3 TeopeMbi I1.14| rjj^e nojiaraeM e = 5. IlojiyHHM orpanHHen- 
Hbifi onepaTop 



: [H'-'{n),H'+%n)]^ ^ [ns-e{n,r),ns+e{^,r)]^, (4.7) 



npo/];ojiJKaiomHH no nenpepbiBHOCTH OTo6pajKeHiie (14. 2p . 3to b CHjiy 
HHTepnojiHLi;HOHHbix TeopeM [L5\ 12 . 21 h 13 . 21 OBHanaeT. hto OTo6pa>KeHHe 
(14. 2p npoflojiJKaeTCH no nenpepMBHOCTH ^o orpannHeHHoro onepaTO- 
pa (|4.3p , paBnoro (j4.7p . Corjiacno TeopeMe 11.71 nexepoBOCTb onepaTO- 
poB (14. Sp BjieneT neTepoBOCTb onepaTopa (14. 3p . KOTopbiii nacjie/],yeT 
Hx aflpo H nn/ieKC x = dimA^ — dimA^+. KpoMe Toro, o6jiacTb 
ananennn onepaTopa (14. 3p paBna ?^s_^(r2,r) n (L, B){H'^~'^{n)). Ot- 
ciofla, B CHjiy (|4.6p nojiynaeM, hto ona TaKaa k&k b cJ^opMyjinpoBKe 
nacToamen TeopeMbi. 

TeopeMa 14.11 /lOKasana. 

B CHjiy TeopeMbi 14.11 jjih nponsBOJibnoit 4)ynKii;HH u £ H^'^{i}), 
r^e s > 2q n if £ Ai, onpe/iejienbi no saMbiKannio npabbie nacTH 
/ E H'-'^i'V'{n) H gj e iJ«-™.-V2,¥'(r) KpaeBoii sa/iann (jUJ. 

EcjiH = A^^ = {0} (fle4)eKT KpaeBon 3a;i;anH OTcyTCTByeT) , to 
onepaTop (j4.3p HBjiaeTca roMeoMopcjansMOM npocTpancTBa H^''^{0,) 
Ha 'Hs^(^(0,r). 3to cjie^yeT h3 TeopeMbi 14.11 n TeopeMbi Banaxa o6 
o6paTnoM onepaTope. B o6in,eM cjiynae roMeoMopcJ^nsM yflo6no sa^a- 
BaTb c noMombK) cjie/i,yioni;Hx npoeKTopoB. 



{{f,gi,...,gg) €ns^e{^,r) : Bepno diaD}. 



(4.6) 
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HycTb s > 2q 11 if £ Ai. IlpeflCTaBHM npocTpancTBa, b KOTopbix 
fleiicTByeT onepaTop (I4.3p . b Bujj^e npHMbix cyMM (saiviKHyTbix) nofl- 
npocTpancTB: 

H^'^^in) =N + {ue H'''^(n) : {u, w)n = fljia Bcex w £ N}, (4.8) 
TisA^, r) = {{v,0,...,0): vGN+} + (L, B){H'''^{n)). (4.9) 

TaKHe pasjiojKeHHH b npHMbie cyMMbi cymecTByioT. B caMOM p^jie, pa- 
BeHCTBO (|4.8p HBjiHeTca cyjKeHHeM pasjioJKeHHH npocTpancTBa L2{i^) 
B opToroHajibHyio cyMMy no/];npocTpaHCTBa N h ero flonojineHHa. Pa- 
BeHCTBO (|4.9p cjie^yeT h3 TeopeMbi 14.11 corjiacHO KOTopoit noflnpo- 
CTpaHCTBa B ero npaBOH nacTH hmbiot TpHBHajibHoe nepeceneHHe, h 
(KOHeHHaa) pasMepnocTb nepBoro h3 hhx coBna^aeT c KopasMepno- 
CTbK) BToporo. 

06o3HaHHM Hepes P ii Kocbie npoeKTopbi cooTBeTCTBeHHO npo- 
CTpaHCTB H^''^{i}) H T-Ls,ifi{^, r) Ha BTopbie cjiaraeMbie b cyMMax (|4.8p 
H (14. 9p napajijiejibHO nepBbiM cjiaraeMbiM. 3th npoeKTopbi ne saBHCHT 
OT s m ip. 

TeopeMa 4.2. ^yiji npouseoAbuux napaMempoe s > 2q u if £ 
Ai cyMceHue omo6paofceHusi (j4.3p na nodnpocmpaHcmeo P(ff'^''^(J7)) 
neAHemcH zoMeoMop(f)U3MOM 

{L, B) : P{H'^f{Vl)) ^ Q+{ns,^{n, T)). (4.10) 

^OKasaTejiBCTBO. CorjiacHO TeopeMe 14.11 N — nflpo, a 
(5^(^s,(^(ri, r)) — o6jiacTb 3HaHeHHH onepaTopa (|4.3p . CjieflOBaTejib- 
Ho, orpaHHHeHHbiii onepaTop (I4.10p — 6HeKii;HH. SnaniiT, oh roMeo- 
Mop4)H3MOM B cHjiy TcopeMbi BaHaxa o6 o6paTHOM onepaTope. Teo- 
peMa 14.21 /],oKa3aHa. 

Hs TeopeMbi 14.21 BbiTexaeT cjie^yiomaH anpHopnaa ou;eHKa peme- 
HHH 3jijiHnTHHecKoii KpaeBoit sa/^aHU (14. ip . 

TeopeMa 4.3. Uycmb s > 2q u ip £ Ai. UpednoAOMcuM, umo 
(f)yHK'u,UH u G H'^''^(Q) HeAHemcR peiuenueM npaeeou sadauu (14. ip . 
g(9e {f,gi,... ,gq) G '^^^.(^(f^, T). Tozda eunojiHHemcH ot^eHKa 

IkllH^.^Cn) < c(||(/,5i,---,5g)llw,,^(n,r) + lk||L2(Q))> (4.11) 
e Komopou hucao c = c(s, (/?) > ne saeucum om u u (f,gi,...,gg). 
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^OKasaTejiBCTBO. BocnojibsyeMCH paajioJKeHneM (j4.8p h aann- 
ineM 4)yHKii;mo u G H^''^{Q) b bh^c ti = uq + ui, r/],e uq := {1 — P)u £ 
iV H m := Pn G PiH^'^Pin)). B CHjiy TeopeMbigJ 

< ci||(L,5)-ui||^^ _^(Q_r) = 
ci||(L,S)n||^^^^(f^j) = ci\\{f,gi,...,gg)\\-u^^^(^n,r)- 

3flecb ci — HopMa onepaTopa, o6paTHoro k M.lOp . KpoMe Toro, TaK 
KaK KOHeHHOMepHO H 1 — P cyTb opTonpoeKTop Ha B ^2(^^)1 to 

ll'"'o||//=.'/'(n) < co||'Uo||i2(Q) < co||n||i2(!^)- 

3fleCb HHCJIO Co > He SaBHCHT OT U H (/, (71, . . . CjIOJKHB 3TH 

HepaBBHCTBa, HOjiynaeM (|4.1ip . Teopeivia 14.31 joKaaaHa. 

EcjiH = {0}, T. e. KpaeBaH sa/iana (I4.ip HMeex ne 6ojiee o^Horo 
pemeHHa, to cjiaraeMoe ||'u||2,2(n) b npaBoii nacTH anpHopnoH OLi,eHKH 
()4.1ip MOJKHO onycTHTb. 

4.1.2. Fjia^KOCTb pemeHHH BnjiOTb flo rpaHHu,M 

IlpeflnojioJKHM, HTO npabaa nacTb sjijinnTHHecKoft KpaeBoft aa^a- 

HH (14. ip HMeeT Ha OTKpblTOM B MHOJKeCTBe HeKOTOpyiO rjia^KOCTb 

B HOSHTHBHOH yTOHHeHHOH HiKajie. HsyHHM rjia/;KOCTb pemeHHa u na 
3TOM MHOJKecTBe. PaccMOTpHM CHaHajia cjiynait rjio6ajibHOH rjia^KO- 
CTH Ha Bceft saMKHyTOH o5jiacTH Q. 

TeopeMa 4.4. UpednoAOJfcuM, umo (^yuKi^uH u G H'^'^{VL) siejiR- 
emcH pemeHueM Kpaeeoil sadauu (j4.ip . sde 

f e H'-'^'i'^{Q) u gj E //«-™.-i/2,^(r) npu j = 1, . . . , g 

dAfi HeKomopux napaMempoe s > 2q u ip & Ai. Tozda u G H'^''^{Q). 

^OKasaTejiBCTBO. CorjiacHO TeopeMe 14.11 CHpaBefljiHBOH b co- 
6ojieBCKOM cjiynae s = 2q h (/9 = 1, BeKTop F := (f,gi,...,gq) G 
'Hs,ip{^,^) yflOBjieTBopaeT ycjioBHio (14. 4p . Cjie/],OBaTejibHO, b CHjiy 
Tolt JKe TeopeMbi, F G (L, B){H^''^{i})). HosTOMy uapuflj c ycjioBHeM 
{L,B)u = F cnpaBe;],jiHBo paBencTBO {L,B)v = F fljia neKOToporo 
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V £ H^''^(0,). OTCiofla, {L,B){u — v) =0, hto BBupj xeopeMbi 14.11 
BjieneT BKjiioHeHHe 

w:=u-veN C C°°(n) C H^'^Pin). 

TaKHM o6pa30M, u = v + w G H'^''^{il.). TeopeMa 14.41 joKasana. 

PaccMOTpHM Tenepb cjiynaii jioKajibHoii rjiaflKOCTH. IlycTi. U — 
OTKpbiToe MHOJKecTBO B M", HMBiomee HenycToe nepeceneHHe c o6jia- 
CTBRD 0. IIojiojKHM J^o := U PlO hTq := U CiT (BOSMOJKeH cjiynaH 
To = 0). npoHSBOJiBHbix napaMBTpoB a G M n G M BBejieu 
jiOKajibHbiH anajior npocTpancTBa XepMaHflepa b eBKjiHflOBoii o6jia- 
cth: 

<;^(0o,ro) :={uGV'{n) : 
XuGH^'^Pin) /iJiHBcex xGC'°°(^^), supp x C U Tq}. 

HanoMHHM, HTO D'(il) — TonojiorHHecKoe jiHHeiiHoe npocTpancTBO 
Bcex pacnpe/;ejieHHH, 3a/];aHHbix b o5jiacTH 0. HaM noHaflo6HTCH TaK- 
jKe jioKajibHoe npocTpancTBO H^^^{Tq), BBe/],eHHoe panee b n. 12.2.31 
KaK H npejK/ie, b cjiynae ip = 1 HH^eKC if b o6o3HaHeHHH sthx npo- 
CTpaHCTB 5yfleM onycKaTb. 

OtMBTHM BKJIRDHeHHH 

H'^^^n)cH^^{no,To) H H-^^T)cH^^^iTo). (4.12) 

Ohh cjiejjjeT h3 Toro, hto yMHOJKeHHe na cJ^yHKi^Hro h3 Kjiacca 
C°°(r2) (cooTBeTCTBeHHO, H3 (T)) HBJiHeTca orpaHHHeHHbiM one- 
paTopoM B npocTpaHCTBe H'^''^{Q,) (b H"''^{T)). B co5ojieBCKOM cjiy- 
Hae (p = 1 3TOT c|)aKT H3BecTeH |13H c. 13]; OTCiofla cjiynaii npoH3- 
BOjibHoro if G M BbiTeKaeT b CHjiy HHTepnojiHLi,HOHHbix TeopeM 12.21 h 

TeopeMa 4.5. TIpednoAOMCUM, umo (pyHKij,usi u G H'^'^{Q,) nejin- 
emcH pemenueM Kpaeeou sadauu (14. ID sadauu, zde 

/GFf-2''''^(f)o,ro), g^GHl;p-^'^^\T,), j = l,...,q, (4.13) 
dAH HeKomopux napaMempoe s > 2q u ip G M. Tozda pemenue u G 

-^loc (^o,ro). 
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^OKasaTejiBCTBO. B co6ojieBCKOM cjiynae ip = 1 3Ta TeopeMa 
HSBecTHa; cm., nanpHMep, /lOKasaTejibCTBO b [11], rji. Ill, § 4. Cjiejj^o- 
BaTejibHO, TaK KaK 

/ e i/f„;^'^'^(Oo,ro) c <7-^''(i^o,ro), 

TO u G H^^'^{^Iq,Tq), r^e e := min{(s — 2q), 1/2}. BbiBe^HM h3 
nocjieflHero BKjiioHeHHa h ycjioBHa (j4.13p Tpe6yeMoe cbohctbo u G 

HycTb 4)yHKii,HH XiV ^ C°°{0,) TaKHe, hto suppx, suppry C 
r^o U Fq H r/ = 1 B OKpecTHOCTH suppx- HepecTaBHB onepaTop yMHO- 
jKenna na 4)yHKii;Hio x c /];H4)4)epeHLi;HajibHbiMH onepaTopaMH L n Bj, 
T/ie j = I, . . . ,q, MOJKBM sanHcaTb fljia npoHSBOjibHoro v G C°°{ ) 
cjie^yromne paBencTBa: 

L{xv) = Lixrjv) = xL{r}v) +L'{rjv) = xLv + L'{rjv), (4.14) 
Bjixv) = Bj{xvv) = xBj{r]v) + Bj{r]v) = xBjv + Bj{riv). (4.15) 

Sflecb L' — HeKOTopoe jiHHeiiHoe /],H4)4)epeHLi,iiajibHoe BbipajKenne 
Ha ri, Si Bj — HeKOTopoe rpaHHHHoe jiHHeiiHoe fliicJicjaepeHi^Hajib- 
Hoe BbipaJKeHHe na T. Ko34)4)Hu;HeHTbi 3thx BbipaJKeHHH 6ecKOHeHHO 
rjia/iKHe, a nopajj^n y^oBjieTBopaioT ycjioBHHM ordL' < 2q — 1 n 
oidB'j < rrij — 1. CjieflOBaTejibHo |13H c. 16], oTo6pajKeHHH v i— t- L'v 
H f I— )• B'-v, Tp,e V G C°°(r2), npo/iojiJKaioTca no nenpepbiBHOCTH ^o 
orpannnennbix onepaTopoB 

L' : H^{n) i?^"^^+^(0) fljiH jno6oro A G M, (4.16) 
B'j : H^{n) if^-™J+i/2(-p) jiio6oro X > rrij - 1/2. (4.17) 

OTCiofla npn X := 2q BbiTexaeT, hto paBencTBa (I4.14p . (I4.15P npoppji- 
jKaiOTca no nenpepbiBnocTH c Kjiacca 4)ynKn,HH v G C°°{^}) na Kjiacc 
4)yHKn;HH v G H^'^{Q). BosbivieM b 3thx paBencTBax v := u G i^^'^(f2), 
rfle u — peraenne saflann (|4.ip . HojiynnM cooTnonienna 

L{xu) = xf + L'{7]u) B n, (4.18) 
Bj{xu) = X9j + Bj{r]u) na F fljiH jno6oro j = 1, . . . , g. (4.19) 
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TaK KRK rju e H''~'^{Q), to b CHjiy (|4.16p . (|4.17p . r/i,e A := s - e, 
H onpeflejieHHH HHCJia e HMeeivi: 

L'{r]u) £ H'-'-^i+\n) C H'-'^'^^^{n), 

OTCK)fla H H3 ycjioBHH (|4.13p BbiTeKaeT (cm. TaKJKe (|4.12p ). hto cJ^yHK- 
ii,HH xii G H^'^{Q,) HBjiHeTca pemeHHeM sjumnTHHecKoii KpaeBoii aa- 
flaHH (|4.18p , (|4.19p , npaBbie nacTH KOTopoft hmbiot cjieflyromyio rjia/i;- 
koctb: 

IlosTOMy corjiacHO xeopeMe 14.41 sepHO BKjiioHeHHe xu ^ H^''^{i}). Oho 

BBH^y npOHSBOJIbHOCTH 4)yHKLI,HH X ^ ( ) , yflOBJIBTBOpHIOmeH 

ycjioBHK) suppx C $7o U To, osnanaeT, hto u G f/'[*^^(f]o; Tq). 
TeopcMa 14.51 pflKasaua. 

B Teopeivie 14.51 otmbthm cjiynaii Tq = 0, KOTopbift npHBOflHT 
K yTBepjK/ieHHio o noBbimeHHH jioKajibHoft rjiaflKOCTH pemeHHH b 
OKpeCTHOCTSX BHyTpeHHHX TOHeK o6jiacTH 

B KanecTBe npHjioJKeHHH TeopeM 14.41 h 14.51 ycTanoBHM oflHO flo- 
CTaTOHHoe ycjioBHe Toro, hto pemeHHe u sjijinnTHHecKoii KpaeBolt 
sajiaHU ()4.ip HBjiaeTCH KAaccuuecKUM, t. e. npHHa/];jiejKHT Kjiaccy 
C^''(0)nC™'( O ), rp^e m := maxjmi, . . . , niq}. Ecjih u — TaKoe peme- 
HHe, TO JieBbie HaCTH paBenCTB B (14. ip BblHHCJIHIOTCH C HOMOni,bIO Kjiac- 
CHHeCKHX HpOHSBOflHblX, a CaMH paBeHCTBa BblHOJIHHroTCa B KaJKflOit 
TOHKe MHOJKeCTBa JIh6o r COOTBeTCTBeHHO. IIpH 3TOM HX HpaBbie 

HacTH HMeioT cjie;];yioHi;yio rjia^KOCTb: 

/ e C{n) H gj G C7'"-'"j (r) fljiH Ka>Kfloro j = 1, . . . , g. (4.20) 

06paTHoe, Boo6n;e roBopa, ne Bepno: hs ycjioBHH (|4.20p He cjie^yeT, 
HTO penieHHe u HSjiaeTCH KjiaccHHecKHM |231 c. 73]. C noMOHi;bio npo- 
CTpancTB yTOHHeHHOH niKajibi mm TaK ycHjiHM 3to ycjioBHe, hto oho 
CTaneT ;i;ocTaTOHHbiM KjiaccHHHocTH pemeHna u. 
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TeopeMa 4.6. UpednoAoofcuM, umo (fiyHKii^un u G H'^'^{Q) Pi 
^2(j,(/3^j^^ jiQji^g^Q^ pemeHueM sadauu ()4.ip . zde 

f G i^iof ''^(f^, 0) n i7'^-29+"/2></'(f7)^ (4.21) 
G i/™-™.+("-i)/2,¥'(r) eceo; j = l,...,q, (4.22) 

a (fiyHKiiiUOHaAbHuu napaMemp ip £ Ai ydoeAemeopsiem ycjioeum 
(|1.37|) . Tozda pemenue u KAaccuuecKoe, m.e. u G C^''(J7) H C7'"(r2). 

SaMenaHHe 4.1. ycjioBHH (|4.2ip h (j4.22p BjieKyT cbohctbo 
()4.20p . 3to cjie^yeT h3 xeopeM [2 . 8 1 h 13 . 4l OxMeTHM TaKJKe, hto b Teo- 
peMe 14.61 ycjioBHe (|1.37p ne tojibko ^ocTaTOHHoe ^jih KjiaccHHHOCTH 
peineHHH u, ho TaKJKe h Heo5xo/],HMoe na Kjiacce Bcex paccMaTpiiBa- 
eMBix pemeHiiH sjijinnTHHecKoft KpaeBoii saflanii; cm. TaKJKe saMena- 

HHe[rni 

^OKasaTejibCTBO TeopeMti 4.6. BBH/iy ycjioBHj? (I4.2ip HMeeM 
/IJiH s := 2q + n/2 BKjiioHeHHH 

/G<;'«'^(f^,0), 

g,eV'{T) = Hl;p-''^^''{0) npH j = l,...,g. 
OTCiofla Ha ocHOBaHHH xeopeM [4.51 h [3^ HOjivnaeM: 

u G = ^£+"/''^(f^,0) C C2^(J]). 

^OKaJKeM TaKJKe, hto u G C™(i7). Ecjih s := m + n/2 > 2g, 
TO BBH/iy (I4.2ip , (|4.22p BbiHOJiHaeTca ycjioBHe TeopeMbi 14.41 Cjieflo- 
BaTejibHO, B CHjiy xeopeM [4.41 h |3^ 

u G H''^{^) = /?'"+"/2'^(17) C C™(ll). 

Ecjih JKe m + n/2 < 2q, to, ho ycjioBHio, 

u G H'^'i'^iVL) C i7'"+"/2'^(l^) c C™(1^). 

TaKHM o6pa30M, u G C^''(0) n C™(ri). TeopeMa 14.61 /lOKasana. 
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SaMenaHHe 4.2. Ecjih HcnojibsoBaTt xeopeMV 14.61 JiHiub ^jia co- 
GojieBCKoit niKajibi npocTpancTB, to npiifleTCH bmbcto (I4.2ip . (I4.22p 
noTpe6oBaTb, htoGbi ^jih neKOToporo HHCjia e > BbinojinajiHCb 

yCJIOBHH 

g, ^ ^m-m, +(n-l)/2+e(p) J = 1, • • • , q. 

Ohh saBbimaioT ocHOBHyio rjia^KocTb npabbix HacTeli KpaeBoii aa^a- 
HH (|4.ip . HTO orpy6jiHeT pesyjibTaT. 

4.1.3. Heperyjiapnaa sjiJinnTHHecKaa 
KpaeBaa 3a/],aHa 

B 3TOM nyHKTe mm npe/],nojiaraeM, hto KpaeBaa sa^ana (j4.ip hb- 
jiaeTCH 3jijiHnTHHecKOH B o5jiacTH Q, HO HeperyjiapHOH. 3to osHana- 
eT, HTO OHa y/ioBjieTBopaeT n. (i) h (ii) onpe/iejieHHH 13.11 ho ne yflo- 
BjieTBopaeT n. (iii) 3Toro onpeflejieHHa. ^Jia TaKoft aaflann ocTaioTCH 
BepHbiMH (c HeKOTopbiMH HSMeHeHHSMH) Bce pesyjibTaTbi npej^bip^y- 
iii,HX n. 14.1.11 14.1.21 HsMeneKHH KacaroTCH jinnib TeopeM 14.11 14.21 h 
BbisBaHbi TBM, HTO HeperyjiapHaH sjijiHnTHHecKaa KpaeBaa sa^ana He 
HMeeT 4)opMajibHO conpajKeHHoii KpaeBoit saflann b Kjiacce flH4)4)e- 
peHLi,HajibHbix. HpHBefleM anajiorH 3thx TeopeM. 

TeopeMa 4.7. /J^ah npouaeoAbuux napaMempoe s > 2q u cp G M 
omo6paMceHue (j4.2p npodoACHcaemcsi no Henpepuenocmu do ozpanu- 
HCHHOzo nemepoeozo onepamopa ()4.3p . Hdpo amozo onepamopa paeno 
N, a o6Aacmb SHaueHuu cocmoum us ecex eeKmopoe {f,gi,... ,gq) G 
T-Ls^ip{^,T) maKux, nmo 

q 

if,v)Q + '^{gj,Vj)r = Bah ecex {v,vi, . . . ,Vq) £W. (4.23) 
i=i 

3dect> W — HCKomopoe KoneuHOMepHoe npocmpaHcmeo, Aeotcaiqee e 
C°^(r2) X (C°°(r))'? u He saeucRmee om s, ip. HndeKC onepamopa 
()4.3p paeeu dimA^ — dimVF u ne aaeucum om s, ip. 
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B co6ojieBCKOM cjiynae ip = 1 STa TeopeMa HSBecTHa (cm., nanpn- 
Mep, |1221 c. 315, 324] hjih [131^ c. 20, 21]). OTCK)/i;a o6ii],hh cjiynait 

if G Ai BblBOflHTCH C nOMOmbRD HHTepnOJIHII,HH aHajiorHHHO flOKasa- 
TejibCTBy TeopeMbi 14.11 

B CHjiy TeopeMbi 14.71 mojkho sanncaTb ^jih npoHSBOjibHbix s > 2q 
n (f £ M 

ns,^{n, r) = w + (l, B){H''^{n)). 

06o3HaHHM Hepes Q KocoH npoeKTop npocTpaHCTBa '?^5^i^(r^, T) Ha 
no/];npocTpaHCTBO (L, B){H'^''^{Q)) napajijiejibHO W. 3tot npoeKTop 

He SaBHCHT OT s 11 (p. 

TeopeMa 4.8. /Jasi npouseoAbuux napaMempoe s > 2q u ip £ Ai 
cyjfceHue omo6pa9fceHUH (14. 3p na nodnpocmpaHcmeo ne- 

AHemCH Z0Me0M0pcf)U3M0M 

{L,B) : p{H''^{n)) o Q{nsA^,r)). 

TeopeMa 14 . 8 1 Henocpe/icTBeHHO cjie^yeT h3 TeopeMbi l4.7l H TeopeMbi 
Banaxa o6 o5paTHOM onepaTope. 

IIpHMep 4.1. KpaeBaH sa^ana c kocoh npoHSBO/iHoii ^jih ypaB- 
HeHiia JIanjiaca: 

Au = / B n, — = a Ha r. 

OT 

Sflecb r — 6ecKOHeHHO rjia/i;Koe Hojie opTOB, KacaTejibHbix k rpann- 
i^e r. EcjiH dimi7 = 2, to 3Ta sa^ana sjijinnTHHecKaji, ho He pery- 
jiHpnaH. EcjiH dimfi > 3, to ona ne HBjiHeTca h sjijiHHTHHecKOH |131l 
c. 10]. 

IIpHMep 4.2. riycTb ri, . . . , r„_i — jiHHeiiHO nesaBHCHMaa CHCTe- 
Ma 6ecKOHeHHO rjia/],KHX nojieii nenyjieBbix BeKTopoB, KacaTejibHbix k 
rpaHHH,e F. (HanoMHHM, hto n = dimfi.) Cjie^yiomaa Kpaebaa sa^a- 
Ha 3jijiHHTHHecKaH, HO He peryjiapnaH: 

A^~^u = f B i}, — — = Qj Ha r npH ?' = 1, . . . , n — 1. 
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IIpHMep 4.3. riycTb dimri = 2. PaccMOTpHM Kpaesyio aa^any 
A n = / B O, — + — = 5,1, = ^2 Ha r. 

OV OT Oh' OT 

3flecb r — 6ecKOHeHHO rjia/i,Koe nojie opTOB, KacaTejibHbix k rpanii- 
ii,e r. 3Ta 3a/i,aHa sjijinnTHHecKaa, ho ne peryjiapHaa. 

^pyrne npniviepbi sjijinnTHHecKHX, ho neperyjiapHbix KpaeBbix sa- 
^an npHBe^eHbi, nanpHMep, b pa6oTe 51. A. PoHT6epra |84) . 

B saKjiioHeHHe SToro nyHKTa HanoMHHM BaJKHbilt 4)aKT |13H c. 
20]: ecjiH j^jisi KpaeBoii saj^aHU (j4.ip orpaHHHeHHbiit onepaTop (|4.3p 
HeTepoB fljiH HeKOToporo s > 2q npn ycjiOBHH ip = 1, to 3Ta sa^ana 
3jijiHnTHHHa B o5jiacTH n, T. e. y/ioBjieTBopaeT n. (i) h (ii) onpe/iejie- 
HHa 13.11 



4.1.4. 3jiJiHnTHHecKcia KpaeBaa sa^ana 
c napaMeTpoM 

B pa6oTax III. ArMona, Jl. HnpenGepra |128| 1130] h M. C. Arpa- 
HOBHHa, M. H. BninHKa [6] (cm. TaKJKe oGsop |131] . § 4) Bbiflejien nofl- 
Kjiacc 3jijiHnTHHecKHX KpaeBbix saflan — 3jijiHnTHHecKHe KpaeBbie sa- 
flaHH c napaMBTpoM, o5jiaflaioiii,He cjie/],yiomHM BajKHbiM cbohctbom. 
IIpH /locTaTOHHO 6ojibinHX no MO/i,yjiio SHaneHHax KOMnjieKCHoro na- 
paMeTpa onepaTop, cooTBeTCTByromnft sa^^ane, aBjiacTca roMeoMop- 
4)H3MOM B no/],xoflaiii,HX napax coGojibbckhx npocTpancTB, npn^eM 
HopMa onepaTopa flonycKaeT flBycTopoHHroio oii,eHKy c nocTOHHHbi- 
MH, He 3aBHCHm;HMH OT napaMBTpa. B stom nyHKTe 6yp,eT /],OKa3aHO, 
HTO fljiH npocTpancTB yTOHHeHHOH niKajibi cnpaBefljiHB anajior 3Toro 
pe3yjibTaTa. 

HpHBefleM OHpe^ejieHHe sjijinnTHHecKoft KpaeBoit sap^aHU c napa- 
MBTpoM. PaccMOTpHM HeoflHopoflHyio KpaeByio sa^any 



L{\)u = f B f], (4.24) 
Bj{X)u = gj Ha F npn j = l,...,q, (4.25) 



\4.1[ KpaeBbie aa/^a^H b lUKajie nosHTHSHbix npocxpaHCTB 
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aaBHCHmylo ot KOMnjieKCHoro napaMexpa A cjie/i,yioiii,HM o6pa30M: 

L{X) := J2 A^^-'^L^ H Bj{X) := A™^"'^5j>. (4.26) 

r=0 r=0 

3flecb Lr — JiHHeiiHoe /iHcJjcJjepeHi^HajibHoe BbipajKeniie na J7, a i^j^r — 
rpaHHHHoe jiHHeHHoe flHcJ^cJjepeHi^iiajibHoe na F; KoscjacJjHi^HeHTbi 3thx 
BbipajKeHHH — 6ecKOHeHHO rjia/iKHe KOMnjieKCHOSHaHHbie 4)yHKii;HH, 
a nopH/iKH He npeBbimaioT HHCjia r. KaK h npejK^e, 4)HKCHpoBaHHbie 
ii;ejibie HHCJia q h mj yflOBjieTBopHioT ycjioBHHM q > 1 n < mj < 

2q — 1. OtMBTHM, hto L{0) = L2q H -Bj(O) = Bj^rnj- 

ConocTaBHM /];H4)4)epeHii;HajibHbiM BbipajKeHHHM (I4.26P neKOTO- 
pbie o/iHopoflHbie nojiHHOMbi ot (,^, A) G C""^^. Hojiojkhm 

/ (x; A) := ^^""Lf^ npH x G f), ^ G C", A G C. 

r=0 

3flecb Lr'^^(x,^) — rjiaBHbiH chmboji BbipaJKenHS Lj. b cjiynae, Kor^a 
ordL,. = r, jih6o L^\x,£^) = b cjiynae, Kor^a ordL^ < r. Anajio- 
rHHHO /i,Jia KaJK/ioro j = 1, . . . , g nojioJKHM 

(x; A) := ^ A"^^-^i?]°^(x, npn x G T, ^ e C", A G C. 

r=0 

Sflecb i?j'J.''(x,^) — rjiaBHbiit chmboji rpaHiiHHoro fliicJ^cJiepeHi^iiajib- 
Horo BbipaJKeHHH Bj^j. b cjiynae oidBj^j. = r, jih5o Bj^^{x,^) = 
B cjiynae ord Bj^^ < r. Otmcthm, hto L(^)(x;,^,A) h i?j''^(x; ^, A) — 
oflHopoflHbie HOJiHHOMbi OT A) G C""*"^ CTeHCHeH 2q H rrij cootbct- 
ctbchho. 

IlycTb K — 4)HKCHpoBaHHbiii saMKHyTbiii yroji na KOMnjicKCHofi 
njiocKOCTH c BepmiiHoii b nanajie KoopflHHaT (ne iicKjiioHaeTCH cjiy- 
Haii, Korfla K BbipojK/iaeTCH b Jiyn). 

Onpe^ejieHHe 4.1. KpacBaa sa^ana (I4.24p . (I4.25P nasbiBaeTCJi 
sjuiunmuHecKou c napaMempoM b yrjie K, ecjiii BbinojiHHioTCH cjie- 
/i,yioii],He ycjioBHH: 
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(i) ^jiH jiio6bix xeQ, (,£W^iiXeK TaKHx, hto |^| + |A| / 0, 
cnpaee/iJiHBO L^^\x;S^,X) ^ 0. 

(ii) ^JIH JIIo6bIX 4)HKCHpOBaHHbIX TOHKH X G F, BeKTopa ^ G M", Ka- 
caTejibHoro k rpaHHD;e F b tohkb x, h napaMCTpa X £ K TaKHX, 
HTo 1^1 + |A| 7^ 0, MHoroHjieHbi Bj^\x; ^ + ri/(x), A), j = 1, . . . , g, 
nepeMeHHoro r jiHHeftHO nesaBHCHMbi no Mo^yjiro MHoroHjiena 
n^^i(T - r+(x;^; A)). Sflect rj^(x; ^; A), . . . , r+(x; ^; A) — Bce 
T-KopHH nojiHHOMa L^^\x; £,+Ti'(x), A), HMeromne nojiojKHTejib- 
Hyio MHiiMyio HacTb H saniicaHHbie c yneTOM hx KpaTHOCTH. 

SaMenaHHe 4.3. YcjioBHe (ii) onpeiiejieHHg |4. 11 c4)opMVJiHpoBaHo 
KoppeKTHO B TOM CMbicjie, HTO nojiHHOM L^^\x; ^ + Tu{x),X) HMeeT 

pOBHO q T-KOpneH C nOJIOJKHTejIBHOH MHHMOH HaCTBK) H CTOJIBKO JKe 
KOpHefi C OTpHII,aTejIbHOH MHHMOH HaCTbK) (c yHBTOM HX KpaTHOCTH). 

B caMOM flejie, h3 ycjioBHH (i) cjie^yeT, hto fl^Jiii KajK/ioH tohkh x G 
flH4)4)epeHu;HajibHoe BbipajKenne 

2q 

L{x;D,Dt) ■.= Y,Dl''-'Lr{x,D) 

r=0 

HBJiaeTCH 9JIJIHHTHHeCKHM. IIoCKOJIbKy OHO CO/iepjKHT OHCpaTOpbl 

flH4)(J)epeHH,HpoBaHHH HO n + 1 > 3 Bem;ecTBeHHOH HepeMeHHoli 

Xl, . . . ,Xn,t, H3 ero 3JIJIHHTHHHOCTH CJiefljeT HpaBHJIbHaH 3JIJIHHTHH- 
HOCTb |116| C. 166]. n03T0My r-KOpHH HOJIHHOMa L^°\x;( + Tu{x),X) 
HMeioT yxasaHHoe cbohctbo. 

npHBe/],eM HeKOTOpbie npHMepbl SJIJIHHTHHeCKHX C HapaMBTpOM 

KpaeBbix sa^an |131l c. 24]. 

IIpHMep 4.4. HycTb flH4)4)epeHH,HajibHoe BbipajKenne L{X) yflo- 
BjieTBopaeT ycjioBHio (i) onpeflejienHH 14.11 Tor/];a KpaeBaa sa^ana ^h- 

pHXJie /IJIH ypaBHCHHa L(X) = f HBJiaeTCH SJIJIHHTHHeCKOH c HapaMBT- 

poM B yrjie K. Sflecb KpaeBbie ycjioBHH ne saBHCHT ot napaMCTpa A. 
IlpHMep 4.5. KpaeBaa sa^ana 

/S.u + }?u = f B il, — Xu = g Ha T 

ov 
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HBjiaeTCH sjijiHnTHHecKoit c napaMCTpoM b KajK^OM yrjie 

Ke:={XeC: e< |arg A| < vr - e}, 

rfle < e < 7r/2, a KOMnjieKcnaa njiocKocTt paspesana b^ojib oTpn- 
ii,aTejibHOH nojiyocH. 

^ajiee b 3tom nyHKTe npe/inojiaraeTca, hto KpaeBaa sa^ana 
(|4.24|) . (I4.25P sjijiHnTHHecKaa c napaMexpoM b yrjie K. 

HpH A = ycjioBHe (i) onpe/i,ejieHHH 14.11 BjieneT sjijiHnTHHHOCTt. 
Ha O H npaBHjiBHyio sjijiHnTHHHOCTb Ha r flH4)4)epeHu;HajibHoro bbi- 
paJKeHHJi L{Q) (cm. saMeHanne 14. 3p . YcjioBHe (ii) osHanaeT, hto na- 
6op {i?i(0), . . . , i3q(0)} rpaHHHHbix /i,Hc|)4)epeHii,HajibHbix BbipaJKeHHit 
yflOBjieTBopaeT ycjioBHio /lonojiHHTejibHOCTH no OTHomeHHK) k -L(O) 
Ha r. Cjie/ioBaTejibHo, npn A = KpaeBaa aa^ana (I4.24p . (j4.25p hb- 
jiaeTca ajijiHHTHHecKOH (ne o6H3aTejibHO peryjiapHoft) b oGjiacTH Vt. 
HocKOjibKy napaMBTp A BjinaeT tojibko na Mjia/i,mHe Hjienbi flHcJxJ^e- 
peHii;HajibHbix BbipajKeHHii L{X) h Bj{X), STa sa^ana 6y/],eT sjijinnTH- 
HecKOH npn Bcex A G C. CorjiacHO xeopeivie 14.71 oxoGpaaceHHe 

{L{X)u,B{X)u) := {L{X)u, Bi{X)u, . . . , Bg{X)u), u E C°°(J7), 

npo/i,ojiJKaeTCH no nenpepbiBHOCTH ^o orpannHennoro ncTepoBoro 
onepaTopa 

(L(A), 5(A)) : H'^'Pin) ^ UsA^, T) (4.27) 

fljia npoHSBOjibHbix napaivieTpoB s>2q,(/3GA^HAGC. Ero HH/];eKC 
He saBHCHT KaK OT s, (/?, TaK H OT A, HocKojibKy A BjiHHeT TOJibKo na 
MjiaflHiHe Hjienbi |122| c. 324] (TeopeMa 20.1.8). 

HocKOJibKy KpaeBaH 3a/];aHa (|4.24p , (j4.25p sjijiHHTHHecKaa c napa- 
MeTpoM B yrjie onepaTop (I4.27P hmcct cjie/i,yioffl,He sajKHbie cboh- 

CTBa. 

TeopeMa 4.9. CnpaeedAueu CAedyimnue ymeepMcdenuH. 

(i) Cymecmeyem hucao Aq > maKoe, umo dAH KacHcdozo suaue- 
Hun napaMempa X £ K, ydoeAemeopHwm^ezo ycAoeuw \X\ > Aq, 
u npouseoAbHux s > 2q, if £ A4 onepamop (I4.27P neAHemcH 
zoMeoMopcf)U3MOM npocmpaHcmea H^'^{n) na npocmpaHcmeo 

Hs,ip{^, r). 
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(ii) /J^AH npouseoAbHux (fjuKcupoeauHux napaMempoe s > 2q u 
93 G 7W Haudemcn hucao c = c{s, 93) > 1 maKoe, nmo Bah naMC- 
dozo SHaueHun napaMempa X G K, |A| > max{Ao, 1}, u ak)6ou 
(jjyHKti,uu u G H^''^{Q) eunoAHfiemcH deycmopoHHnn ov^eHKa 

\H\H^,f{n) + |A| V(|A|) ||n||i2(f^) ) < 
||L(A)n||^.-2„.(f,) + lA^-^VdAI) ||L(A)n||i,(a) + 

|A|— .-V2^(|A|)||S,(A)n||^,(r))< 

c ( + |A| V(|A|) ). (4.28) 

3decb HUCAO c ne aaeucum om u u X. 

SaMenaHHe 4.4. YTBep^K/ieHHe (ii) TeopeMbi 14.91 nyjKflaeTCH b 
KOMMGHTapHH. HpH (JjHKCHpoBaHHOM A oi^eHKa (|4.28|) sanHcana jj^jisi 

HOpM, 3KBHBajieHTHbIX HOpMaM H || (L(A), i?(A))M||-^^ i^,T)- 

HtoGbi HsGejKaTb rpoMos/iKHX BbipajKeHHH mbi Hanncajiii 3Ty oii;eHKy 
fljiH HerHjib6epTOBbix HopM. Ona cnpaBefljiHBa h fljiH cooTBeTCTByio- 
mHX rHjib6epTOBbix HopM (nopojK^aiomHX CKajiapHbie npoHSBefleHiia 
B if^''^(Q) H T-Ls,ip{^, r)), nocKOjibKy ohh oii;eHHBaioTca nepes Hcnojib- 
soBaHHbie HopMbi c nocToaHHbiMH, He saBHcamHMH OT s, 93 H A. ^o- 
nojiHHTejibHoe ycjioBHe |A| > 1 BbisBano TeM, hto cjpyHKi^HH ip{t) onpe- 
flisjieHa jiHnib npn t > 1. SaMeTHM, hto oi];eHKa (14.28P npe^cTaBjiaeT 
HHTepec jiHnib npn |A| ^ 1. 

B coSojieBCKOM cjiynae ip = 1 r s > 2q TeopeMa 14.91 ;i;oKa3a- 
Ha M. C. ArpaHOBHHeM h M. H. Bhiuhkom [1] (§ 4, 5), [T3T| c. 25]. 
^BycTopoHHSH anpHopHaH oii;eHKa (j4.28p HMeeT pa/; npHjioJKeHHit, b 
HacTHocTH, B TeopHH napa6ojiHHecKHx aaflan |6]. OTMeTHM |6l c. 74], 
HTO npaBaa nacTb oii;eHKH (|4.28p cnpaBefljiHBa a 6e3 npe/i,nojiojKeHH3i 
06 sjijiHnTHHHOCTH c napaMeTpoM 3a/],aHH (I4.24p . (I4.25p . 

^OKajKeM OTflejibHO yTBepjKfleHHH (i) ii (ii) TeopeMbi 14.91 

/J^OKasaTejiBCTBO yTBep:aifleHHH (i) TeopeMti 14.91 Hhcjio 
Ao > 6epeM hs 4)opMyjiHpoBKH sTom TeopeMbi b cjiynae 99 = 1. 
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HycTb X e K,\\\ > Xq, a s > 2q, if e M. IIojiojkhm e := {s — 2q)/2 > 
0. HMeeM roMeoMop4)H3Mbi 

{L{X),B{X)) : H'^'{n)^nsTe{^,T). 

ripHMeHHB 3/],ecb HHTepnojiaLi,Hio c 4)yHKii;HOHajibHE.iM napaMBTpoM ip 
H3 TeopeMbi I1.14| Tj\e e = 6, nojiy^HM b cHjiy HHTepnojiaLi,HOHHbix 
TeopeM 11.51 12.21 h 13.21 roMeoMop4)H3M 

(L(A),S(A)): H^'^^iQ) ^-HsA^^T). 

YTBepyKfleHHe (i) /];oKa3aHo. 

Hpefl TBM KaK /];oKa3biBaTb yTBepjK^eHHe (ii), nojie3HO BBecTH 
HeKOTopbie npocTpancTBa XepMan^epa, HopMbi b KOTopbix 3aBHcaT 
OT /lonojiHHTejibHoro napaivieTpa g. HaM noHa/];o6HTca oflHO HHTepno- 

JIHII,HOHHOe CBOfiCTBO 3THX npOCTpaHCTB. 

riycTb (T>0, (/jEA^h^>> 1. ripe/inojiojKHM, hto G € {R^, Q, F}, 
rfle A; G N. 06o3HaHHM Hepe3 H'^''^{G, g) npocTpancTBo H'^''^{G), na- 
;i;ejieHHoe HopivioH, 3aBHCHmeH ot napaivieTpa g cjieflyiomHM o6pa30M: 

\\u\\H-.^{G,e) ■= ( IMh't.^^g) + e'^''f^{0)\\u\\l^(^G)y^'^- (4-29) 

3Ta HopMa 3KBHBajieHTHa Hopivie b npocTpancTBe H"''-P{G) npn KajK- 
flOM 3HaHeHHH napaMeTpa g. HosTOMy npocTpancTBO H°'''^{G, g) rb- 
jiaeTCH nojiHbiM. Oho rHjib6epTOBO, nocKOJibKy HopMa (|4.29p nopoJK- 
flena cKajiapHbiM npoH3Be;i;eHHeM 

(ui,U2)H-.^(G,e) := {u1,U2)h'-,'^^(G) + ^'^'^'/'^(^)(Wl,U2)L2(^)• 
KaK o6biHHo, B co6ojieBCKOM cjiynae ip = 1 mm onycKaeM nupfiKc if b 
o6o3HaHeHHax. 

B CHjiy TeopeM I1.14| 12.21 h 13.21 npocTpancTBa 

[H^-'{G,g),H''^\G,g% h H^^^^iG^g) 

paBHbl C TOHHOCTblO flO SKBHBajieHTHOCTH HOpM. 0Ka3bIBaeTCH, B 
OII,eHKaX HOpM 3THX npOCTpaHCTB MOJKHO Bbl6paTb nOCTOHHHbie TaK, 

HTo6bi OHH He 3aBHcejiH OT napaMCTpa g. 
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JleMMa 4.1. Ilycmb sadauu cf^yHKH^uji (f E Ai u noAOMCumeAb- 
Hue HucAa a, e, 5, npuueM a — e > 0. Tozda cymecmeyem hucao 
c > 1 maKoe, umo Saa npouseoAtHux napaMempa g > 1 u cpyuKv^uu 
u G H"'^{G) eunoAHHemcH deycmopoHHnn ov,eHKa HopM 

C ^ \\u\\H'^,v(G,g) < \\'"-\\[H''-^{G,q),H'^+^G,q)]^ < C ||n|| j^<T,v(G,e) • (4-30) 

3decb G G {M'^,il,r}, ^ — UHmepnoAHV,uoHHUu napauemp us meo- 
peMU [TTiTt a HUCAO c ue aaeucum KaK om g, maK u om u. 

/J^OKasaTejitCTBO. CnaHajia flOKajKeivi jieiviMv WA\ jjih G = M'^, 
Tf\e A; G N. OTCiofla mbi BbiBe/];HM ee b HyjKHbix naM cjiynaax G = 

HG = r. 

CjiynaH G = M!" . HycTb ^ > 1 h n G //'^''^(M''). BocnojibsoBaB- 
miicb onpeflejieHHeM HopM b npocTpancTBax i/'^''^(]R'^, g) h ff'^''^(M'^), 
sannmeM 

ll^ll//<^.¥'{R'=,g) = 

((0'V((0) + ^^'V(^^))|n(e)l'dO'^^• (4.31) 



Hapji/i,y c (I4.3ip paccMOTpHM ein;e ojxay rHjii>6epTOBy HopMy cJjyHKi^HH 

1/2 

m + Q?" ^''m + Qmo? ■ (4.32) 



HopMbi (|4.3ip H (|4.32p 3KBHBajieHTHbie, npHneivi nocTOHHHbie, c no- 
MombK) KOTopbix oflHa HopMa oi^eHHBaeTca nepes /i,pyryio, saBHcaT 
jiHinb OT o", H, SHaHHT, He saBHCHT OT napaMGTpa g. 3to cjie/iyeT 
H3 jieMMbi W7]\. KOTopaa 5yfleT ycTanoBjiena cpasy nocjie flOKasaTejib- 
cTBa HacToameli jieMMbi. 06o3HaHHM nepes i/'^'^(M'=,^,l) rHjib6ep- 
TOBo npocTpancTBo H^'^^^M.^)^ Ha;];ejieHHoe HopMoft (|4.32p h cooTseT- 

CTByiOmHM CKajIHpHbIM npOH3Be/],eHHeM 
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HMeeM 3KBHBajieHTHOCTb HOpM 

Co"*" ll'"ll_H''^>v(Rfe,g) < ll^ll_H'<^>'^(R'=,e,l) ^ Co ||'"||HCT,v(Rfe,g)- (4.33) 

3/;ecb HHCjio cq = co{a, ip) > 1 ne saBHCHT ot u n g. 

EpoHHTepnojiHpyeM napy [ii'°"~^(M^, g, 1), H'^~^^{R^, g, 1)] c napa- 
MeTpoM ■0 H3 TeopeMbi ll.l4[ nceB/];o/];H4)4)epeHu;HajibHE.iH onepaTop Jg 
c CHMBOjioM ((^) + aBjiHeTCH nopoaf;i;aiomHM /iJia stoh napbi. C 

noMombK) npeo6pa30BaHHH Oypbe 

J- : i^'^-^(R^ 1) L2(M^ m + Qf^^^'^di) 

onepaTop tp{Jg) npHBe^en k bujjj yMHOJKeHHH na 4)yHKii;HK) + 
^^(e+<5)j _ ^^^^ _|_ + apryMBHTa ^ G M'^. CjieflOBaTejibHO, 

ll^ll[_H'<^-^(R*,(?,l),_H'<^+''(R'=,(?,l)]^ ~ IIV'('^e)^ll_H'<T-e(iRfc_g_l) = 

/ ((0 + Qf^"-'^ + ^?)'+') 1^(61' = 

J m + gf"" v'm + q) m)\' = ll^llk.(R^,,l)• 

R*: 

TaKHM o6pa30M, 

ll'"ll[_H'''-E(R'=,e,l),_f/'^+«(R'=,e,l)]^ = ll'"ll_ff'^>»'(R'=,e,l)- (4.34) 
Otmcthm, hto 

Cl ll'"ll[_ff'^-E(Rfe,£,),iy'^+«(Rfc,£,)]^ < 

lhll[H<'-=(R'=,e,i),//<'+'5(R'=,(5,i)]^ ^ 
ci ll^ll[/f<^-E(Rfe,(3),//<'+'5(Rfc,(5)]^) (4.35) 

rfle HHCjio ci > 1 He saBHCHT ot u ii g. B caivioM flejie, TOJKflecTBeHHbili 
onepaTop / saj^aeT roMeoMop4)H3Mbi 

/ : (M^ g) ^ H^~^{R'', g, 1), 

/ : /^'"+^(IR^ g) ^ H^+\r\ g, 1). 
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3flecb HopMbi npHMbix h o6paTHbix onepaTopos orpaHHHeHbi paBHO- 
MepHO no napaMBTpy g. Orcmjia, b CHjiy TeopeMbi 11.81 nojiynaeivi ro- 

MeOMOp4)H3M 

/: [H''-'{R'',q),H-+^{R\0)]^ ^ 
[H--%R\g,l),H"+'iR\Q,l)]^, 

TaKoit, HTO HopMbi npHMoro H o6paTHoro onepaTopa orpaHHHeHbi paB- 
HOMepHO no napaivieTpy g. (SaMCTHM, hto sanncannbie sflecb napbi 
npocTpancTB nopMajibHbie.) 3to osnanaeT flBycTopoHnroro oi^enKy 
HopM (OSll . 

Tenepb ns 4)opMyji (I4.33P - (I4.35P cjie/iyeT Tpe6yeMaH on,enKa 
(j4.30p fljiH G = M*^, Tflfi HHCjio c := cqCi ne saBHCHT ot napaMeT- 
pa g. 

Cjiynan G = Q. Mbi BbiBe^eM ero na npe/ibi^ymero cjiynaa, b 
KOTopoM 6epeM k := n. HycTb ^ > 1. 05o3nanHM nepes Rq^ jmHeftHbiit 
onepaTop cyjKenna pacnpe/i,ejienHH c npocTpancTBa b o6jiacTb Q. 
HMeeM orpannnennbie onepaTopbi 

: F'^''^(M", q) ^ g), (4.36) 

Rn : /7"(IR", g) g), a > 0. (4.37) 

Hx HopMbi, OHeBH/ino, ne npeBocxoflHT nncjia 1. ripHMennM k npo- 
CTpancTBaM, b KOTopbix fleiicTByioT onepaTopbi (|4.37p . r^e q G {cr — 
e,(T + (5}, HnTepnojiaii;Hio c napaMeTpoM tp. B cnjiy TeopeMbi 11.81 3a- 
KjnoHaeM, hto HopMa onepaTopa 

Rn : [H''-'{W',g),H''+'{W',g)]^ ^ [H'^-' {Q, g),H''+' {^l, g)]^, 

orpaKHHena paBHOMepno no napaMeTpy g. (IlocKOJibKy sflecb jieBaa 
napa npocTpancTB nopMajibnaa, to n npabaa napa TOJKe nopMajib- 
naa.) Oicmpfi., BocnojibsoBaBuiHCb nepabencxBOM (I4.30p ^jih cjiynaa 
G = M", p^eji&eyi BbiBO^, nxo HopMa onepaxopa 

R^ : i7-''^(M", g) ^ [^-"^(0, g),H'^+\n, g)]^ (4.38) 

orpaHMHena paBnoMepno no napaMexpy g. 
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HaM noHa/];o6HTCH jiHHeftHbifi orpaHHHeHHbm onepaTop, npaBtiii 
oGpaTHbiH K (I4.38p . B MOHorpacJ^HH |1121 c. 386] fljia KajK^oro / G N 
nocTpoeno jiHHeliHoe OTo6pajKeHHe Ti, npo/iojiJKaromee npoHSBOjib- 
Hoe pacnpeflejieHHe u G H~''{Q) b npocTpancTBO M" h aBjiaiomeecH 
orpaHHHeHHbiM onepaTopoM 

Ti : ^ i?"(M") npH a G M, \a\ < I. (4.39) 

(Mbi 3T0T onepaTop y>Ke HcnojibsoBajiH b n. 3.2.1.) BbiGepeM Li,ejioe 
I > a + 6. ripHMeHHB HHTepnojiaLi;Hio c napaMeTpoM ip k (|4.39p . r^e 
a G {a — £,a + 6}, nojiy^HM b CHjiy xeopeivi fl . 141 h [3^ orpaHHHeHHBiH 
onepaTop 

Ti : H''^'^{n) i/'"'^(M"). (4.40) 

Hs orpaHHHeHHOCTH onepaTopoB (|4.39p h (|4.40p cjie^yeT, hto Hop- 
MBi onepaTopoB 

Ti : H'^in, q) //"(M", q), 0<a<l, (4.41) 
Ti : H''''^{n, g) //'"''^(M", g) (4.42) 

orpaHHHeHbi paBHOMepno no napaMCTpy g. HpHMeHHivi k npocTpan- 
CTBaM, B KOTopbix /];eHCTByioT onepaTopbi (|4.4ip . rflfi a G {a — e, 
a + 5}, HHTepnojiimiiK) c napaMeTpoM ■0. Ha ocHOBannH xeopeMbi 11.81 
H HepaBencTBa (|4.30p cjiynaa G = M"" saKjironaeM, hto HopMa 
onepaTopa 

Ti : [H'^-'in, g),H''+\n, g)]^ ^ ii-'^''^(]R", g) (4.43) 

orpaHHHena paBHOMepno no g. 

OnepaTop R^Ti = I TOJK/];ecTBennbiH. HosTOMy ns paBHOMepnoli 
orpanHHennocTH no napaMeTpy g nopM onepaTopoB (I4.43p . (I4.36P n 
()4.42p . (|4.38p cjiepjeT paBnoMepnaa orpannnennocTb no g nopM one- 
paTopoB BjiojKenna 

/ = RnTi : [H''-'{n, g), H"+\n, g% ^ H''^^{n, g), 
I = RnTi : H^'^^iQ, g) ^ [H^^-^n, g),H''+^{n, g)]^. 

3to cpasy p^aeT /i,BycTopoHHioK) on,enKy (I4.30p G = Q. 
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CjiynaH G = T. Mbi BbiBe^eM ero h3 nepBoro cjiynaH G = M.^, b 
KOTopoM 6epeM k := n — 1. HycTb g > 1. By^eT paccyjK/i,aTb nofloGno 
flOKasaTejibCTBy jieMMbi 12.61 BocnojibsyeMCH jioKajibHbiM onpe/iejie- 

HHeM \27n npOCTpaHCTB H^''^(T), S £ M, ip £ Ai, J^Jlil (JjHKCHpOBaHHblX 

KOHeHHoro aTjiaca h paaGHeHHH effnaiiu^bi Ha T. PaccMOTpHM jiHHeft- 
Hoe OTo6paJKeHHe „pacnpaMjieHHH" MHoroo6pa3Ha F: 

T : {{Xiu) o ai, . . . , (Xr-u) ° "r), u G V'{T). 

Henocpe/icTBeHHO npoBepaeTCH, hto 3to OTo6pajKeHHe sa^aeT h30- 
MeTpHHecKHe onepaTopbi 

T : H'^'^iT, 0) (/7'"'^(M'^-\ Q)y, (4.44) 
T : H'^iT, q) ^ (/7"(M"-\ q)Y , a > 0. (4.45) 

ripHMeHHM K npocTpancTBaM, b KOTopbix /leftcTByeT onepaTopbi 
(I4.45p . r^e a S {cj — e,(T + (5}, HHTepnojiHu;Hio c napaMeTpoM tp. Ha 
ocHOBaHHH TeopeMbi 11.81 3aKjiK)HaeM, hto HopMa onepaTopa 

orpaHHHeHa paBHOMepno no napaMeTpy g. (3anHcaHHbie spiscb napbi 
npocTpancTB, OHeBHflHO, HopMajibHbie.) OTCiofla b CHjiy TeopeMbi 11.51 
H 4)opMyjibi (I4.30p . /lOKaaaHHOH p^jiR G = M""^, ^ejiaeM BbiBO/i;, hto 
HopMa onepaTopa 

T : [H^-^r,g),H^+'{r,g)]^ ^ {H^'^ {R^-\ g)Y (4.46) 

TaKJKe orpaHHHena paBHOMepno no g. 

Hapafly c T paccMOTpnM jinnennoe OToGpajKenne „CKjieHKH" 

r 

K : {wi,...,Wr) ^ ^QjiiVjWj) o aj^), 
i=i 

rfle wij-.-jWr — pacnpe/];ejienHa b M"^-*^. 3/i,ecb 4)ynKn;HH ry^- G 
C°°(M"~^) 4)HnHTHa3 H paBnaa 1 na MnojKecTBe aj (suppxj)) a &j 
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— onepaTop npo^ojiJKeHHa nyjieM na F. B CHjiy (|2.8p HMeeM orpaHH- 
HeHHbie onepaTopbi 

K : ^ -H'"(r), Q G M. 

Henocpe;],CTBeHHO npoBepaeTCH, hto Hopivia KajKfloro h3 onepaTopoB 
^ . (^-.'/'(ijn-i^ g)Y ^ //-.'^(r, f,), (4.47) 
K : ^))'^ ^ //"(r, a > 0, (4.48) 

orpaHHHena paBHOMepno no napaMexpy q. 

IlpHMeHHM K npocTpancTBaM, b KOTopbix /],eHCTByK)T onepaTopti 
(|4.48p . rfle a G {a — e,a + 6}, HHTepnojiimHio c napaivieTpoM ■0. Ha 
ocHOBaHHH xeopeMbi 11.81 saKjiioHaeM . hto HopMa onepaTopa 

K : [{H--'{R^-\ q))\ (F-+^(M"-i, q)Y]^ ^ 

orpaHHHena paBHOMepno no g. OTCiofla b cnjiy TeopeMbi 11.51 h (Jjop- 
Myjibi (|4.30p . /lOKasaHHOH p^jiii G = W^~^, ^ejiaeM bbibo/i,, hto nopMa 
onepaTopa 

K : (F-''^(M"-i, q)Y ^ [F-^(r, q),H-+H^, q)U (4-49) 

TaKJKe orpannnena paBHOMepno no g. 

B CHjiy (|2.7p . nponsBe/ienne iCT = / — TOJK/iecTBeHHbin one- 
paTop. HosTOMy h3 paBHOMepnon orpanHHennocTH no napaMeTpy g 
HopM onepaTopoB (j4.44p , (|4.49p h (j4.46p , (j4.47p cjie/iyeT paBnoMepnaa 
orpanHHennocTb no g nopM onepaTopoB BjiojKennH 

I = KT: H'^^^iT, g) ^ [H''-'{T, g),H''+\T, g)]^, 
I = KT: [H^-'{T, g),H^+'{T, g)]^ ^ H'^'^^iT, g). 

3to cpasy flaeT ^BycToponnioio ou;eHKy (|4.30p flJiH G = T. 
JleMMa 14.11 flOKasana. 

B flOKaaaTejibCTBe jieMMbi 14.11 6biji ncnojibsoBan cjieflyion^nn pe- 
syjibTaT 
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JleMMa 4.2. Uycmb a > 0, ip A4 u ipa{t) := t'^'f{t) npu t > 1. 
Tozda cyvnecmeyem hucao c = c{a, (p) > 1 maKoe, umo 

C^Va(tl + t2) < ^aitl) + ^„{t2) < C^^{tl + ts) (4.50) 

dAR ecex ti,t2 > 1. 

^OKasaTejiBCTBO. TaK KaK (p^j G RO (cm. n. 2.8.1), to 

ipai2t) X ip„{t) npH t > 1. (4.51) 

KpoMe Toro, nocKOjibKy 4)yHKii,Ha hmcct nopH/],OK HSMeHeHHa 
cr > 0, oHa (cjia6o) sKBHBajieHTHa HeKOTopoit BospacTaromeii nojio- 

JKHTejIbHOH (J)yHKLI,HH 1p: 

ipa{t) X ^l){t) npH t > 1. (4.52) 

Tenepb (I4.50p BbiTexaeT h3 (JjopMyji (|4.5ip . (|4.52p h B03pacTaHHa 
4)yHKu;HH V- B caMOM jj^ejie, fljia KajK/i,oro HOMepa j = 1,2 MOJKeM 
sanHcaTb 

iPa{tj) >^ Tp{tj) < lp{tl +t2) >^ ^Paih +t2) npH ti,t2>l. 

IlosTOMy cymecTByeT hhcjio ci > TaKoe, hto 

faih) + <fait2) < Cl^Paih + t2) npH ti,t2>l. (4.53) 

06paTHO, npeflnojioJKHB 6e3 noTepn o6ii],hocth, hto ti < t2) Hivieeivi: 

+ ^2) + ^2) < ^-(2^2) M2t2) 

¥'cr(t2) < V5<7(ii) + '^<7(i2) npH ti,t2>l. 
CjieflOBaTejibHO, cymecTByeT hhcjio C2 > TaKoe, hto 

¥'a(tl +^2) < C2 (93^(^1) + (^a(t2)) npH tl,t2>l. (4.54) 

OopMyjibi (|4.53p H (|4.54p OBHanaioT ^BOHHoe HepaBencTBO (|4.50p . 
JleMMa 14.21 /lOKaaana. 
Hcnojibsya jieMMy I4.H mm MOJKeM ^axb 
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^OKasaTejiBCTBO yTBep:»cfleHHH (ii) TeopeMbi 14.91 IlycTb 
s > 2q, if £ Ai, a napaMexp X £ K TaKoii, hto |A| > max{Ao,l}, 
rfle HHCjio Ao > bshto h3 yTBepjKfleHHH (i) stoh TeopeMbi. Ilojio- 
JKHM e = 6 = {s — 2q)/2 > 0. KaK OTMenajiocb Bbime, b co6ojieBCKOM 
cjiynae ip = 1 TeopeMa 14.91 Bepna. SnaHHT, mbi HMeeM roMeoMop4)H3- 

Mbl 

{L{X),B{X)): H'^%n,\X\)^ (4.55) 

Q 

H'^'-^'^in, |A|) e F^Te-m,-i/2(r^ 1^1) ^. ns^^^n,T, \x\) 

TaKHe, HTO HopMbi npHMoro H o6paTHoro onepaTopoB orpaHHHeHbi 
paBHOMepHO no napaivieTpy A. (3aMeTHM, hto mm nepemjiH b oii,eH- 
Ke (j4.28p K rHjib6epTOBbiM HopMaM.) HycTb ijj — HHTepnojiai^HOHHbiit 
napaMeTp h3 TeopeMbi 11.141 HpHMenHB HHTepnojiHi^Hio c stum na- 
paMeTpoM K npocTpancTBaM, b Koxopbix /leitcxByeT roMeoMop4)H3M 
(|4.55p . nojiyniiM eme o^aa roMeoMop4)H3M 

(L(A),s(A)) : [H''%n,\M),H'^%^AM)h ^ 

[ns-e{n,r,\x\),'Hs+s{^,r,\x\)]^. (4.56) 

Sflecb HopMbi npHMoro h o6paTHoro onepaxopoB orpaHiiHenbi paBHO- 
MepHO no A B cnjiy TeopeMbi 11.81 (SaMexHM, hto b (I4.56p 3anHcanbi 
HopMajibHbie napbi npocxpancxB.) 

^ajiee, corjiacHO xeopeMe 11.51 o5 nnxepnojismiiH opxoronajibHbix 
cyMM npocxpaHCTB MOJKeM 3anHcaxb 

[ns-e{^,r,\x\),ns+e{^,r,\x\)]^ = 

[H'''-^\n,\X\),H'+'-^%Q,\X\)]^® 

q 

j^s-£-m,-l/2(p^ \X\),H'+'-^^-^/\r, |A|)]^ 
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c paBeHCTBOM HopM. OTCK)/],a, B CHjiy jieMMbi 14.11 H (j4.56p cjiepyeT 

rOMeOMOp4)H3M 

(L(A),i3(A)): H'^'^{n,\X\)^ 

F"-2g,^(5^^ I A|) e /^^-™.-i/2,</^(r, |A|) 

TaKOH, HTO HopMbi npjiMoro H o6paTHoro onepaTopoB orpaHHHeHbi 
paBHOMepHO no napaMexpy A. 3to HeMe;];jieHHO ^aex ^BycTopoHHioio 
o^eHKy dl^H]). 

YTBepjK/ieHHe (ii) flOKasano. 

TaKHM o6pa30M, TeopeMa 14.91 joKaaaHa 

CjieflCTBHe 4.1. Uycmb Kpaeean sadaua (j4.24p . (j4.25p sjuiunmu- 
uecKan c napaMempoM na ueKomopoM saMKHymoM Ayue K := {X G 
C : argA = const}. Tozda ozpaHuueHHUu onepamop (j4.27p UMeem 
HyAeeou undeKC npu aio6ux s > 2q, ip £ Ai u X £ C 

^OKasaTejibCTBO. KaK oTMenajiocb Bbime, onepaTop (j4.27p 

nexepoB, n ero nap^eKC ne saBHCHT ot yKaaannbix napaMeTpoB s, (p n 
X. B CHjiy TeopeMbi 14.91 HHjeKC onepaTopa (j4.27p paBen npn |A| ^ 1. 
SnaHHT, OH paBBH fljiH Bcex A G C. CjiencxBHe 14.11 noKasaHo. 

4.1.5. OopMajiBHO CMemaHHaa 

sjiJiHnTHHecKciH KpaeBaa sa^ana 

B 3TOM nyHKTe paccMaTpHBaeTCH sjijinnTHHecKaa KpaeBaa sa^ana 
fljia jiHHeiiHoro /],H4)4)epenn;Hajibnoro ypaBHenna Lu = / b MHoro- 
CBasHoit o6jiacTH fi. B OTjinnne ot npeffbipjuxnx nynKTOB npe/inojia- 
raeTCH, hto nopH^KH rpaHHHHbix BbipajKennit pasjinnnbi na pasHbix 
CBasHbix KOMnoHBHTax rpaHHii;bi T. Hanpniviep, j^jisi ypaBnenna Jla- 
njiaca b KOJibii;e mojkho sa/iaBaTb rpannnnoe ycjioBne JH^npuxjie na 
oflfioA H rpaHHHHoe ycjioBne HenMana na flpyroft KOMnonenTax rpa- 
nHn;bi. PaccMaTpHBaeMaH aa/iana OTHOcnTCH k Kjiaccy CMemannbix sa- 
jigc^ [16 | 121011221^1230] . Onn Hsynenbi cyni,ecTBeHHo Menee nojino, ^eM 
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HecMemaHHbie 3a/i,aHH. 3to CBHsano c tbm, hto npn CBe^eHHii CMe- 
inaHHOH saflaHH k nceBflOflHcJ^cJjepeHi^iiajibHOMy onepaTopy na rpa- 
HHii;e BOSHHKaioT onpe/];ejieHHbie Tpy/iHOCTH (cm., nanpiiMep, |230| ). 
B paccMaTpHBaeMoii naiviH saj^ane ynacTKH rpaHHLi,bi, na KOToptix 
nopH/],OK rpaHHHHoro BbipaJKeHHH pasjiHHen, He npHMbiKaroT flpyr k 
flpyry. TaKyio sap^any mm nasbiBaeM 4)opMajibHO CMemaHHoit. Ee c 

nOMOmbK) JIOKajIbHblX nOCTpoeHHH MOJKHO CBeCTH K SJIJinnTHHeCKOii 

MOflejibHOH sa^ane b nojiynpocTpancTBe |61| . 

B 3TOM nyHKTe npe;];nojiaraeTCH, hto rpaHHLi,a T o6jiacTH cocto- 
HT H3 r > 2 HenycTbix cbhshbix KOMnoneHT Fi, . . . jF^. PaccMOTpHM 
cjjopMajibHO CMemaHHyio KpaeByio sa^any b o6jiacTH 



Bk,jU = gk,j Ha Ffc npn j = l,...,q h k = l,...,r. (4.58) 

3flecb, KaK H HpejK^e, L ~ jiHHeiiHoe /];H(|)4)epeHH,HajibHoe BbipajKenne 
Ha fl HCTHoro HopHflKa 2q, a {B^j : j = 1, . . . ,q} — CHCTeMa rpaHHH- 
Hbix jiHHeHHbix /],H4)4)epeHH,HajibHbix BbipajKeHHH, saflaHHbix Ha kom- 
HOHeHTe Ffc. HpeflnojiaraeTCH, hto Bce nopsij^KH mkj '■= ordi?fej- < 
2q — 1. Ko34)4)Hu;HeHTbi /];H4)4)epeHu;HajibHbix BbipajKeHHfi L h B^j 

HBJI5HOTCH 6eCKOHeHHO rjia/l,KHMH KOMHJieKCHOSHaHHblMH 4)yHKn;HJIMH. 
HOJIOJKHM 



Onpe^ejieHHe 4.2. OopMajibHO CMemaHHaa KpaeBaa sa^^ana 
(I4.57p . (I4.58P HasbiBaeTca ajuiunmuuecKou b MHorocBasHolt o6jiacTH 
fi, ecjiH BbiHOjiHHioTCH cjie/],yion];He ycjiOBHH: 

(i) /],H4)4)epeHu;HajibHoe BbipajKenne L npaBHjibHO sjijiHHTHHecKoe 



Lu = f B 0, 



(4.57) 



A :— (L, . . . , Bi^q, . . . , Br^i, . . . , - 
iVA := {u G C°°{Tl) : Au = 0}. 




Ha Q. 



(ii) ^JiH KajK/ioro k = 1 , . . . , r CHCTeMa rpaHHHHbix BbipaJKeHHH 
: j = 1, . . . , q} yflOBjieTBopaeT ycjiOBHio /i,onojiHHTejibHO- 
CTH no oTHomeHHio K L Ha Ffe. 
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TeopeMa 4.10. UpednoAOMCUM, umo npaeean sadaua (j4.57p . 
()4.58p 9/uiunmuHecKaH e o6jiacmu Vt . Uycmb s > 2q u ip ^ Ai. Tozda 
omo6paMceHue u i— ?■ Ku, ede u £ ( ) , npodoAJtcaemcn no nenpe- 
puenocmu do oepanuHeHHoao nemepoeoao onepamopa 

r q 
k=l j=l 

(4.59) 

^dpo 9mo20 onepamopa coenadaem c N/^, a o6Aacmb SHaneHuu co- 
cmoum U3 ecex eenmopoe 

(/jS'I,!' ■ ■ ■ • • • )5r,l, • • • ,gr,q) G T~i-s,^p 

maKux, umo 

r q 

k=i j=i 

dAH AH)6ou eeKmop-(pyHKii,uu 

{wo,Wi^l, . . . , . . ■,Wr,l, ■ ■ .,Wr,q) G Wa- 

3decb W\ ~ HCKomopoe ne saeucHinee om s u (p KOHeuHOMepHoe nod- 
npocmpancmeo e 

r 

c°°{Ti) X JJ(C7°°(rj))5. 

i=i 

HndeKC onepamopa (|4.59p paeen uucAy diniA^A — dimWA u maKMce 
He saeucum om s, ip. 

B co6ojieBCKOM cjiynae Lp = \ STa Teopeivia HBjiaeTca nacTHbiM 
cjiynaeM TeopeMbi 1 pa6oTbi |61l c. 38]. (TaM orpaHHHeHHOCTb h 
HeTepoBOCTb onepaTopa A 6bijia ycTaHOBjiena b niKajie npocTpancTB 
JlH3opKHHa-TpH6ejia, KOTopaa co^epjKLiT b ce6e co6ojieBCKyio niKa- 
jiy). OTCio/ia o6iii,HH cjiynait G 7W BbiBOflHTCH c noMombio HHTep- 
nojiHu;HH aHajiorHHHO flOKasaxejibCTBy TeopeMbi 14.11 
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4.2. 3jiJiHnTHHecKaa KpaeBaa sa^ana 
B /],BycTopoHHeH niKajie 

B 3TOM nyHKTe mm HsyHHM peryjiapnyio sjijinnTHHecKyio Kpaesyio 
sa^any (|4.ip b /iBycTopoHHeii niKajie npocTpancTB XepMaHflepa. B 
OTjiHHHe OT npeflbi/],yii];ero n. 14. H spiscb hhcjioboh HHfleKc, saflaiomiiit 
ocHOBHyK) rjia;i;KOCTb, npo6eraeT bcio BemecTBeHHyro ocb. 



4.2.1. npeflBapHTejibHMe saMenaHHa 

TeopeMbi o paspeniHMOCTH sjijinnTHHecKHX Kpaesbix sap^an, flo- 
KasaHHbie b n. 14.11 Boo6me roBopa, He BepHbi fljia npoHSBOJibHoro 
BemecTBeHHoro napaMeTpa s, 3a/];aiomero ocHOBHyio rjia^KOCTb pe- 
meHHH 3a/];aHH. 3to o6ycjiOBjieHO tgm, hto OTo6pajKeHiie u u \ T, 
Tflid u G C°° ( ) , He HpoflojiJKaeTCH flo HenpepbiBHoro onepaTopa Bsa- 
THa cjie^a i?r : H^'^{Q) — )• ViV) npn s < 1/2 (cm. saMenanHe 13. Sp . 
Cjie;];oBaTejibHO, onepaTop (|4.3p . cooTBeTCTByiomHii KpaeBoli aa^ane 
(14. ip . He OHpe/iejieH npn s < m + 1/2, r/ie m — MaKCHMyM Hopa/i,- 
KOB rpaHHHHbix BbipaJKeHHH Bj . AnajiornHHO h ^jih flpyrnx KpaeBbix 
3a/],aH paccMOTpeHHbix b h. 14.11 

^jiH Toro, HTo6bi HOjiyHHTb orpaHHHeHHbiH onepaTop (L, B) npn 
jiK)6oM s < 2q, Ha/1,0 BMecTO H'^''^{Q) 6paTb HHoe npocTpancTBO b k&- 
HecTBe o6jiacTH onpe/iejieHHH 3Toro onepaTopa. HsBecTHO flBa npHH- 
u;HHHajibHO pasjiHHHbix cnoco6a nocTpoeHHH TaKoii o6jiacTH onpeflis- 
jieHHH, npefljioJKeHHbie 51. A. PoHT6eproM |8 H I82 | [218] h >K.-JI. JIh- 
OHCOM, E. Ma/iJKeHecoM |41U44l [18711188) b coGojibbckom cjiynae. Ohh 

HpHBOflHT K paSJIHHHbIM THHaM TeopeM O paspeniHMOCTH 9JIJIHnTHHe- 

CKHX KpaeBbix sa^an — o6m;HM h HHflHBH/];yajibHbiM TeopeMaM. B o6- 
n^eft TeopeMe o6jiacTb onpe/],ejieHHH onepaTopa (L, B) ne saBHCHT ot 

K034)4)HH,HeHTOB 3JIJIHHTHHeCKOrO BbipaJKeHHa L a HBJIHeTCH eflHHOii 

fljia Bcex KpaeBbix saj^an o^Horo Hopa^Ka. B HHflHBH/i,yajibHbix Teo- 
peMax OHa saBHCHT ot K034)4)Hn,HeHTOB BbipajKeHHH L (flajKe ot ko- 

34)4)HH,HeHTOB HpH MJia/],inHX npOH3BO/I,HbIx) . 
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SaMeTHM, HTO TeopeMbi o paspeniHMOCTH sjijinnTHnecKHX Kpae- 
Bbix sajiaH, flOKaaaHHbie b n. 14.11 hbjihiotch o6mHMH (flJiH cooTBeT- 
CTByiomiix KjiaccoB saflan). 

B HacTOHiii,eM n. 14.21 mbi peajiHsyeM no/ixo/i, 51. A. PoHT6epra npn- 
MeHHTejiBHO K flBycTopoHHeH yTOHHeHHOH uiKajie npocTpaHCTB Xep- 
MaH/i,epa — MO/];H(J)HLi;HpyeM no PoHT6epry 3Ty niKajiy h nojiyniiM o6- 
myro TeopeMy o paspeniHMOCTH peryjiapHoli sjijinnTHHecKOH KpaeBoit 
sa/iaHH (j4.ip B TaKOH MO/],H4)Hii,HpoBaHHoii niKajie. {J^Jia flpyrnx 3ji- 
jiHnTHHecKHX KpaeBbix sa^an, paccMOTpeHHbix b n. 14. !( 3to necjioJKHO 
cflejiaTb, cjieflya pasBHToli hhjkc TeopHH. Mbi He 6yflfiM na 3tom ocTa- 
HaBjiHBaTbCH.) Iloflxo/]; >K.-JI. JlnoHca h E. Ma/i^Keneca, npiiBOflHii],Hit 
K HHflHBHflyajibHbiM TBopeMaM o paspeniHMOCTH, SyjjfiT paccMOTpen 
flajiee b n HiU Ol 

OTMeTHM, HTO HeoflHopo/i,HaH sjijiHHTHHecKaH KpaeBaa aaflana 

(14. ip He CBO/IHTCH HpH S < m + 1/2 K /IByM HOJiyO/lHOpOflHbIM KpaeBbiM 

sa/ianaM, HsynenHbiM b h. [331 h [331 B caMOM flejie, ecjiH s < —1/2, to 
penieHHH 3thx saj^an HpHHafljiejKax k npocTpancTBaM pacHpeflejieHHH 
pasjiHHHOH HpHpo/i,bi. A HMeHHO, peuieHHii nojiyo/;HopoflHOH sa^aHH 
(j3.36p HpHHafljiejKaT k npocTpancTBy K^'^{Q) C H^''^(i}) h hbjihiot- 
ca pacnpeflejieHHHMH, saflaHHbiMH b OTKpbixoH o6jiacTH fi, a pemeHHa 
nojiyoflHopo/iHOH sa^aHH (|3.82p , (|3.83p npHHafljiejKaT k HpocTpancxBy 
H^''^{h.C.) C H^'^(M"') H HBJIHK)TCH pacHpeflejieHHHMH, COCpeflOTO- 
HeHHbiMH B saMKHyxoH o6jiacxH $7. EcjiH JKe —1/2 < s < m+1/2, 
TO pemeHHa o6eHX HOJiyo/i,HopoflHbix safl^an 5yflyT pacHpeflejieHHHMH 
B o6jiacxH (cm. c]3opMyjiy (I3.32p ). ho onepaxop {L,B) nejibsa Kop- 
peKTHO onpeflejiHTb na npocxpancxBe K^'^{Q) U H^''-^{h.c.), nocKOjib- 
Ky {K^'^{Q) n -ff'*''''(b.c.)) \ N ^ 0. HanpHMep, jieBaa nacxb sxoro 
HepaBencTBa co/];ep>KHT BBupj TeopeMbi 13.111 peineHne u E C°° ( O ) 
KpaeBOH sa^aHH 

Lu = B 0, Biu = 0, . . . , Bq^iu = 0, BqU = h na T. 

Sflecb Mbi CHHTaeM, nxo oid Bq = m, a nenyjieByio 4)yHKii,iiio h S 
C°°(r) Bbi6HpaeM xaK, Hxo6bi (h, C^v)r = ^jia Bcex v G A^"*". 
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4.2.2. MoflHcJ)Hu,HpoBaHHa5i yTOHHeHHaa niKajia 

CnaHajia BBej^eu noHHTHe o6o6n];eHHoro pemeHHa no PoitT6epry 
EH [82 EH c. 80] KpaeBOH sa^aHH KTh . 

B OKpecTHOCTH rpaHHu;bi F sannmeM /],H4)4)epeHLi;Hajii>Hbie Bbipa- 
>KeHHa L 11 Bj B Bnpis 

2q rrij 

L = Y,LkDl H B, = Y, B,,k Dl (4.60) 

fc=0 fc=0 

Sflecb, HanoMHHM, D^^ := i d/dv, a h Bj^k ~ neKOTopbie TanreHi^H- 
ajibHbie (no OTnomennio k rpanHn;e F) flH4)4)epenn,Hajibnbie BbipaJKe- 
nna. nponnTerpnpoBaB no nacTHM, sannmeivi cjie/i,yiomyio (JjopMyjiy 
Fpnna: 

2q 

(Lu, vh = {u, L+vh - i (^'"'^' ^^'^^)r (4-61) 

fc=i 

/IJia npoH3BOJibHbix 4)ynKn;HH u,v £ C°°{0,). 3flecb 

r=k 

rfle — /];H4)(|)epenn,Hajibnoe BbipajKenne, cJ^opMajibHO conpajKen- 
Hoe K Lj.. C noMom;bio npe^ejibnoro nepexo/i,a nojiynaeM, hto d^op- 
Myjia (I4.6ip Bepna fljiH KajKflon 4)ynKn;HH u G H'^'^{Q). 05o3nanHM: 

Uo:=u H Uk := {D^~^u)\T npn k = l,...2q. (4.62) 

B CHjiy (I4.60p . (|4.6ip KpaeBaa sa^ana (14. ip OTnocHTejibnoro nc- 
KOMofi 4)ynKn;HH u £ H'^'^{Q) paBnocnjibna cncTeivie ycjioBnii 

2q _ 

{uo,L'^v)Q-i'Y{uk,L^''^v)r = if,v)n ajih Bcex v£C°°{Tl), 

k=l 

(4.63) 

mj 

'Y Bj^kUk+1 = 9j Ha F npn j = l,...,q. (4.64) 
fc=o 
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SaMeTHM, HTO 3TH yCJIOBHH HMeiOT CMblCJI B CJiyHae npOH3BOJIbHbIX 

pacnpe/i,ejieHHH 

noGP'(M"), suppnoCO, ui, . . . ,U2q e V (T), (4.65) 
/GP'(M"), supp/cn, gi,...,ggeV'{T). 

HosTOMy nojiesHO bbbcth cjie^yiomee onpe/iejieHHe. 

Onpe/i,ejieHHe 4.3. BeKTop u = {uo,ui, . . . ,U2q), yflOBjieTBopa- 
lomnfi ycjioBHio (j4.65p . nasbiBaeivi o6o6ui,eHHUM no Poum6epgy pe- 
luenueM KpaeBofi sa^aHH (|4.1|) . ecjiH BbinojiHHioTCH ycjioBHa (|4.63p . 

(iroi) . 

3BepfiM rHjib6epTOBbi npocTpancTBa, sjieivieHTbi KOTopbix mojkho 
paccMaTpHBaTb KaK o6o6meHHbie no PoHT6epry pemeHHH. 
riycTb rGN, s £ M n if €z Ai. Hojiojkhm 

Er := {k-l/2:k = l,...,r}. 

Onpe^ejieHHe 4.4. B cjiynae s £ M \ JiHHeiiHoe npocTpan- 
CTBO H^''^'^'^\Q) HBjiaeTCH, no onpe^ejienmo, nonojiHenneM jinnenno- 
ro MHoroo5pa3HH C°° ( J7 ) no rnjibGepTOBon nopMe 

||it||jys,v.{r)(Q) := 

/ \ 1/2 

( ll«ll^»,.,(o)(n) + E U^t'^) rr||^._.+v2,.(r) ) • (4-66) 
^ k=i ^ 

B cjiynae s £ Er npocTpancTBO H^''^'^^'\^}) onpe/];ejiaeM nocpe^CTBOM 
HHTepnojian,HH: 

[^r^-='^'W(17), H'+''^''^'-\n)]ti/2 npn < e < 1. (4.67) 

SaMenaHHe 4.5. B (JaopMyjie (|4.67p ncnojibaoBana HHTepnojia- 
u,HH rHjib6epTOBbix npocTpancTB co CTenenHbiM napaMeTpoM ip(t) = 
t^/^. HnjKe Mbi noKajKeM, hto sanncannaH b npaBoft nacTH 3toh 4)op- 
Myjibi napa npocTpancTB /i,onycTHMaH (xeopeMa 14.121 (i). (iv)), n hto 
pesyjibTaT HnTepnojiHn,HH ne saBHCHT ot e c TonnocTbio ^o SKBHBa- 
jieHTnocTH nopM (n. 14.2. 5^ TeopeMa l4.2ip . 
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B co6ojieBCKOM cjiynae 99 = 1 npocTpancTBO H^''^'^^\i}) BBe^eHO 
51. A. PoHT6eproM |81| [82l 12181 c. 69]. KaK o6biHHO, mbi nojiaraeM 

Onpe^ejieHHe 4.5. CeMeiicTBO rnjibGepTOBtix npocTpancTB 

{//"'^'W(rj) : s G R, G X} (4.68) 

HasbiBaeM Modu(f)uv,upoeaHHOu no PoHT6epry yTOHHeHHofi niKajioit. 
Hhcjio r HasbiBaeM nopa/iKOM MO/];H(J)HKaLi;HH. 

C TOHKH speHHH npHjioJKeHHH K KpaeBOH saflane (j4.ip HaM HHTe- 
pecen cjiyHali neTHoro nopaflKa MO/];ii4)HKaii,HH r = 2q. B CHjiy onpe- 
jiejieHHg 14.41 OTo6pajKeHHe u 1— )• {D^~^u) \ F, r/],e u G C°°{Q) 11 
A; G {0, 1, . . . , 2q}, npo^ojiJKaeTCH no nenpepbiBnocTH fl<o orpannnen- 
Horo onepaTopa, /];eHCTByioni;ero h3 npocTpancTBa H'^''^'^'^\n) b npo- 
CTpancTBO i7*~'^+i/2'</'(r) npn jno6oM s G M. Cjie/i,OBaTejibno, fljia 
npoH3BOJibnoro BjieMenTa u G H'^''^'^^'^\^}) KoppeKTno onpe^ejien no 
4)opMyjiaM (|4.62p nocpe/i,CTBOM saMbiKannH bcktop 

2q 

(no,ni, . . . ,U2,) G V2,^(r). (4.59) 

fc=l 

ITosTOMy MOJKno paccMaTpHBaTb sjieMenT u KaK o6o6n;ennoe (no 
PoHT6epry) pemenne (I4.69P KpaeBolt sap^ann (14. ip . 

HsyHHM CBoiicTBa MOflH4)Hn,HpoBaHHOH niKajibi (|4.68p . J^Jia npo- 

H3BOJIbnbIX S G M H (/? G nOJIOJKHM 

r 

fc=i 

KpoMe Toro, o5o3HaHHM 

^s,(p,(r)(f^,r) := {(uo,Ui, ...,Ur)£ n^^^^(r) (1^, T) : 
Mfc = {D^~^uo) \T fl^jiii Bcex = 1, . . . r TaKHX, hto s > k — 1/2}. 

B CHjiy TeopeMbi 13. 5| -ftrs^(p^(r)(r2, F) aaMKnyxo b H,, (r)(r2, F). Mm 
paccMaTpHBaeM ii'^ <^ (^^(O, F) KaK rHjib6epTOBO npocTpancTBO otho- 
CHTejibHo cKajiapnoro npoH3Be/i,eHHH b ,p (^)(f2, F). B co6ojieBCKOM 
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cjiynae ip = 1 Mbi onycKaeM HH/i,eKC (p b o6o3HaHeHHHX npocTpancTB, 

BBOflHMblX B 3TOH TJiaBB. 

TeopeMa 4.11. Uycmb r G s G M\£'r mp ^ J\4. Cnpaeednueu 
CAedyiomue ymeepjfcdeHun. 

(i) JIuneuHoe omo6paMceHue 

Tr-. {u,u\T,...,{Dl-^u)\T), ueC^in), (4.70) 
npodoACHcaemcR no HenpepueHocmu do usoMempuuecKozo U30- 

M0p(f)U3Ma 

Tr : ^ i^,,^,(,)(n,r). (4.71) 

(ii) /],AH npouseoJibHMX noAOOKumeJibHux huceji e, 5 maKux, umo 
HUCAa s, s — £, s + 5 npunadAeoKam odnoMy us UHmepeaAoe 

ao := (-00, 1/2), 
afe := (A;-l/2, A; + l/2), A; = 1, . . . , r - 1, 

ct^ := (r - l/2,+oo), (4.72) 

cnpaeednueo paeeHcmeo npocmpaHcme c SKeueaneHmHocmbm 
HopM e Hux: 

[/7^-^'W(f)), H'+^''^''\n)]^ = H''^''-''\n). (4.73) 
3decb ip — UHmepnoAHii^uoHHUu napaMemp us meopeMu \1.14\ 

/J^OKasaTejiBCTBO. B cjiynae ip = 1 yTBepjK^eHHe (i) ycTanoBjie- 
Ho 51. A. PoHT6eproM |218( c. 71] (jieMMa 2.2.1). Mm BbmefleM OTcro^a 
yTBepjK^eHHe (ii) ^jih npoHSBOjibHoro € 7W, a saTeM h yTBep}K/i,e- 
HHe (i). 

06o3HaHHM Hepes jieByio nacTb paBencTBa (I4.73p . (Sanncan- 
Haa TaM napa npocTpancTB, OHeBUfl^ao, flonycTHMaa.) PaccMOTpHM 
HSOMeTpHHecKHe onepaTopbi 

Tr-. i7'"'('^)(Jl) ^ n^,(^)(0,r), a e {s-e,s + 6}. 
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IIpHMeHHB HHTepnojiau;Hio c napaMexpoM ■0, nojiyHHM orpaHHHeHHbiH 
onepaTop 

B CHjiy HHTepnojiaii;HOHHbix TeopeM II. 5| 12.21 h 13.101 HMeeM paBencTBa 

npOCTpanCTB C 3KBHBajieHTHOCTbIO HopM: 

[ns-e,(r)(^^,r),ns+5^(r)(r2,r)]^ = 
[//--^-^•+i/2(r),/7«+5-fe+i/2(r)]^ = 

k=l 

r 
k=l 

Cjie^OBaTejibHO, orpaHHHeH onepaTop 

: X^^n,,^,(,)(f),r). (4.74) 

OTCiofla nojiynaeM oii,eHKy 

hWH-.-^Min) = ll^r- ^^||n,,^,„(c,r) < ci \\u\\x^ (4.75) 

fljia jiio6oro u G C°° {^)- 3flecb ci — HopMa onepaTopa (I4.74P . 

^OKajKeM HepaBeHCTBo, o5paTHoe k (|4.75p . Ho ycjioBHro, s,s — e, 
s + 5 £ Op flJiH HeKOToporo HOMepa p G {0, 1, . . . ,r}. PaccMOTpHM 
jiHHeHHoe OTo6pa>KeHHe 

Tr,p : {u, {{D^'^u) tr :p + 1 < A: < r}), n G ^^(0). 

(KaK H npejKfle, najj^eKc k ii;ejibiH.) 3to oTo6pajKeHHe npo/iojiJKaeTCfl 
no nenpepbiBHOCTH j^o roMeoMop4)H3Ma 

Tr,p : i/'"'(^)(17) ^ 
i/-.(0)(o) © H^-f'+y^T), ae{s-e,s + 6}. (4.76) 

p+l<A;<r 
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^eflcTBHTejibHO, orpaHHHeHHOCTb onepaTopa (|4.76p cjieflyeT h3 
onpe/iejieHHH npocTpancTBa noKajKeM, HTO 3TOT onepaTop 

GHeKTHBHblH. IlyCTb U £ H 

(no, {uk-. p + l<k<r}) e H^^^^^n) H^-^+^^^F). 

p+l<k<r 

riojiojKHM Uk '■= {D^~^uq) \ r npH 1 < k < p. Pacnpe^ejieHHe Uk 
onpe/iejieHO KoppeKTHO b CHjiy xeopeMbi I3.5|. nocKOjiBKy a > k — 1/2 
fljiH yKaaaHHbix HOMepoB k. SaMeTHM, hto a < k — 1/2 npnp+l < k < 
r. IlosTOMy {uq,Ui, . . . ,Ur) £ -fCg. r). KaK OTMenajiocb Bbiine, 

yTBep>K/],eHHe (i) /lOKasbiBaeMoli TeopeMbi Bepno b cjiynae if = 1. 

IloSTOMy Mbl HMeeM rOMeOMOp4)H3MbI 

Tr : H''''-''\n) ^ if^_(^)(r?,r), ae{s-e,s + 5}. 

OTCiofla, nocKOJibKy 

TrU= (uo,ni, ...,Ur) 44> Tr^pU= {uq, {uk : p + I < k < r} ) , 

BbiTeKaeT, hto orpaHHHeHHbiit onepaTop (I4.76P 6HeKTHBHbiii. Cjieflo- 
BaTejibHo, OH — roMeoMop4)H3M (no Teopeivie Banaxa o6 o6paTHOM 
onepaTope) . 

HpHMeHHM K (|4.76p HHTepnojiaii;Hio c napaMeTpoM ip. B CHjiy Teo- 
peM 11.51 12.21 H 13.101 nojiynaeM roMeoMopcJjHBM 

Tr,p : o H''^''^^\n) e /7«"fc+iA^(r). (4.77) 

p+l<fc<r 

OTCiofla BbiTeKaeT nepaBencTBO, o6paTHoe k (I4.75P : 

\\u\\x^ < 

/ \ 1/2 

C2( ||'u||^,,^,(o)(j^) + ^ \\{D^ ^^t) rr||^^_fc+i/2,<p^p^ j < 

^ p+l<k<r ^ 

C2 II^IIhs,v,M(q) 

fljiH Bcex u G C°° {Ft). Sflecb C2 — HopMa onepaTopa, o6paTHoro k 
(|4.77p . TaKHM o6pa30M, nopMbi b npocTpancTBax 
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BKBHBcUieHTHbi Ha MHOJKecTBe C°°{^}). Oho hjiotho b H'^''^'^^\Q) no 
onpeflejieHHK) h b b CHjiy TeopeMbi 11.11 CjieflOBaTejibHO, = 
C TOHHOCTblO flO 3KBHBajieHTHbIX HOpM. YTBep^KfleHiie (ii) 

;i;oKa3aHo. 

^OKaJKeM yTBepjK^eHHe (i). CorjiacHO onpe/iejieHHK) npocTpan- 
CTBa oTo6pajKeHHe (fTTOll npoflojiJKaeTCH no nenpepbiBHO- 

CTH flfl HSOMeTpHHecKoro onepaTopa 

Tr : //^''^■M(O) ^ n,,^,(,)(J^,r). (4.78) 

Ha ocHOBannn TeopeMbi 13.51 HMeeivi BKjironeHHe 

JlpKayKeM o6paTnoe BKjnoHenne. IlycTb 

{uo,Ui, . . . ,Ur) G Ks,</3,(r)(f^,r). 

B CHjiy (|4.77p n paBencTBa X^ = H'^''-^'^^\^}) mm HMeeM roMeoMop- 

4)H3M 

p+l<fc<r 

IIoBTOMy HaftfleTca TaKoe u € H^''^'^^\n), hto 

Tr^p n = (no, {uk ■■ p + I < k < r}). 

OTCio/ia na ocHOBannn TeopeMbi 13.51 nojiynaeM paBencTBO T^u = 
{uo,ui, . . . , Ur). TeM caMbiM, /lOKasano BKjnoHeHiie 

i^,,^,(,)(f],r)cr,(F^''^'M(j7)). 

TaKHM o6pa30M, 

T,(/7«''^'W(f])) = K,,^,(,)(j7,r), 

HTO BMecxe c HBOMeTpiiHecKHM onepaTopoM (j4.78p BjieneT naoMexpn- 
HecKHH H30Mop4)H3M (I4.7ip . yxBepjK^eHHe (i) flOKaaano. 
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Teopeivia 14.111 /lOKasana. 

yTBepjK/ieHHe (i) TeopeMbi 14.111 flaeT nojiesHoe HSOMeTpHHecKoe 



SaMenaHHe 4.6. Ecjih s E Er, to oTo6pajKeHHe (j4.70p npoppji- 
jKaeTCH no nenpepbiBHOCTH flfl orpaHHHeHHoro onepaTopa (|4.78p . ho 

MOJKHO yTBepjKflaTb JIHUIb TOJIbKO, HTO 



3to cjiefljeT h3 4)opMyjibi (|4.67p . TeopeMbi l4.11l (i) h HHJKecjieflyiomeii 

HHTepnOJIJmHOHHOH JieMMbl. 

JleMMa 4.3. /J^ah npouseojimux ctGM, e>0u(/3GA^ cnpa- 
eedAueu CAedymiu^ue paeeHcmea npocmpaHcme c mouHocmbio do 9k- 
eueajieHuiHocmu HopM e hux: 



^OKasaxejibCTBO. Mm BbieefleM pabencTBO (j4.79p h3 HHTepno- 
jiHi],HOHHbix TeopeM 13.101 H 11.31 CorjiacHO nepsofi h3 hhx 



3flecb HHTepnojiaii,HOHHbie napaivieTpbi ip^ onpe^ejiHioTCH no dpopuy- 
jiaM 



i;^{t):=t^/Mt^/^^'^), V+W :=t'/V(i'/^^'^) npn t>l 



H ip^{t) := 1 npn < t < 1. OTCio/ia b CHjiy TeopeMbi ll.3l o noBTopHon 
HHTepnojian;HH nojiynaeivi: 




(4.79) 
(4.80) 



[//'^-2^'(0)(f)),iJ'^+2^-(0)((7)]^. 



(4.81) 
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3flecb HHTepnojiaii;HOHHbiH napaMCTp ip onpe^ejiaeTca no 4)opMyjiaM 

m--=^-it){Mt)/i^-{t))'^' = t'/'^it'^^^'^) npH t>l 
H i/>(t) = 1 npH <t <1. HoaTOMy na ocHOBaHHH TeopeMbi 13.101 

^_^<7-2e,(0)(j^)^^a+2£,(0)(j^)]^ = //'^'^'W . (4.82) 

Tenepb paBencTBa (|4.8ip . (j4.82p BjieKyT (j4.79p . TaK k&k nojiyneH- 
Hbie B /;oKa3aTejibCTBe paBencTBa npocTpancTB BbinojiHHioTCH c toh- 

HOCTbK) JIO SKBHBajieHTHOCTH HOpM, TO 3TO BepHO H flJIS paBBHCTBa 

(|4.79p . PaseHCTBO (j4.80p HBjiaeTCH nacTHbiM cjiynaeM TeopeMbi 12.41 
JleMMa 14.31 /lOKasana. 

floKaaaHHaa jieMMa npHro;i;HTca HaM h b flajibHeiinieM (b Tex Me- 
CTax, rjie 6yflfiT HcnojibsoBana HHTepnojiimHOHHaH c]3opMyjia (|4.67p ). 

npo;],OJIJKHM HSyneHHe CBOHCTB MO/lHcJjHI^HpOBaHHOH yTOHHeHHOii 

niKajibi. 

TeopeMa 4.12. Tlycmh r G N, s G M u (/?, (/Ji G CnpaeedAueu 
CAedyminue ymeepMcdeHun. 

(i) ruA'b6epmoeo npocmpaHcmeo H^''^'^^\0,) cenapa6eAbHoe. 

(ii) Mnooicecmeo C°°{^) nAomno e npocmpaHcmee 

(iii) EcAU s > r — 1/2, mo HopMU e npocmpancmeax H'^''^'^'^\i}) u 
H^''^{0,) SKeueaAeHmHU na nAomuoM MHOMcecmee C°°{^}), u 
CAedoeameAbHO, amu npocmpaHcmea paenu c mouHocmbm do 
3KeueaAeHm.Hocmu HopM. 

(iv) /Jah npouseoAbHozo uucAa e > eunoAHSiemcji Henpepuenoe 
u nAomnoe eAOMcenue H^^^''^^'^^\il.) ^ H^''^'^^\il.). 9mo bao- 
Mcenue KOMnanmHO. 

(v) EcAU cfiyHKV^un (p/(pi ozpaHuuena e OKpecmHocmu oo, mo eu- 
noAHnemcH Henpepuenoe u nAomnoe eAOCHcenue H^''^^'^'^\Q) ^ 
H^''-^'^'^\ft). Oho KOMnanmno, ecAU ip{t)/ipi{t) — t- nput — >■ oo. 
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SaMenaHHe 4.7. HenpepbiBHoe BjiojKeHHe 
H^''^'^^\i}), (JjHrypnpyromee b TeopeMe 14.121 (iv). (v) npii e > 0, no- 
HHMaeTCH B cjie/],yiomeM CMbicjie |12| c. 504]: 

(i) cymecTByeT hhcjio c > TaKoe, hto 

\\u\\ffs+e,,pi,(r)(^Q'j < c\\u\\jjs,^,(r)^Q^ fljiHBcex u G C°° ( ) ; 

(ii) TOJK^ecTBeHHoe OTo6pa>KeHHe na 4)yHKLi;H5ix u G C°° ( ) npo- 
/i,ojiJKaeTCH no nenpepbiBHOCTH /],o uwaeKmueHozo onepaTopa, 
fleitcTByromero h3 

/],OKa3aTejiBCTBO TeopeMM 14.121 (i) ^Jia napaivieTpa s ^ ce- 
napaGejiBHocTb npocTpancTBa BbiTexaeT hs TeopeMbi 14.111 

(i) H cenapa6ejibHocTH npocTpancTBa (^^(ri, F). Ecjih s G Er, to 
npocTpancTBO H'^''^'^^\i}) cenapa6ejibHO b CHjiy (j4.67p KaK pesyjibTaT 
HHTepnojiimHH cenapa6ejibHbix rHjib6epTOBbix npocTpancTB. 

(ii) yTsepjKfleHHe (ii) b cjiynae s ^ Er co^epjKHTca b onpe^ejieHHH 
npocTpancTBa H'^''-^'^^\Q). Ecjih s G Ej., to b CHjiy (|4.67p h TeopeMbi 
11.11 cnpaBenjiHBO nenpepbiBHoe njioTHoe BjioJKeHHe ii''^+^''^'('")(r2) >^ 
H^''^'^^\^}) fljiH flocxaTOHHo Majioro e > 0. IlocKOJibKy s + e ^ Er, 

MHOJKeCTBO C°° ( O ) njIOTHO B npocTpaHCTBe 

H'+e,V,{r)(^^^_ CjieflOBa- 
TejIbHO, 3T0 MHOJKeCTBO njIOTHO H B npocTpaHCTBe H^''-^'^'^\Q). 

(iii) Ecjih s > r — 1/2 n k G {1, . . . ,r}, to b CHjiy TeopeMbi 13.51 

\\{D^~^u) |'r||j:^s-fc+i/2,v(r) ^ c\\u\\Hs,'P{n) 
fl^jin jHo6oro u E C°°( ), r^e hhcjio c > hc saBHCHT ot u. IIosTOMy 

HOpMbI B HpOCTpaHCTBaX H'''^'^''\n) H (17) = iJ"''^(17) 3KBHBa- 

jrCHTHbl Ha HJIOTHOM JIHHeHHOM MHOrOo6pa3HH ( ^ ) ■ SnaHHT, 3TH 

HpOCTpaHCTBa paBHbl. 

(iv) B CHjiy TeopeM 13.91 (iv) h 12.31 (iii) BbiHOJinaeTCH KOMnaKTHoe 
BjioJKeHHe 

ns+e,<^i,(r)(^^,r) ^ n5^^_(r)(ii,r). 

Oho BjieneT KOMnaKTHoe BjioJKeHHe noflnpocTpancTB 

-f^s+e,</Ji,(r-)(^>r) ^ Ks^^^(^r)i^,'r)- 
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OTCiofla Ha ocHOBaHHH TeopeMbi l4.11l (i) nojiynaeM b cjiynae s,s + e ^ 
Er KOMnaKTHoe BjiojKeHHe npocTpancTBa 

B npOCTpaHCTBO 

EcjiH {s, s+e}r]Er 7^ 0, TO B CHjiy (I4.67P h TeopeMbi 11.11 cnpasenjiMBbi 
HenpepbiBHbie BjioJKeHHH j^jisi flocTaTOHHO Majioro HHCjia Eq > 0: 

3fleCb HHCJIO eo /I,0JIJKH0 y^OBJieTBOpHTb yCJIOBHHM 

< eo < 1, £0 < e/2 H s + e — eo,s + eo ^ Er. 
Ho yjKe flOKasaHHOMy, cpe^nee BjioJKeHHe KOMnaKTHO. CjieflOBaTejib- 

HO, BJIOJKeHHe KpaHHHX npOCTpaHCTB TaKJKe KOMnaKTHO. 9tO BJIOJKe- 

HHe njioTHO B CHjiy yTBepjKfleHHH (ii). 

(v) HpeflnojiojKHM, hto 4)yHKii,HH (p/(pi orpaKHHena b OKpecTHO- 
CTH oo. Tor^a b CHjiy yTBepjKflenHa (iv) TeopeM [2.31 13.31 h 13.81 HMeeM 
HenpepbiBHoe BjiojKenHe 

OTcrofla Ha ocHOBaHHH TeopeMbi 14.111 (i) nojiynaeM Tpe6yeMoe nenpe- 
pbiBHoe BjioJKeHHe b cjiynae s ^ E^. 

7^r'(^.,^,(r)(J^,r)) = (4.83) 
EcjiH s G £'r, TO B CHjiy HHTepnojiHii,HOHHOH (J^opMyjibi (|4.67p HMeeM: 

^ H''^'^''\n). (4.84) 
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3flecb jieBbie HenpepbiBHbie BjioJKeHHH yjKe flOKasanbi, nocKOjibKy 
s ^ 1/2 ^ Er- Cjie/],OBaTejibHO, BbinojinaeTca npaBoe nenpepbiBHoe 
BjioJKeHHe. Oh hjiotho npn jik)6om s G M corjiacHO yTBepjK/ieHHK) 
(ii). 

fl^ajiee, ecjiH ip(t)/(pi{t) — )• npn t — )• oo, to b CHjiy yTBepjK/],eHHa 
(iv) TeopeM 12.31 13-31 ii 13.81 BjioJKeHHe 

KOMnaKTHO. OTCiofla cjie/iyeT KOMnaKTHOCTb BjioJKeHHii noflnpo- 

CTpaHCTB 

SnaHHT, KOMnaKTHO BjiojKeHHe (I4.83P b cjiynae s ^ Er- Tenepb, ecjiH 

S S -Er, TO B HMHJIHKaH,HH (j4.84p JieBbie BJIOJKeHHH KOMHaKTHbl, HTO 

BjieneT KOMHaKTHOCTb HpaBoro BjioJKeHHH B CHjiy (14.67P h TeopeMbi o 
TOM, HTO HpH HHTepHOjiHH,HH CO CTeHeHHbiM HapaMeTpoM HaCJICflyeTCH 

KOMHaKTHOCTb OHCpaTOpOB |1121 C. 135]. yTBepjKflCHHC (v) flOKasaHO. 

TeopeMa (I4.12p flOKasana. 

B 3aKjiK)HeHHe SToro nyHKTa HsyHHM CBolicTBa flH4)4)epeHi;H- 
ajibHbix BbipajKeHHH KaK OHcpaTopoB Ha npocTpancTBe //'^''^'(^^(O). 
IlycTb K = K{x, D) — jiHHeliHoe /];H4)4)epeHu;HajibHoe BbipajKeHHe, 
sa/iaHHoe ua fl, a R = R{x, D) — rpaHHHHoe jiHHeiiHoe /iHcJjc^DepeH- 
H,HajibHoe BbipajKeHHe, aaflannoe na F. Ko34)4)Hu;HeHTbi 3thx Bbipa- 
jKCHHii — 6ecKOHeHHo TjiafXKRe KOMnjieKCHosnanHbie 4)yHKH,HH, a no- 

paflKH HpOHSBOJIbHbie. 

TeopeMa 4.13. Uycmt r €z N, s & M. u (p €z M. Cnpaeednueu 
CAedymmue ymeepjfcdeHun. 

(i) EcAU X := ordi^ < r, mo 

\\Ku\\jjs->,,v,{o)(^Q-j < ci ||?-t||//s,v,{r)(f7) dAH ecex u £ C°°{Q), 

gde HUCAO ci > He aaeucum om u. UoamoMy omo6pacHceHue 
u I—)- Ku, gde u G C°°{0,), npodoAcucaemcsi no HenpepueHocmu 
do ozpaHUHtHHOzo AUHtuHozo ouepamopa 
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(ii) EcAU Q := ordR <r — 1, mo 

||i?n||j|^s-0-i/2,v(r) — "^2 ll'^^ll/f'*. '/',('■) (n) ecex u G C°^(0), 

sde HUCAO C2 > He saeucum om u. UosmoMy omo6paMceHue 
u I—)- Ru, gde u G C°°(r2), npodoAMcaemcn no Henpepuenocmu 
do ozpanuHeHHOZO auhcuhoso onepamopa 

^OKasaTejiBCTBO. B coGojiescKOM cjiynae ip = 1 3Ta TeopeMa flfl- 
Kaaana 51. A. PoHT6eproM |218l c. 74] (jieMMa 2.3.1). OTcro^a cjiyHait 
npoHSBOjibHoro ip £ A4 bmbo^htch c noMombio HHTepnojiaii;HH. C^e- 
jiaeM 3T0, HanpHMep, p^jin yTBepjKfleHHH (i). ^OKasaTejibCTBO yTBep- 
acfleHHa (ii) aHajiorHHHO. 

npe;];nojio>KHM cnanajia, hto s ^ Ef. IlycTb nojioJKHTejibHoe hhc- 
jio £ = 5 TaKoe KaK b xeopeMe 14.111 (ii). OTo6paJKeHHe u i— )• Ku, r^e 
u G C°° ( ) , npoflojiJKaeTCH no nenpepbiBnocTH j\o orpannnennbix 
jinneltnbix onepaTopoB 

K : H'^'^^'\n) ^ /7^^"-"'(°)(fi). 

ripHMenHM Tenepb HnTepnojiHn;Hio c 4)ynKu;HonajibnbiM napaMeTpoM 
^ H3 TeopeMbi 11.141 B cnjiy Teopeivi 14.111 (ii) n 13.101 nojiynaeM yTBep- 
yKfi^emie (i) b cjiynae s ^ E^. 

HpeflnojioJKHM Tenepb, hto s £ Er- Bbi6epeM nponsBOjibnoe nnc- 
jio £ G (0, 1). TaK KaK s =F £ ^ ^r, to no yjKe flOKasannoMy HMeeM 
orpannnennbie jiHHeiiHbie onepaxopbi 

HpHMenHB sflBCb HnTepnojiHu;HK) co CTenennbiM napaMBTpoM , no- 
jiynHM B CHjiy (I4.67P n jieMMbi H?3] yxBep^Kflenne (i) b cjiynae s ^ E^. 
TeopeMa 14.131 flOKasana. 

H3 TeopeMbi 14.131 (i) b cjiynae x = cjie^yeT, hto yMnoJKenne 
na 4)yHKn,HK) h3 Kjiacca C°° ( O ) HBjiHeTca orpannnennbiM jinnennbiM 
onepaTopoM b Ka.yKf\oM h3 npocTpancTB H^''^'^^\Q). 
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4.2.3. TeopeMbi o neTepoBOCTH h 

nojiHOM Ha5operoMeoMop4)H3MOB 

HayHHM peryjiHpnyK) sjijinnTHHecKyio KpaeByro aa^any (|4.ip b 
MOflH4)Hu;HpoBaHHOH HO PoHT5epry yTOHHeHHoit niKajie, r^e nopaflOK 
MOflH4)HKau;HH r = 2q. PeayjibTaTbi 3Toro nyHKTa h hx flOKaaaTejib- 
CTBa nojiesHO cpaBHHTb c pesyjibTaTaMH n. 14. 2.11 

CorjiacHO TeopeMe 14.131 OTo6paJKeHHe (|4.2p npoflojiJKaeTCH no 
HenpepbiBHOCTH j^o orpanHHenHoro jiHHeftHoro onepaTopa 

{L,B) : H''^'^^i\n) 
q 

^s-2g,^,(o)(j^) e //^~™.-iA^(r) =: n^^^^^o^in, r). (4.85) 

Cjie^oBaTejiBHO, npoHSBOJiBHoro 3jieMeHTa u G onpe- 
flejieHbi no saMbiKanmo npaBbie nacTH / S H'^~'^'^''^'^^\i}) n gj S 
jjs-mj-i/2,ip(j^^ KpaeBOH 3a/];anH (|4.ip . B cnjiy TeopeMbi 14.111 (i) pa- 
BencTBO {L,B)u = {f,gi,...,gq) paBnocnjibno TOMy, hto BeKTop 
(uq, ui, . . . , U2q) '■= T2qU HBjiHBTCH o6o6n],enHbiM no PoHT6epry peme- 
nneM 3toh KpaeBoii sa/iann. BjieivieHT u mm OTOJK^ecTBjiaeM c bbkto- 
poM (no, ui, . . . , U2q) H TaKJKe nasbiBaeM o6o6ni,eHHbiM no PoHT6epry 
pemenHeM KpaeBoft saflann (14. ip . 

HayHHM CBOHCTBa onepaTopa (j4.85p . 

TeopeMa AAA. /Jah npouseojibuux napaMempoe s ^ M. u ip £ 
A4 ozpaHuueHHUu onepamop (j4.85p nemepoe. Ezo sidpo paeno N , 
a o6Aacmb SHaueHuu cocmoum us ecex ecKmopoe {f,gi,...,gq) G 
^s,(p,(0)(^) r), ydoeAemeopHTomux ycAoeum (j4.4p . Mndenc onepamopa 
(j4.85p paeen dim — dim A^^ u ne saeucum om s, ip. 

^OKasaTejitCTBO. B co6ojieBCKOM cjiynae (p = 1 9Ta TeopeMa 
ycTanoBjiena 51. A. PonxGeproM |8H I82|: cm. TaKJKe ero Monorpa(|)HK) 
[2181 c. 96, 155] (TeopeMbi 4.1.1 h 5.3.1). OTciofla mm BMBe^eM o6in;HH 
cjiynan G c noMoin,bio HnTepnojiHn,HH. 

Hpe/inojioJKHM cnanajia, hto s ^ E2q ■ IlycTb nojiojKHxejibnoe hhc- 
jio e = (5 TaKoe KaK b xeopeMe 14.111 (ii) . OToGpajKenne 14.21 npoflOJiJKa- 
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eTCH no HenpepbiBHOCTH fl^o orpaHHHeHHbix neTepoBbix onepaTopoB 

iL,B) : H^^^'^^'i\n) ^ ^,^,,(o)(17,r). (4.86) 

Ohh HMeioT o6mee siflpo N, oflHHaKOBbiH maj^eKC k := dimA^ — 
dimA^^ H o5jiacTH saaHeanA 

G^sTe,(0)(f^,r) : BepHO gaD}. (4.87) 

IlpHMeHHM K npocTpancTBaM, b KOTopbix fleftcTByioT onepaTopbi 
(|4.86p . HHTepnojiHii,HK) c 4)yHKii,HOHajibHbiM napaMBTpoM h3 Teo- 
peMbi 11.141 B CHjiy TeopeMbi 11.71 nojiyHHM orpaHHHeHHbiii neTepoB 
onepaTop 

{L,B) : [F"-^'(29)(Jl),/7«+^'(29)(J7)]^ ^ 

[Hs-sM^, r), ?^,+,,(o)(fl, r)]^, (4.88) 

npoflOJiJKaiomHii no nenpepbiBnocTH OToGpajKenne (|4.2p . 3flecb b cnjiy 
HnTepnojiHu;Honnbix TeopeM II. 5| 12.21 h 13.101 

[ns-e,{o){^,'^),ns+e,io){n,r)]^ = ns,^,io){^,r) (4.89) 

c 9KBHBajienTHOCTbK) nopM. OTCK)fla H na ocnoBannn TeopeMbi 14.111 
(ii) cjiejxyeT, hto OToGpaJKenne (|4.2p npo/iojiJKaeTca no nenpepbiBHO- 
CTH jio orpanHHennoro onepaTopa (j4.85p . paBnoro ()4.88p . Corjiacno 
xeopeMe 11.71 nexepoBocxb onepaxopoB (|4.8bp Bjienex nexepoBOCTb one- 
paTopa (j4.85p . KOTopbili nacjie/iyeT nx nflpo N h nuflidKC x. KpoMe 
Toro, o6jiacTb SHanenHH onepaTopa (I4.85P paBna 

^.,^,{o)(f^,r)n(L,i?)(/7^-^'(2'')(o)). 

OTCRDfla, B CHjiy (j4.87p nojiynaeM, hto ona TaxaH KaK b (JjopMyjinpoB- 
Ke nacToamen TeopeMbi. 

HpeflnojiojKHM Tenepb, hto s £ E2q. Bbi6epeM nponsBOjibnoe nnc- 
jio e G (0, 1). TaK KaK s =p e ^ £^25, to no /i,oKa3annoMy oToGpajKenne 
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(j4.2p npo/iojiJKaeTCH no nenpepbiBHOCTH flp orpaHiiHeHHbix neTeposbix 
onepaTopoB 

{L,B) : ^ ns^e,^,io)i^,T). 

Ohh HMeroT o6mHe nflpo N h hh^bkc x. ripHMeHHB sj^ech HHTepno- 
jinufim CO CTeneHHbiM napaMexpoM t^/^, nojiyHHM b CHjiy TeopeMbi 
11.71 paBBHCTBa (|4.67p h jieMMbi 2]3] orpaHHHeHHbiit neTepoB onepaTop 
(j4.85p . Oh npoflOJiJKaeT no nenpepbiBHOCTH OTo6pa>KeHHe (|4.2p . HMe- 
eT Te JKe Hflpo N h maj^eKC >c. KpoMe Toro, o6jiacTb snanennn SToro 
onepaTopa panna 

-H,,^,(o)(J^,r)n(L,i3)(F^--''^'(2'^)(f])). 

OTcrofla H H3 /lOKasaHHoro Bbinie cjiepyeT, hto ona Taxaa KaK b 4)op- 
MyjinpoBKe nacToameii TeopeMbi. 
Teopeivia 14.141 /lOKasana. 

TeopeMa l4.14| gBjigeTCH o6meH TeopeMon o paspemiiMOCTH sjijinn- 
THHecKOH KpaeBOH 3a/],aHH (|4.ip . nocKOJibKy b nen o6jiacTb onpe^e- 
jienHH onepaTopa {L,B) ne saBHCHT ot sjijinnTHHecKoro 

BbipajKeHHs L. 

EcjiH = A^^ = {0} (fle4)eKT KpaeBon saflann OTcyTCTBy- 
ex), TO onepaxop (|4.85p HBjiaeTCH roMeoMop4)H3MOM npocTpancTBa 
H^''^'^'^'^\Q) na (■Q)(r2, r). 3to cjie/];yeT ns TeopeMbi l4.14l H Teope- 
Mbi Banaxa o6 oGpaTnoM onepaTope. B o6iii;eM cjiynae roMeoMopcJ^nsM 
yflo6HO 3a/i;aBaTb c noMombio cjie/i;yiomnx npoexTopoB. 

JleMMa 4.4. /I^ah npouseoAbuux napaMempoe s £ M u (p €z Ai 
cnpaeedAueu CAedytomue pasAOMceHUH npocmpaHcme u 
^s,(/p,{0)(^5 e npHMue cyMMU saMKHymux nodnpocmpaHcme: 

F"'^'(2'/)(J1) = 

N + {ue H^'^P'^^^Xn) : (no, w)n = Oah ecex w G N], (4.90) 
{(t;,0,...,0) : nG iV+} + (L,5)(/7^'^'(29)(0)). (4.91) 
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3decb uq — HauaAbHan KOMnoHenma eenmopa {uo,ui, . . . ,U2q) '■= 
T2qU. 06o3HaHUM Hcpes P2q Kocou npocKmop npocmpaHcmea 
ffs.</'.(2g)|'f^^ Ha emopoe CAasaeMoe cyMMU (|4.90p . a uepes Qq 
KOCOU npocKmop npocmpaHcmea ,^ (o)(^) T) na emopoe CAazacMoe 
cyMMU (|4.9ip napajiJiejibHO nepeoMy CAazaeMOMy. 9mu npocKmopu 
HC aaeucHm om s u ip. 

^OKasaTejifaCTBO. CnaHajia /lOKajKeM paBencTBo (j4.90p . Hs 
onpeflejieHHa npocTpancTBa BbiTeKaeT, hto oTo6pa>KeHHe 

n I— )• no HBjiaeTCH orpaHHHeHHbiM onepaTopoM 

To : H''^'^^'i\Q) ^ H^'^'^^^Xn). 

HosTOMy, BTopoe cjiaraeMoe cyMMbi (|4.90p saMKHyTO b H 
HMeeT TpHBHajibHoe nepeceneHHe c N. Cjie;];oBaTejibHo, cnpaBe;i;jiHBO 
pasjiojKeHHe 

N + {uoe H^'^P'^'^^Q) : (uo, w)n = ajih Bcex w G A^}. (4.92) 

B caMOM flejie, npocTpancTBO, flBoiicTBeHHoe k no;i;npocTpaHCTBy 
npocTpancTBa H~^'^/'-^'^^\n), 5yfleT roMeoMopcJ^HO (JjaKTopnpo- 

CTpaHCTBy npocTpancTBa H^''^'^^\Q) no BTopoMy cjiaraeMOMy cyMMbi 

(|4.92p . SnaHHT, 3to cjiaraeivioe HMeeT KopasMepnocTb, paBHyro dim A^, 

HTo BjieneT (14 .92 p . 

06o3HaHHM Hepes 11 Kocoii npoeKTop npocTpancTBa H'^''^'^^\^}) na 

nepBoe cjiaraeMoe cyMMbi (|4.92p napajijiejibHO BTopoMy cjiaraeMOMy. 

^jiH npoH3BOjibHoro sjieMeHTa u G H^''^'^'^'^\^) aannmeM u = u' + u", 

rfle u' := Huq £ N, a 

u" ■.= u-Uuo G 
yflOBjieTBopaeT ycjioBHio 

{uq, w)f7 = (no — lino, n;)n = flJiH jiio6oro w G N. 
PaBencTBo (I4.90p flOKaaano. 
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PaBeHCTBO (j4.9ip BbiTeKaeT h3 Toro, hto b CHjiy xeopeMbi 14. 141 jih- 
HeiiHbie MHorooGpasna, sanHcaHHbie b jieBoft nacTH sToro paBencTBa, 
saMKHyTbie, hmbiot TpHBHajibHoe nepeceneHHe, h KoneHHaa pasMep- 
HOCTb nepBoro h3 hhx coBna^aeT c KopasMepnocTbio BToporo. HaKO- 
Heu;, HeaaBHCHMOCTb npoeKTopoB h Qq ot napaMexpoB s, BbiTe- 
KaeT H3 BKJIIOHeHHH N, C C°° {^)- 

JleMMa 14.41 /lOKaaana. 

TeopeMa 4.15. /I^asi npouseojibuux napaMempoe s € M u (p E A4 
cyMcenue omo6pacHceHUH (j4.85|) na nodnpocmpaHcmeo P2q{H^''^{Q)) 
neAnemcH zoMeoMop^usMOM 

{L,B) : P2giH^'n^)) ^ Q^CWs,^,(0)(f^,r)). (4.93) 

^OKasaxejitCTBO. CorjiacHO Teopeivie 14.141 N — aflpo, a 
Qo^(^s,(/3,(0)(^) r)) — o6jiacTb 3HaHeHHH onepaTopa (|4.85p . Cjieflo- 
BaTejibHO, orpaHHHeHHbiH onepaTop (|4.93p — GneKi^Ha. IlosTOMy oh 
HBjiaeTCH roMeoMop4)H3MOM B CHjiy TeopeMbi Banaxa o6 o5paTHOM 
onepaTope. TeopeMa 14. 151 joKasana. 

Hpil KaJK/lOM 4)HKCHpOBaHHOM (/? G 7W Ha6op rOMeOMOp4)H3MOB 

()4.93p nojiHbiit, nocKOJibxy s npo6eraeT bcio BemecTBeHHyio ocb. 3thm 
OH OTjiHHaeTca ot oflHOCTopoHHero Ha6opa roMeoMopcjiiisMOB, cjjHry- 
pnpyiomero b Teopeivie 14.21 

Hs TeopeMbi 14 . 1 51 BbiTexaeT cjieflyiomaH anpHopnasi oii;eHKa peme- 
HHH 3jijiHnTHHecKOH KpaeBOH 3a/i,aHH (|4.ip . 

TeopeMa 4.16. Uycnib s G M, (/? G u hucao e > 0. Tlped- 
noAOCHCUM, umo aAeMeum u G H^''^'^^'^\^}) HeAnemcn o6o6ineHHUM 
no Poum6epzy peuieHueM Kpaeeou aadauu ()4.ip . zde {f,gi, ■ ■ ■ ,gq) G 
^s,ip,(0)(^' r). Tosda eunoAHnemcR o%eHKa 

\\u\\jJs,f,{2q)(^Q-^ < 

c(||(/,5i,---,9g)llw,,^,(o)(n,r) + ||u||^.-.,^=.(2g)(f^) ), (4.94) 

e Komopou hucao c = c(s, 'p,s) > ne saeucum om u u ecKmopa 
if, 91, ■ ■ -^gq)- 
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^OKasaTejiBCTBO. BocnojibsyeMCH pasjiojKeHHeM (|4.90p h aann- 

meM ajieMBHT u £ H^''^'^'^''\Q) b Bnpfi u = u' + u" , rj^e 

B cHjiy TeopeMbi 14.151 

C2||(^,5)^^lk,,^,(o)(Q,r) = C2||(/,5i,---,5g)llw,,^,(o)(f^,r)- 

Sflecb C2 — HopMa onepaTopa, o6paTHoro k (|4.93p . KpoMe Toro, Tax 
KaK npocTpancTBO N KoneHHOMepHO h 1 — P25 cyTb npoeKTop na N 
B npocTpancTBe H^~^''-^'^'^'^\i}) (jieMMa |4^ . to 

Ik'||_ffs,'^,(29)(n) < Co\\u'\\fjs-e,^,(2<l){n) — Cl||M||H''-^'V.(2<j)(n)- 

Sflecb nojioJKHTejibHbie HHCjia cq h ci He saBHCHT ot u' , u h 
{f,gi,...,gq). Cjiojkhb 3th nepaBencTBa, nojiynaeM oii,eHKy (|4.94p . 
TeopeMa 14.161 /lOKasana. 

EcjiH = {0}, T. e. KpaeBaa sa^^ana (|4.ip HMeeT ne 6ojiee o^Horo 
pemeHHH, to BejiHHHHa ||M||j:^s-e,^,(29)(Q) b npaBoii nacTH anpHopnoH 
oii,eHKH (|4.94p oTcyTCTByeT. 

B co6ojieBCKOM cjiynae ip = 1 TeopeMbi 14.141 - 14.161 flOKasanbi 
51. A. PoHT6eproM |811I82) . |218| (n. 3.3, 5.3); cm. TaKJKe MOHorpacJjHio 
im c. 248] H 0630P [1311 c. 84]. B cjiynae npoiisBOJibHoro (p £ 3th 
TeopeMbi yTOHHHioT pesyjibTaTbi PoHT6epra npiiMeHiiTejibHo k mo/i;h- 
cjjimiipoBaHHOH yTOHHeHHOH uiKajie ()4.68p . 

B ciijiy TeopeM 14.121 (iii) h 13.91 (i) BbinojinaiOTCsi cjie^yiomHe pa- 

BeHCTBa npOCTpanCTB C TOHHOCTBIO flO BKBIIBajieHTHOCTII HOpM B Hiix: 

H''^'(^i){Q) = H''^{Q) 11 
jjs-2q,v,(0)^^^ = H'~^'^'^{Q) npii s>2g-l/2. (4.95) 

HosTOMy TeopeMbi 14.141 - 14.161 coflepjKaT b ce6e TeopeMbi 14.11 - 14.31 o 
paapeniHMOCTH sjijiiinTHHecKoii KpaeBoft saflanii (14. ip b mxajie nosii- 
THBHbix npocTpancTB XepMaH/i,epa. Bojiee Toro, cnpaBefljiiiB cjiepj- 
ioiii,iili 4)aKT. 
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TeopeMa 4.17. TeopeMu \4-l\ - \4-3\ eepnu Bah npouseoAbuux na- 
paMempoe s > 2q — 1/2 u (p £ Ai. 

9to cjiejxyeT h3 TeopeM 14.141 - 14.16| (]3opMyji (|4.95p h paeeHCTBa 
npoeKTopoB P2g = P Ha H''''^'^^i\n). 

4.2.4. Fjia^KOCTB o6o6iu,eHHoro pemeHHa 
BnjiOTb flo rpaHHii,bi 

HsyHiiM rjia^KOCTb o6o6ii],eHHoro (no PoHT6epry) pemeHHa Kpa- 
eBOH sa^aHH (|4.1|) b Mo/],H4)Hn;HpoBaHHOH yTOHHeHHoft HiKajie npo- 
CTpaHCTB. PeayjibTaTbi 3Toro nyHKTa nojiesHO cpaBHHTb c pesyjibTa- 
TaMH H. 14.1.21 

^jiH u,ejioro r > o6o3HaHHM nepes H~°°'^'^\il.) oG-beflMHeHHe 
Bcex HpocTpaHCTB H^''-^'^^\Q), rfl^e sGMh^jGTW.B npocTpancTBe 
H~°°'^^'\Q) BBOflHTCH TOHOJiorHH HH/];yKTHBHoro npe/;ejia. 

OrpaHHHeHHbie onepaTopbi (I4.85p . paccMOTpennbie fljia Bcex na- 
paMeTpoB s £ n (fi £ Ai, nopojKflaioT jiHHeHHbiii HenpepbiBHbiH 
onepaTop 

{L,B) : ^ H-°°'^^\n) X (P'(r))'' =: (4.96) 

?^_^,(o)(fi,r). 

B CHjiy TeopeMbi 14.141 siflpo SToro onepaTopa paBHO A^, a o6jiacTb 
SHaneHHii coctoht h3 Bcex BeKTopoB {f,gi, ■ ■ ■ ,gq) G ?^_oo,(o)(^) T), 
yflOBjieTBoparomHX ycjioBHio (14. Ih . 

TeopeMa 4.18. UpednoAooicuM, umo aAeMenm u G //~°°'(^'^)(ri) 
neAHemcH o6o6m^eHHUM pemenueM npaeeou sadanu (|4.ip . zde 

f £ /7^-29.v-(0)(j^) u Qj £ ij«-™j-i/2,v(r) npu j = l,...,q 

Bah HCKomopux napaMempoe s G M, (p £ M.. Tozda u £ H^'''f'^'^'i\VL). 

/J^OKasaTejibCTBO. B CHjiy yKasannbix Bbime cbohctb onepaTopa 
(I4.96P BeKTop F := (f, gi, . . . ,gq) = {L,B)u yflOBjieTBopaeT ycjioBHio 
(j4.4p . Ho ycjioBHK), F £ T-Ls,ipi^,^)', cjie/i,oBaTejibHo, corjiacHo Teo- 
peMe [4441 Bepno BKjiioHeHHe F £ (L, B)(H^''^{i})). HosTOMy napa^y 
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c ycjioBHeM (L, B)u = F cnpaBefljiHBO paBencTBO (L, B)v = F ^jih 
HeKOToporo 3jieMeHTa v G H^''^{Q). OTCio/ia, (L,B){u — v) = 0, hto 
BjieneT BKjiioHeHHe 

w:=u-v e N C H''^{n). 

TaKHM o6pa30M, u = v + w €z H^''^{0,). TeopeMa 14. 181 joKaaana. 

TeopeMa l4.18l — 3to yTBepv«/i;eHHe o rjio6ajibHOH rjia/;KOCTH o6o6- 
meHHoro pemeHHH (t.b. bo Bcefi o6jiacTH saiviKHyTOH o5jiacTH 17). B 
co6ojieBCKOM cjiynae if = 1 ona flOKasana 51. A. PoHT6eproM |81l 182) . 
[2T81 c. 214] (TeopeMa 7.1.1). 

Tenepb paccMOTpHM cjiynali jioKajibHoii rjiaflKOCTH. HycTb U — 
OTKpbiToe MHOJKecTBO B M", HMeiomee HenycToe nepeceneHHe c o6- 
jiacTbio 0. KaK h b n. 14.1.21 hojiojkhm '■= U Ci h Tq := U CiT 
(BOSMOJKeH cjiyHali Fq = 0). BBe^eM cjie^yiomHH jioKajibHbilt ana- 
jior npocTpancTBa H'^''^'^^\n), r^e o" € M, (/? € 7W h ii,ejioe r > 0. 

IIOJIOJKIIM 

Xue H"''^'^''\Q) fljiH Bcex X G C°°(f^ ), suppx CVLqVJ Tq}. 

B CHjiy TeopeMbi l4.13l (i). yMHOxcenne na c|)yHKii;Hio x £ C°°( ) jibjih- 
eTCH orpaHHHeHHbiM onepaTopoM b npocTpancTBe H"'''P'^''\VL). IIobto- 
My fljiH KajK/ioro sjieMeHTa u G H~°^'^'^\Q) KoppeKTHO onpe^ejieno 
npoHSBe/ieHHe xti G ff~°°'(^)(ri). KpoMe Toro, 

i/'^''^-W(f])c<f(^)(fio,ro). 

HaM noHa/],o6HTCH TaKJKe jioKajibHoe npocTpancTBO H'^^^{Vq), 
BBe/i,eHHoe b n. 12.2.31 

TeopeMa 4.19. TIpednojiootcuM, umo SAeMenm u G H~'^'^'^'^\Q) 
HejinemcH o6o6uj,eHHUM pemenueM Kpaeeou aadauu (|4.ip . sde 

/GFf-^^'^'(°)(f)o,ro), g.^KT^-'^'^^'iTo) npuj = l,...,q 

(4.97) 

c^./iij Henomopux napaMempoe s G M u if ^ Ai. Tozda eepno eKAtoue- 
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/J^OKasaTejiBCTBO. B co6ojieBCKOM cjiynae 99 = 1 3Ta Teopeivia 
flOKaaana 51. A. PoHTSeproivi |8H I82| . |218| c. 216] (xeopeMa 7.2.1). 
Cjie/];oBaTejibHO, TaK KaK 

TO 

^ e i/f-V2-(2.)(f^^^r^) ^ <;^'^'(2^)(j]o,ro) (4.98) 

IloKajKeM, HTO OTCio/ia H H3 ycjioBHH (|4.97p cjieflyex xpeGyeMoe CBoli- 
CTBO pemeHHH: u G H^^{VtQ^TQ). By^eM paccyjK/i,aTb noflo6HO ^OKa- 
saTejibCTBy xeopeMbi 14.51 

IlycTb 4'yHKLi;HH £ C°°(r2) TaKHe, hto suppx, suppr/ C 

1^0 U To H ?7 = 1 B OKpecTHOCTH suppx- IlepecTaBHB onepaxop yiviHO- 
jKeHHa Ha 4)yHKLi,Hio x c /];H4)4)epeHLi;HajibHbiMH onepaxopaMH L a Bj, 
r^e j = 1, . . . ,q, nojiyHHM paBencxBa (|4.18p . (|4.19|) . r^e /iHcJjcJaepeH- 
ii;HajibHbie BbipajKeHHH L' h B'j xaKHe Kax b /^OKasaxejibCTBe xeopeMbi 
14.51 HanoMHHM, hto ordL' < 2g — 1 h ord B'j < nij — 1. 

Hs BKjiioHeHHH (j4.97p , (j4.98p cjiejxyeT b CHjiy xeopeMbi I4.13| hxo 
npaBbie nacxH sjijiHnxHHecKoii KpaeBofi safl^ana (I4.18p . (I4.19P HMerox 
cjieflyiomyio rjiaflKocxb: 

IloBXQMy peineHHe sxoii sap^ann npHHa/iJiejKHX npocxpancxBy 
Ha ocHOBaHHH xeopeMbi 14.181 TaKHM oGpasoM, u S 
//j^'^'^'^^^(ilo) To) BBH^y HpoH3BojibHocxH 4)yHKii;HH X ^ C°°(r2), yAO" 
BjiexBopjHomeH ycjioBHRD suppx C JIq U Tq. 
TeopeMa 14.191 /lOKasana. 

TeopeMbi 14.181 h 14.191 yxoHHSiox npiiMeHiixejibHO k niKane npo- 
cxpaHCXB XepMaHflepa xeopeMbi 51. A. PoHx6epra o noBbimeHHii 
rjiaflKocxH o6o6ii];eHHoro pemeHHH sjijiHnxHHecKoii KpaeBoft saflanii 
B MOflH4)HLi,HpoBaHHOH uiKajie npocxpaHCXB Co6ojieBa |81| l82] . |218| 
(n. 7.1, 7.2). Hs paBencxB (j4.95p cjie^yex, hxo xeopeMbi 14.181 ii 14.191 
co^epjKax B ce6e xeopeMbi 14.41 ii 14.51 B xeopeMe 14.191 oxMexHM cjiynaii 
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Tq = 0, KOTopbiii npHBO/];HT K yTBepjK/ieHHK) o noBbiineHHH jioKajib- 
Holi rjiaflKOCTH o6o6meHHoro pemeHHH b OKpecTHOCTHX BHyTpeHHHX 
TOHeK o5jiacTH i}. 

B KanecTBe npHjiojKeHHa TeopeM 14.181 h 14.191 ycTanoBHM flocTa- 
TOHHoe ycjioBHe Toro, hto o6o6in;eHHoe no PoHT6epry pemeHHe u G 
H~°°'^'^'^\0,) 3jijiHnTHHecKOH KpaeBOH 3a/],aHH (14. ip aBjiaeTca KjiaccH- 
HecKHM, T. e. yflOBjieTBopaeT ycjioBHio 



rfle a > —1/2 h m := max{mi, . . . , mg}. 3to ycjioBHe BOSHHKaeT 
cjieflyromHM o6pa30M. B cHjiy TeopeM 14.121 (iii) h 13. 5^ h3 EKjironeHHa 



BbiTeKaeT, hto 3jieMeHT u HBjiHeTCH pemeHHeM aa^aHH (|4.ip b CMbicjie 
xeopHH pacnpe^ejieHHH, saj^auuhix b o6jiacTH Q. Tenepb KoppeKXHO 
paccMaxpHBaTb BKjiioHeHHe u G C'^'^{Q)nC"^{Q). Oho osHanaex, hxo 

B (|4.ip 4)yHKII,HH Lu H BjU BblHHCJIHKJXCH C nOMOmblO KJiaCCHHeCKHX 

npoH3BOflHbix, X. e. peineHHe u KjiaccHHecKoe. 

TeopeMa 4.20. UpednonoMCUM, umo aAeMenm u G H~°°'^'^'^\Q) 
HBAHemcH o6o6iu,eHHUM no Poum6epsy pemenueM sadauu (I4.ip . ade 



f e •^•(°^(O,0) n ^"^-2g+™/2,^,(0)^^) p H^^^n), (4.100) 

gj e //™-m,+(n-l)/2,^(p) p ^a+2g-mj-l/2(p) ^^^^ j = l,...,q 



Bah HCKomopux uucAa a > —1/2 u c^yuKv^uoHaA-bHogo napaMempa 
if G M, ydoeAemeopsimmezo ycAoeum (ll.37p . Tozda pemenue u kauc- 
cuuecKoe, m. e. ydoeAemeopRem eKATOueHum (j4.99p . 

/^OKasaTejiBCTBO. B cHjiy xeopeM l4.18l H l4?T9l hs ycjioBHH (I4.100p 
H (|4.10ip BbixeKaex BKjiioHeHHe 



(4.99) 



(4.101) 



r2g+n/2,(^,{2g) 
loc 



(0, 0) n i/™+"A^,(2g)^5^) p i/'^+25'(29)(J7). 
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OTcrofla Ha ocHOBaHHH TeopeM 14.121 (iii) h 13.41 HMeeM: 

U G iJ"^+«/2,</',{2g)(J^) p ^a+2q,{2q) ^ 

(HocjieflHee paBencTBO CTanoBHTCH hchbim, ecjiH paccMOTpeTt ot- 
flejibHo cjiynaH m + n/2 > a + 2q vl m + n/2 < a + 2q.) KpoMe 
Toro, 

fljia jiK)6oli 4)yHKii;HH x ^ hto bjichbt BKjiioHeHHe u G 

C^'^(r2). TaKHM o5pa30M, BbinojiHHeTCH ycjiOBHe (|4.99p . t. e. u~ Kjiac- 
CHHecKoe peineHHe. TeopeMa I4.2UI joKaaaHa. 

4.2.5. IlHTepnoji5m,Ha 

B MOflH4)HII,HpOBaHHOH lUKajie 

HayHHM flfia Bonpoca, CBHsaHHbix c HHTepnojiai^Hefi b MOffa(\)ii- 
Li,HpoBaHHOH yTOHHeHHOH uiKajie. Bo-nepBbix, mm flOKajKeM, hto npa- 
BaH HacTb paBBHCTBa (j4.67p He saBHCHT ot Bbi6opa napaMeTpa e. 
Bo-BTopbix, Mbi ycTanoBHM, HTO HHTepnojiHii,HOHHaa 4)opMyjia (I4.73P 
ocTaeTCH BepHoii npn cymecTBeHHO 6ojiee cjia6bix ycjioBHHX na bxo- 
Pflu^ie B Hee napaivieTpbi. 

TeopeMa 4.21. Uycmb r ^ N, s £ Er u ip £ Ai. IIpocmpaHcmeo 

He saeucum c mouHocmbm do 9KeueaAeHmHocmu Hopu om napaMem- 
pa e e (0, 1). 

^OKasaTejibCTBO. Hpe/inojioJKHM cnanajia, hto r = 2q — neTHoe 
HHCjio. PaccMOTpHM peryjiHpHyio sjijinnTHHecKyio KpaeByio sa^any b 
oGjiacTH 0: 



Lu = {i-Ayu = f B n, 

BjU = Dl'^ u = 9j Ha r, j = 1,..., q. 



(4.102) 
(4.103) 
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KaK o6biHHO, A — onepaTop JIanjiaca. 3Ta sa^ana (JjopMajibHO ca- 
MoconpajKeHHaH h fl^jia nee N = = {0}. CorjiacHO Teopeivie 14.141 

ME.I HMeeM rOMeOMOp4)H3M 

{L,B) : H''^^^^'^\n,e) o i7*-2g,v,(o)(j^) ^ ^s-j+i/2,^^p^ 

npH < e < 1. OTCio/ia cpasy cjiepjeT TeopeMa jj^jia neTHoro r = 2q. 

HpeflnojiojKHM j^ajiee, hto hhcjio r HeneTHoe. B CHjiy Teopeivibi 
14.111 (i), fljiH jiio6oro HHCjia a G (— oo,r + 1/2) \ mm iiivieeM hso- 

MCTpHHeCKHe H30MOp4)H3MbI 
HoBTOMy K0Mn03HII,HH OTo6paJKeHHH 

n Tr+i u =: (no,ni, . . . ,^^,^^+1) i-> {T~^{uo,ui, . . . ,Ur),Ur+i), 
onpe/iejiaeT HSOMeTpHHecKHH h30mop4)H3m 

Bo3bMeM 3flecb o" = s =F < e < 1, h npHMeHHM HHTepno- 

jiaLi,Hio CO CTeneHHbiM napaMeTpoM BBHfly jieMMbi 14.31 nojiynaeM 

rOMeOMOp4)H3M 

T : H''^''-''+^\n,e) o e) © /^^-'-^/^.^^(r) =: X{e). 

C jieflOB aTe jibHo , 

ll'«llH»>¥'.('-)(n,e) = ll('"'0)IU(e) - ll^"H'"lO)||j:^s,,p,{r + l)(Q^j). 

OTCio/ia, nocKOJibKy napaivieTp r + 1 neTHbiit, BbiTeKaeT, no flOKa3aH- 
HOMy, HTo HopMbi B npocTpaHCTBax H^''-'''^^\Q,e), rp^e < e < 1, 

SKBHBajieHTHbl. SnaHHT, 3TH npOCTpaHCTBa paBHbl, nOCKOJIbKy MHO- 

jKecTBO C°° ( ) njioTHO B KajKflOM H3 HHX corjiacHO TeopeMe 14.121 
(ii). 

TeopeMa 14.211 /^oKasana. 
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TeopeMa 4.22. Uycnib sadanu rSN, sGM, (/^GTWh no- 
AOMCumeAbHue HUCAa e,6. Ecau hucao r HeuemHoe, donoAHumeAb- 
Ho npednoAOMCUM, nmo eunoAHnemcn xomn 6u odno U3 Hepaeencme 
s — e > r — 1/2 u s + 6 < r + 1/2. Tozda eepna uHmepnoAHV,uoHHan 
(fiopMi/Aa (j4.73p ; 

[H'-^'^''\n),H'+^'^''\n)]^ = (4.105) 

c 9KeueaAeHmHocmbH) Hopm. 3decb ip ~ UHmepnoAMi^uoHHUu napa- 
Memp U3 meopeMu \1.14\ 

/J^OKasaTejiBCTBO. Hpe/inojioJKHM cHanajia, hto r = 2q — neTHoe 
HHCJio. B CHjiy TeopeMbi 14.141 hmccm sjijinnTHHecKoft KpaeBoit 
3a;i;aHH (I4.102p . (I4.103P roMeoMopcJjHSMbi 

iL,B) : o 
q 

jjs-2q,v,{0)(^^^ e /7^"J + l/2''^(r), (4.106) 

i=i 

{L,B) : F'"'(29)(J7) o 

Q 

i/'^-29.(o)(f])0 ij'^-i+i/a^r), ctGM. (4.107) 

IlpHMeHHM HHTepnojiHu;Hio c napaMeTpoM ip k npocTpancTBaM, b ko- 
Topbix fleficTByioT roMeoMopcJ^HSMbi (|4.107p ^jih a £ {s — e, s + 6}. 
TaK KaK ijj — HHTepnojiHii,HOHHbiit napaivieTp, to b CHjiy TeopeM 13.101 
H 12.21 no jivHHM eme opfiH roMeoMopcJjHSM 

{L,B) : [/7^-^'(29)(!^),F^+5'(29)(0)]^ o 

Q 

jjs-2q,v,{o)(^Q^ e H'-^+^/^'^{r). (4.108) 

Tenepb hs roMeoMopcJ^HSMOB ()4.106p h (j4.108p cjie^yeT paBencTBO 

npOCTpanCTB (I4.105P BMeCTe C SKBHBajieHTHOCTblO HOpM B HHX. 

ripe/inojioJKHM flajiee, hto hhcjio r neneTHoe. PaccMOTpHM ot- 
flejibHo cjiynan s — e > r — 1/2 m s + 5 < r + 1/2. 
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EcjiH s—e > r— 1/2, to b cHjiy TeopeM l4.12l (iii) h I3 . 21 cnpaBejjiHBbi 
cjie;i,yioiii,He paBencTBa npocTpancTB c tohhoctbio flo SKBHBajieHTHO- 

CTH HOpM B HHX: 

OopMyjia (|4.1U5p flOKasana b paccMaTpHBaeMOM cjiynae. 

PaccMOTpHM Tenepb cjiynali s + 6 < r + 1/2. SaMCTHM, hto ro- 
MeoMop4)H3M (j4.104p BepeH j^jiii jiio6oro o" < r + 1/2. Ecjih a ^ Er, 
TO 3TOT roMeoMop4)H3M ycTaHOBjieH B flOKasaTejibCTBe TeopeMbi 14.211 
OTCiofla OH cjie^yeT ^jih a G Er nocpe^cTBOM HHTepnojiaii;HH b CHjiy 
paBeHCTB (j4.67p h (j4.80p . B nacTHOCTH, mm HMeeM roMeoMop4)H3Mbi 

T : ^ e H'-''-^/'^'^{r), (4.109) 

T : o e H''-''-^/^{r), (4.110) 

a £ {s — e, s + 5}. 

IlpHMeHHM K (|4.110p HHTepnojiimHio c napaMeTpoM ip. B CHjiy yjKe 
/lOKaaaHHoro (TaK KaK hhcjio r + 1 neTHoe) h TeopeMbi 12.21 nojiyHHM 
eme oflHH roMeoMop4)H3M 

T : //^'^■(^•+i)(S7) o 

[F"-^'('^)(J7), F"+'5'W(J7)]^ e H'-''~^/'^'^{r). (4.111) 

Tenepb, Bocnojib30BaBmHCb roMeoMop4)H3MaMH (I4.109P h (I4.11ip . mo- 
JKBM sanHcaTb cjie^yiomee: 

SnaHHT, BepHO paBencTBO npocTpancTB (I4.105P b cjiynae s + 6 < r + 
1/2. HopMbi B 3THX npocTpancTBax aKBHBajieHTHbi: 

r;;e u E F^'^'W(J7). 

TeopeMa 14.221 /],oKa3aHa. 
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4.3. HeKOTopbie CBoficTBa MO^HcJjHi^HpoBaH- 
HOH yTOHHeHHoii niKajiM 

B 3TOM nyHKTe mm ccJ^opMyjinpyeM h ^OKajKeM ^ea sajK- 

HblX CBOHCTBa MO/lHcJlHI^HpOBaHHOH yTOHHeHHOH LUKajIbl npOCTpaHCTB 

KOTopaH HMeeT HeTHbili nopa/iOK MOflHcJ^HKai^HH 2q, rj\e 
g G N. Ohh SyfljT HcnojibsoBanbi b n. 14.51 npH flOKaaaTejibCTBe HHflii- 
BH^yajiBHbix TeopeM o paapeniHMOCTH sjijinnTHHecKoii KpaeBofi sa^a- 

4.3.1. OopMyjiHpoBKH pesyjiBTaTOB 

riepBoe CBOHCTBO flaeT SKBHBajieHTHoe ajibTepnaTHBHoe onpefle- 
jieHHe npocTpancTBa H'^''^'^'^'^\il.). OKasbiBaeTca, HopMa b HeM skbh- 
BajieHTHa neKOTopoH HopMe, co/],epjKaii],eli npasHjibHO ajijinnTiiHecKoe 
BbipaJKeHHe L h He BKjiK)Haioiii,eli b ce6H rpaHHHHbie SHaneHiiH cJ^yHK- 
li;hh. ripH 3TOM, B oTjiHHHe OT (14. 66^ . He Haflo HCKjiioHaTb nojiyi^ejibie 

SHaHeHHH S G E2q. 

TeopeMa 4.23. Uycmb s G M u G Cnpaeednueu CAcdyio- 
mue ymeepjfcdeHun. 

(i) Ha MHOMcecmee (jiyuKu^uu u G C°°( Vt ) Hopjvia e npocmpaHcmee 
H'^''^'^'^'^\^}) 3KeueaAeHmHa HopMe zpatpuKa 

{\\u\\\s,v,{o){yi-^ + \\Lu\\^^s_2q,^^(o)(j^-^) ^ . (4.112) 

TIosmoMy npocmpaHcmeo c nonoAHCHU- 

eM AUHeuHou cucmeMU C°°{0,) no nopme (j4.112p . 

(ii) OmodpaMcenue 

II : {u,Lu), uGC^iTi), (4.113) 
npodoAMcaemcR no Henpepuenocmu do zoMtoMop^usMa 



(4.114) 
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Sdec-b 

{uq, L'^w)n = if, w)n dAR ecex w £ C^2qi ^ ) } (4.115) 
— saMKHymoe nodnpocmpaHcmeo e 

HanoMHHM (cm. n. I3.5.ip . hto 

C^2g{'^) ■.= {ueC'=^{n) : Di-\ = Ha T, j = l,...,2q}. 

EcjiH s > —1/2, TO /i,JiH pacnpe;];ejieHHH uq, f h3 xeopeMbi 14.231 
(ii) ycjiOBHe (j4.115p SKBHBajieHTHO ycjioBHio 

{uo,L+w)n = if,w)n flJia Bcex w G C^{^), (4.116) 

KOTopoe osHanaeT, hto Luq = / b o6jiacTH Q. (BKBHBajieHTHOCTb mbi 
flOKajKeM HnyKe b jieMMe H31 ) Ecjih s < —1/2, to sto ne TaK, h naM 
nOHaflo6HTCH BTopoe cbohctbo. 

TeopeMa 4.24. Ilycmb s <-l/2, s + l/2^Z, uip e M. Tozda 
Bah npouseoAbHux pacnpedeAenuu 

UQ e H^'-^'^^^n), f G H'-^'''^'^°\n), (4.117) 

ydoeAemeopRwmux ycAoeuw (j4.116p . cymecmeyem eduHcmeeHHan 
napa (uq,/) G Ks^^^l{Q) maKan, umo 

{uo,w)Q = {uQ,w)n dAH ecex wGC^{Q). (4.118) 

IJpu amoM eunoAHHemcH HcpaeeHcmeo 

||tto||fl-s,v=,{0)(t^) < C ( ||uo||^s,^,{0)(f2) + ||/||^s-29,^,{0)(f2) ) ^ 1 (4.119) 

e KomopoM HUCAO c = c{s, (p) > He eaeucum om uq, f . 
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Fji. m HeoflHopo^Hbie ajijinnTHHecKHe Kpaesbie 3a/i,aHH 



B coGojieBCKOM cjiynae ip = 1 Teopeivibi 14.231 h 14.241 ppKasauM 
51. A. PoHT5eproM [86], [HSl c. 174, 187] (TeopeMbi 6.1.1 h 6.2.1). Hm 
HcnojibsoBajiHCb necKOjibKO HHbie, ho paBHOCHjibHtie namiiM, 4)opMy- 
jiHpoBKH. OnnmeM hx otjihhhh. 

B 4)opMyjiHpoBKe xeopeMbi 14.231 PoHT6epr |218| c. 174] (TeopeMa 
6.1.1) HcnojibsoBaji bmbcto (14.115^ ycjioBHe (npn (/? = 1) 

(4.120) 

3to paBHOCHjiBHaa saMena, KaK mm noKajKeivi HHJKe b jieMMe 14.51 

^ajiee, ecjiH BocnojibsoBaTbca TeopeMoft 14.231 h nojiojKHTb u* := 
IJ^^{u^,f), TO TeopeMv 14.241 MoacHo nepecjDopMyjiHpoBaTb cjieflyio- 
miiM 9KBHBajieHTHbiM o6pa30M. ^JiH npoHSBOJibHbix pacnpeflejieHHH 
(|4.117p , y/ioBjieTBopHiomHX ycjioBHio (|4.118p , cymecTByeT e/];HHCTBeH- 
Hbili 3jieMeHT u* £ H'^''^'^'^'^\Q) TaKoft, hto 

U*o = Uo B n H Lu* = f B i7^-29''^.(0)(!^). 

IlpH 3TOM 

\\u*\\fjs,,p,{2q)(^Q^^ < C ( ||tlo||^s,,p,{o)(Q-) + ||/||^s-29,^,{0)(n)) ^ ■ 

Sflecb Uq — HanajibHaH KOMnoneHTa BeKTopa T2qU* . 3Ta paBHOCHjib- 
Haa 4)opMyjiHpoBKa TeopeMbi l4.24l H 6bijia HcnojibsoBana PoHT6eproM 
B [2181 c. 187] (TeopeMa 6.2.1) npn ip = 1. 

4.3.2. ^OKasaTejibCTBa pesyjibTaTOB 

Mbi BbiBefleM TeopeMbi l4.23l H [4.24l H3 coSojieBCKoro cjiynaa ip =1 
c noMombRD HHTepnojiaLi,HH. Ilepe/i, 3thm /lOKajKeM jieMMy 14. 5| yno- 
MHHaBinyiocH panee. 

JleMMa 4.5. Ilycmb s £ M u ip £ M. Tozda Bah npouseojihuo 
sadauHux pacnpedejienuu ()4.117p ycAoeua, ()4.115p u (I4.120p paeno- 
cuAbHU. EcAU s > —1/2, Tuo paeHocuAbHU ycAoeuH (j4.115p u ()4.116p . 
Ohu paenocuAbHu maKMce npu s = — 1/2 e CAyuae ip = 1. 
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^OKasaTejiBCTBO. CnaHajia noKajKeM, hto (|4.115p 44> (j4.120p . 
B CHjiy TeopeMbi 13.201 (i) HMeeivi: (I4.120p =^ ()4.115p . ^OKajKeM 06- 
paTHyK) HMnjiHKaD;Hio. IlpeflnojiojKHM, hto BbinojinaeTCH ycjioBiie 
(14. lisp . PaccMOTpHM OTj^ejibHO cjiynan s > h s < 0. 

CjiynaH s > 0. B CHjiy TeopeMbi 13.201 (i) Hivieeivi: 

n //2<?-^,iM(0)(j^) ^ /^^g.i/'^^j^) ^ HlfJ'^in). (4.121) 
AnnpoKCHMHpyeM npoHSBOjibHoe pacnpeflejieniie w h3 npocTpancTBa 

(|4.12ip HeKOTOpOH nOCJie/lOBaTejIbHOCTbK) (|)yHKII,Hit Wj S C^2q ( ^ ) 

no HopMe npocTpancTBa ij2g,i/v(0). Corjiacno ycjioBHio (|4.115p 

{uQ,L^Wj)u = {f,Wj)n flJiH Bcex j G N. (4.122) 

OTCiofla c noMoni,bio npe/],ejibnoro nepexo/ia npn j — t- c« nojiynaeTca 
ycjiOBHe (I4.120p . 3to BbiTeKaeT h3 BKjnonennn (I4.117P n cnpaBe/i,jiH- 
BOCTH cjie/i,yiomHX npeflejioB: 

lim L-^Wj = L+w B F°'^/'^(f)) i7-"'^/'^'(°)(f)), 

lim Wj = w B 

Cjiynaii s < 0. B CHjiy TeopeMbi 13.201 (i) n (JjopMyjibi (I3.119P 

H^''''^''{n) n /725-^'i/^'W(f)) = /^^^'^/'^(O). (4.123) 

AnnpoKCHMHpyeM npoHSBOjibnoe pacnpeflejienne w h3 npocTpancTBa 
(|4.123p neKOTopoH nocjie/ioBaTejibHOCTbio 4)ynKn;HH Wj E C'^g ( ) 
no nopMe npocTpancTBa 

i/2<?-s,i/¥'(n). CorjiacHO ycjioBHK) (|4.115p 
HMeeM paBencTBa (|4.122p . riepexoflH b hhx k npej^ejiy npn j — >• 00, 
CHOBa nojiynaeM ()4.120p . 3to BbixexaeT h3 (|4.117p 11 cjie/iyiomnx npe- 

lim L+Wj = L+w B H-''^/^{Q) = H-''^/^'^'^\Q), 

j->oo 

lim Wj=w B H^''-''^/'^{n) = H'^'i^''^l^'^^\Q). 
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Mhi flOKaaajiH, hto (|4.115p 4^ (|4.120p npn jiio6om s G M. 

Tenepb npe/];nojioJKHM, hto s > —1/2 h flOKajKeM SKBHBajieHT- 
HocTb ycjioBHii (|4.115p h (|4.116p . HM^JIHKa^H^^ (|4.115p =^ (|4.116p 
OHeBHflHa. ^OKajKeM o6paTHyK) HMnjiHKaii,HK). IIpeflnojiojKHM, hto 
BbinojiHHeTCH ycjioBHe (|4.116p . B CHjiy yjKe ^OKasaHHoro HaM flo- 
CTaTOHHO noKasaTb, hto (I4.116P =^ ()4.120p . Hs xeopeivibi 13.201 (i) h 
HepaBBHCTBa s > —1/2 cjie/iyeT paBencTBO 

Hl^'^'^^i^) n i729-«.i/¥',(0)(j^) ^ ^o'^/'^(f^), (4.124) 

rfle A := max{2(7, 2g — s}. HosTOMy npoHSBOJiBHO Bbi6paHHoe pac- 
npe^ejieHHe w h3 npocTpancTBa (|4.124p mojkho annpoKCHMHpoBaTb 
HeKOTopoH nocjie/ioBaTejibHOCTbio 4)yHKii;HH Wj G Cq°($7) no HopMe 
npocTpancTBa CorjiacHO ycjioBHio (|4.116p BbinojiHHeTca 

paBencTBo (j4.122p . OTciofla c noMombro npe;];ejibHoro nepexo^a npn 
J — 7- oo nojiynaeTCH ycjioBHe (|4.12Up . 3to BbiTexaeT h3 BKjiioHeHHH 
(j4.117p H cjie/iyromnx npe^ejioB: 

lim L+Wj = L+w B ^ 

lim W,- = B H^^^/^iSl) ^ i72g-s,l/v,(0)(-j^)_ 

TaKHM o6pa30M, mm flOKasajiH, hto (|4.115p 44> (|4.116p npn s > —1/2. 

HaKOHeu;, ecjiH s = —1/2 a ip = 1, to paBencTBO (I4.124P ocTaeTca 
BepHbiM B CHjiy |112| c. 412] (TeopeMa 4.7.1 (a)). HoBTopHB paccyjK- 
fleHHH npe/ibi^ymero a63aii,a, nojiyHHM 3KBHBajieHTHOCTb (14.115P <^=^ 
(j4.116p H B 3TOM cjiynae. 

JleMMa 14.51 /lOKaBana. 

CjieflyiomaH jieMMa o npoeKTopax noTpe6yeTca naM j^jisi j^oKasa- 
TejibCTBa TeopeMbi 14.231 

JleMMa 4.6. /J^ah naMcdozo uucAa cr G M cyuj,ecmeyem npoen- 
mop Ha npocmpaHcmea H'^'^^\Q) x H'^~'^'^'^^^Q) na nodnpocmpan- 
cmeo maKou, umo — npodoAMcenue omo6pacnceHusi Yi\ 

npu a < X. 
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^OKasaTejiBCTBO. HycTb o" G M. HpeflBapHTejibHO ycTanoEHM 
oflHO nojiesHoe paBencTBO. C noMombio npe/],ejibHoro nepexo/i;a h Teo- 
peMbi [¥?T3] BbiBojHM. HTO (J^opMyjia FpHHa (|3.6p ocTaeTca Bepnoii flJiH 
npoHSBOJibHbix pacnpeflejieHHH u G u G 

(4.125) 

Sflecb KOMnoHeHTbi nojiyTopajiHHeliHbix 4)opM {■,-)n h i'r)r npHHa^- 
jieJKaT cjie/iyiomHM npocTpancTBaivi, BsaHMHO flBOHCTBeHHbiM othoch- 
TejIbHO 3THX (JjopM: 

Lu€H^-^'J^^^\n), ivo,vi,...,V2,):=T2gV, 7;o G ^^'^-'^(J^), 

{uo,uu...,U2g):=T2gU, noGF'^'(°)(f]), L+v e H-^'^^^XQ), 

BjU G i/<^-'".-i/2(r), C+v G /7-'^+™.+i/2(r), 

HanoMHHM, HTO ordL = ordL'*' = 2q, a TaKJKe bbh/jj p.7p 
ord i?j = rrij < 2g — 1, ord Cj~ = 2q — 1 — nij, 
ord i?^ =: < 2q — 1, ord Cj = 2g — 1 — . 

^ajiee, nocKOJibKy {Bf , . . . , B^, , . . . , C^} — CHCTeivia ^npn- 
xjie nopa/iKa 2g (cm. |41| . h. 2, TeopeMa 2.1), ^jih nee cnpaBe/i,jiHBO 
cjie/i,yiomee yTBepjK/i,eHHe |218| c. 176] (jieMMa 6.1.2). OrpaHiiHeHHbm 
onepaTop 

...,5+ c+,...,c+) : H^'^-^^'^^n) ^ 

HMeeT jiHHeHHbiH orpaHHHeHHbiH npaBbifi o6paTHbiH onepaTop 

q q 

: ^25-<7-m+-l/2^p^ ^ ^-<x+m,+l/2^p^ ^ 

j=i i=i 

j^2g~a,{2q) (4.126) 
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TaKOH, HTO <I>o- — cyjKeHHe onepaTopa $a npn a < A. 
^jia npoHSBOjibHoro BeKTopa 

q 

h:=io,...,o,hi,...,hg)e {o}« e i7-+™.+V2(r) (4.127) 

nojioJKHM V := ^ah G i72'?~'^.(2g)(f)) B 4)opMyjie TpHHa Ho- 

CKOJIbKy 

S+v = 0, C^v = hj npH j = l,...,q, 
nojiyHHM nojiesHoe paseHCTBo 

q 

{uo, L+^„h)n - {Lu, ($<,/i)o)n = (^i^' ^i)r- (4-128) 

i=i 

SflecE. 3jieMeHT n G H"'^'^'i\Vl) h eeKTop /i BH/];a (|4.127p npoHSBOJib- 
Hbie. KaK H npejKfle, 

G i?"'(°)(J^) H (^>,/l)o = t;o G//29— .{0)(f^) 

— HaHajIbHbie KOMnoneHTbl BeKTOpOB T2qU H T2q^ah = T2qV COOTBeT- 
CTBeHHO. 

Tenepb nocTpoHM npoeKTop Ho-. CflejiaeM 3to c noMombio HHJKe- 
cjieflyioiii,HX nHTH OTo6paJKeHHH. HycTb Bbi6paH npoH3BOjibHbiH bbk- 

TOp 

(no,/) G F"'(°)(J7)e/?"~2'?'(0)(f]). (4.129) 

06o3HaHHM Hepes || • ||o- HopMy b npocTpancTBe (j4.129p . 

OTo5pa>KeHHH 1 h 2. PaccMOTpHM cjieflyiomee pasjioscenHe npo- 
CTpaHCTBa H'^'^^\Q) b npsMyio cyMMy saMKHyTbix noflnpocTpancTB 
(cm. flOKasaTejibCTBO jieMMbi : 

i/'^'(°)(r?) = 
{uq,w)q = flJiH Bcex w G . (4.130) 

Oho cyii];ecTByeT, nocKOjibKy — KoneHHOMepHoe no/inpocTpaHCTBO 
B H"''^^\Q). 06o3HaHHM Hepea npoeKTop npocTpancTBa H'^^^\i}) 
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Ha no^npocTpaHCTBO N napajijiejibHO BTopoMy cjiaraeMOMy cyMMbi 
(I4.130p . riocKOJibKy C C°° {^), to — npo;];ojiJKeHHe npoeKTopa 
^\ npH o" < A. JiHHeHHbie OTo6pajKeHHH 1 h 2 onpeflejiaeM cooTBeT- 
CTBeHHO no 4)opMyjiaM: 

(uoJ)^ {^f^uo,0) £ K^^Li^), (4.131) 
{uo, f) ^ {uo - ^auo, f) =: K, /). (4.132) 

SanncaHHoe b (|4.13ip BKjiioHeHHe BbiTexaeT h3 CBolicTBa ^o-'Uo £ N G 
C°°(r2) H onpe/iejieHHH npocTpancTBa Kfj^L{n): 

Sflecb nepBoe paBencTBO nojiyneno no 4)opMyjie FpHna (|4.6ip . npn 
3TOM nnTerpajibi no T ne noHBHTCH, Tax KaK w G C^^( ). 

OToGpajKenne 3. 06paTHMCH k 4)opMyjie ()4.128p . Ho nape {u'q, f) 
nocTpoHM 4)ynKn,Honaji 

l,{h) := {u'o, L+^,h)n - if, {^ah)oh, h - BeKTop (|4J27l) . 

(4.133) 

3tot 4)ynKn,Honaji orpannnen b cnjiy cjieflyron^en u;enonKn nepa- 
BencTB: 

\Uh)\ < \{uQ,L+<^^h)n\ + \{f,{^ah)oh\ < 

< 

< 



(Cl lkoll//<^.(0)(Q) +C2 ||/||//<T-29,(0)(f^)) \\^ah\\H-,T+2g,(2q)(Q) 
(Ci +C2)C3 ||(Mo,/)||a ll^illi— +'".+i/2(r)) • 

3flecb ci, C2 H C3 — cooTBeTCTBenno nopMbi onepaTopoB 
L+ : ^r-'^+29'(29)(j^) ^ i/-<^'(o)(J^), 
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a onepaTopa (|4.126p . HiaK, l^j — aHTHjiHHeHHbilt orpaHHHeHHbiii 
4)yHKu;HOHaji na npocTpancTBe ©j=i H~'^~^"^i~^^^'^{T), npHHeM ero 
HopMa y^oBjieTBopHeT HepaBencTBy 11/^11 < C4 ||(nQ, /)||ct, rflfi C4 : = 
(ci +02)03. B CHjiy TeopeMbi 12.31 (v) 

(3! <7 = (51, . . . ,9,) G //--™:^-V2(r)) : l^(h) = {gj,hj)r. 

(4.134) 

IIpH 3TOM 

(E ll9j-|l5,.-™,-i/2(r)) >^\M<c^\\iu'o,f)\\a. (4.135) 
i=i 

JlHHeiiHoe OTo6pa>KeHHe 3 onpe^ejiaeM no (JjopMyjie 

R„ : iu'o,f)^l^^ g. (4.136) 
HoKajKeM, HTO i?cr — npoflojiJKeHHe OTo6pajKeHHa R\ npn a < X. 

ECJIH 

(m'o,/) e F^'(°)(17)e/7^-2g,(0)(j^)^ 

TO uapuffy c l^j onpe^ejien 4)yHKii,HOHaji Ix. Ilpn stom ^q- — cyjKeHHe 
4)yHKu;HOHajia Ix^ nocKOJibKy — cyjKeHHe onepaTopa B nacT- 
HOCTH, /o-(^) = ^a(^) /IJis Jiio5oro BeKTopa (/ii, . . . ,/ig) € {C°°{V)Y. 
OTCiofla B CHjiy (|4.134p h (|4.136p nojiynaeivi Rfj{uQ, f) = Rx{uQ,f), 
T. e. — npoflOJiJKeHHe OTo6paJKeHHH Rx- 

OTo6pajKeHHe 4 onpe/iejiHeM c noMombio roMeoMop4)H3Ma (j4.93p 
(Teopeivia I4.15P Tax: 

{f,g) ^ {L,B)-'Q+{f,g) =: u G P{H'^^^''^\n)). (4.137) 

HanoMHHM, HTO / G H^^'^'^'^'^\n), a BeKTop g yflOBjieTBopaeT ycjio- 
BHK) (|4.134p . JlnneHHoe OTo6pajKeHHe (j4.137p ne saBHCHT ot cj h orpa- 
HHHeHo: 

M\H-.(2,)(n) < C5 IIQ"^(/,5)lk,,(o)(n,r) < 

C5C6||(/,5)llw.,(o){n,r). (4.138) 
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3flecb C5 — HopMa onepaTopa, o6paTHoro k (|4.93p . a — HopMa 
npoeKTopa b npocTpancTBe ^cr,(o)(^) T). 

OTo6pajKeHHe 5 CTpoHM na ocHOBaHHH nacTHoro cjiynaa ip = 1 
xeopeMbi 14.231 /];oKa3aHHoro 51. A. PoHT6eproM [218^ c. 174] (TeopeMa 
6.1.1): 

uj^ Iluj e K^,Li^), u e P{H'''^^''\n)). (4.139) 

3to OToGpajKeHHe He saBHCHT ot o" h y/ioBjieTBopaeT flBycTopoHHeli 
OLi;eHKe 

\\lL(^\\a M\H'-,{2q)^Q). (4.140) 

Tenepb, Hcnojibsya OTo6pa»ceHHa 1-5, onpe/iejiHM na BeKTopax 
()4.129p onepaTop no cJ^opMyjie 

: (no, /) ^ i^auo, 0) + h uj. (4.141) 

Sflecb, HanoMHHM, 

u = {L,B)-^Q+{f,g), g = R^{u'o,f), u'o = uo-^aUo. (4.142) 

OnepaTop XIq- jiHHeHHbili, nocKOjibKy jiHHeftHbi OTo6pajKeHHa 1-5. 
Oh orpaHHHen b npocTpancTBe (I4.129P b ciijiy OLi;eHOK (I4.135P , (I4.138P , 
(|4.140p H orpaHHHeHHOCTH npoeKTopa ^'o- b npocTpancTBe H'^'^^^Q). 
KpoMe Toro, BKjiioHeHHH (I4.13ip h (I4.139P BjieKyT sa co6oii cbohctbo 
Ilu{uo,f) £ K(j^l{Q). TaKHM oGpasoM, mm HMeeM jiHHeiiHbili orpaHH- 
HeHHbiH onepaTop 

TaK KaK c yMeHbmeHHeM napaivieTpa a OTo6pajKeHHH 1-5 pacruHpa- 
IOTC5I, TO Ho- — npoflojiJKeHHe onepaTopa Hx npn o" < A. 

OcTaeTca noKasaxb, hto 11^ — npoeKTop na no/];npocTpaHCTBO 
K„^Li^), T. e. n^(uo,/) = (no,/) flJiH Jiio6oro BeKTopa {uq, f) G 
K„^l{Q). Bbi6epeM npoHSBOJibHO TaKoft BeKTop. B CHjiy (I4.13ip h 
(|4.132p HMeeM BKjiioHeHHe {u'q, f) G K„^l{Q). Sflecb, KaK h npejK- 
fle, n'o = Uq — "^aUo- HosTOMy corjiacHO nacTHOMy cjiynaro if = 1 
TeopeMbi 14.231 

(3! u' G i7-'(2'?)(0)) : hu' = (uif). (4.143) 
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Hocjie/iHee paBencTBO osnanaeT cjie/iyiomee: 

u'q — HanajibHaH KOMnoneHTa seKTopa T2qu' = (uq, u'^, . . . , u^q)-, 

(4.144) 

Lu' = f B H'^-^t^^^^n). (4.145) 

HoKaJKeM, HTO u' = CO, r^e sjieMenT u G P{H'^'^'^'^\^l)) onpe^e- 
jieH corjiacHo (j4.142p . HanoMHHM, hto b cHjiy (j4.133p . (|4.134p cnpa- 
Be^jiHBO cjie/],yioiii,ee paBencTBo p^jia npoHSBOJiBHoro BeKTopa h BH/i;a 
(HT2711 : 

<? 

la{h) := {u'q, L+^^h)n - (/, (^a/i)o)f7 = {gj,hj)r- 

i=i 

C flpyroH CTopoHBi, bssb b 4)opMyjie (I4.128P u := u' a no/];cTaBHB b 
Hee cooTHomeHHH (|4.144p . (j4.145p . nojiyHHM eme offao paBencTBO 

q 

{u'o,L+'^^h)n - (/,(^./i)o)n = Yl iBju',hj)r. 

i=i 

Hs 3THX paBeHCTB cjie^yeT, hto Bju' = gj fljiH Bcex j = l,...,q. 
3to BMecTe c (|4.145p osnanaeT paBencTBO {L,B)u' = {/,§)■ Cjieflo- 
BaTejiBHO, B CHjiy xeopeMbi 14.151 Bepno paBencTBO Q~^{f,g) = if,g)- 
KpoMe Toro, h3 4)opMyji (|4.144p . (|4.132p h onpeflejieHHH npoeKTopa 

BbiTeKaeT na ocHOBaHHH toh jkb xeopeMbi 14. 15 | hto Pu' = u'. Ho- 
3TOMy, BocnojibsoBaBniHCb h30mop4)H3mom (|4.93p . MOJKeivi sanncaTb 
paBeHCTBO u' = {L, B)~^Q^{f, g). Oho BMecTe c (j4.142p BjieneT Tpe- 
6yeMoe paBencTBO u' = u. 

Tenepb b CHjiy (j4.143p cnpaBefljiHBO I^uj = I^u' = (uq,/). Ot- 
ciofla H H3 4)opMyji (I4.14ip . (I4.142P cjiejjjeT, hto 

n<x(uo, /) = (l-aUO, 0)+IlUJ= {"^aUO, 0) + (Uq, /) = (uq, /) 

fljia npoHSBOJibHoro BeKTopa (uq, f) G Ka^ii^)- TaKHM o6pa30M, hc- 
KOMbiii npoeKTop Ho- nocTpoeH. 
JleMMa 14.61 /];oKa3aHa. 
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Onnpaacb na 3Ty jieMMy, ^OKajKeM TeopeMy 14.231 
/l^OKasaTejitCTBO xeopeMbi 14.231 IlycTE. s £ M, ip £ Ai hhcjio 
e > 0. BocnojibsyeMCH nacTHbiM cjiynaeivi ip = 1 SToii xeopeMbi 14.231 
KOTopbiii /lOKasaH 51. A. PoHT6eproM |218| c. 174] (TeopeMa 6.1.1). 
OTo6paJKeHHe (j4.113p npo^ojuKaeTCH no nenpepbiBHOCTH flo roMeo- 

MOp4)H3MOB 

ITpHMeHHM HHTepnojiHii,HK) c (JjyHKi^HOHajibHbiM napaMeTpoM H3 
TeopeMbi 11.141 r^e e = S. HojiynHM eiii,e o^hh roMeoMop4)H3M 

[Ks-e,Lm^Ks+e,Lm^- (4-146) 
OnnmeM npocTpancTBa, b KOTopbix oh fleiicTByeT. CorjiacHO TeopeMe 

Km 

[i/^-^'(29)(o),^r^+^'(29)(i7)]^ = ^r^'^'(29)(si). (4.147) 

^ajiee, b CHjiy jieiviMbi 14.61 h TeopeMbi 11.61 mojkho npoHHTepnojinpo- 
BaTb napy no/i,npocTpaHCTB Ks::pf;^i{Q) cjieffymuxnM o6pa30M: 

[Ks-e,Lm,Ks+e,Lm]^ = 

/f^''^'(o)(n) e F^-2<?''^'W(i7) n Ks^e.im = Ks,^,Lm. 

Sflecb Mbi Hcnojib30Bajin TaKJKe TeopeMbi 11.51 13.101 ii onpeflejieniie 
MHOJKeCTB Ks-e.L{^) H i^s,(/j,L (^) • B CHJiy TeopeMbi II. 6| Ks^ip^l{Q) 
HBjiaeTCH noflnpocTpancTBOM b H^''^'^^\Q) (B H^~'^'^''^'^^\^}), a paBen- 
CTBa (|4.147p H 

[Ks-e,Lm,Ks+e,Lm]^ = Ks,^,l{^). (4.148) 
BbinOJIHHIOTCa C TOHHOCTbK) flO 3KBHBajieHTHOCTH HOpM. HoflCTaBHB 

3TH paseHCTBa b (I4.146p . nojiyHHM roMeoMop4)H3M (j4.114p . YTBep- 
yKfleHHe (ii) TeopeMbi 14.231 iioKa3aHO. a c hhm — ii nyHKT (i). 
TeopeMa 14.231 /i,oKa3aHa. 
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^jiH flOKaaaTejibCTBa TeopeMbi 14.241 hem noHaflo5HTCH eii;e oflfia 
jieMMa o npoeKTopax. HycTb a £ M ii if £ Ai. IIojiojkhm 

K^,Lm ■= 

{ (no, /) G e i7'^-2'?'^'(0)(17) : Bepno Kim }. 

B CHjiy xeopeMbi 13.91 (iii). K^^^{^1) HBjiHeTCH noflnpocTpancTBOM b 

JleMMa 4.7. Uycmb uucAa r £ N u a £ M. ydoeAemeopHwm 
ycAoeuH) 

-r-l/2<f7< -r + 1/2. (4.149) 

Tozda cyv^ecmeyem npoenmop Yi^^^ npocmpaHcmea H'^'^^\Q,) © 
^o"-2g,(0)^j^-j Ha nodnpocmpaHcmeo maKou, umoU'^^ — npo- 

(r) 

doAMcenue omo6paMceHUH npu a < X < —r + 1/2. 

/J^OKasaTejibCTBO. npe/i,BapHTejibHO ycTanoBHM oflHO nojiesHoe 
paBBHCTBO. IlycTb {uq, f) £ K^j^{Q). BocnojibsyeMCH TeM, hto b co- 
6ojieBCKOM cjiynae if = 1 TeopeMa 14.241 /i,oKa3aHa 51. A. PoHT6ep- 
roM |218| c. 187] (xeopeMa 6.2.1) ^jih jiio6oro napaMeTpa s < —1/2. 
CjieflOBaTejiBHo, cymecTByex e/i,HHCTBeHHaa napa (uq, f) £ KfjX^{Q) 
TaKaa, hto uq = Uq b o6jiacTH Q. IIocKOJibKy Uo,Uq £ H'^'^^\Q) = 
i^^(M") H supp(uo — Uq) C r, H3 HepaBBHCTBa (|4.149p BbiTeKaeT cjie- 
jxyjouxee npeflCTaBjieHHe pacnpe^ejieHHH uq — Uq (cm., nanpHMep, [218^ 
c. 185], jieMMa 6.2.2). CymecTByeT e/i,HHCTBeHHbiii BeKTop 

r 

uj* = {ui, . . . ,t^;) G /7-+J-V2(r) (4.150) 

i=i 

TaKOH, HTO 

r 

{uo - ul, w)n = ^ {uj*,Dl-'w)r. (4.151) 
i=i 

fljiH jiio6oro w £ F-'^'W(O) = H^'^in). 
IIojiojKHM B 4)opMyjie FpHHa (|4.125p 

u:=u* := IE\u*qJ) £ H^^^^'i^n) 
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H BocnojibsyeMCH tbm, hto 

Lu = Lu* = f £ if'^-2'?.(0)(J7) = i/^-2g(j^n)^ 

IIojiyHHM fljia jiio6oro v £ f/'^'J^""'^^^) (17) = H'^'i^'^{Q) (cm. TeopeMy 
14.121 (iii)) paBeHCTBO 

<i Q 
if,vh + Yl (^^■^*' = i^o^L+vh + 5] (C,n*, S+r;)p. 

3=1 3=1 

(4.152) 

3flecb Mq H f = — HanajifcHbie KOMnoneHTbi BeKTopoB T2qU* h T2qV 

COOTBeTCTBeHHO . 

Tenepb h3 4)opMyji (|4.152|) h (|4.15ip . r^e 6epeM w := L"*"?; G 
H~'^{Q), cjiepyeT paBencTBo 

{f,v)n + Y.{BjU*,C+v)r = 

3=1 

r q 

{uo, L+v)n - {uj*,Di-^L+v)r + ^ (C^u*, B+v)t. (4.153) 

3=1 3=1 

rpaHHHHbie onepaTopbi , , j = 1, . . . ,q, m {Di ^L^-) \T, j = 
l,...,r, o6pa3yK)T CHCTeMy ^iipnxjie nopH^Ka 2q + r. ^jih nee b 
CHjiy ynoMHHyTOH Bbime jieMMbi 6.1.2 h3 MOHorpacJjHH |218l c. 176] 
cnpaBe/i,jiHBO cjie/];yiomee yTBepjK/],eHHe. OrpaHHHeHHbift jiHHeftHbiH 
onepaTop 



{Bt,..., B^,Ct, C+, (L+.) r r, . . . , (Dl-'L^-) \ T) : 
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HMeeT orpaHHHeHHbiH npaBbili o5paTHE.iH onepaTop 

Q Q 
$Cr) . jj2q-a-rn+-l/2^^^ ^ Q ^-a+m, +1/2 (p)^ 

i=i i=i 

r 

^-<x-i+l/2^p) ^ ^2g-a,(2g+r)(j^) ^ H^'^-'' (Q) (4.154) 
j=l 

(r) (r) 

TaKOH, HTo $^ — cyjKeHHe onepaTopa ^\ npn a < A < — r + 
1/2. Sflecb ordC^ = 2g — 1 — rrij h ordi?^ =: m^, a paeeHCTBO 
npocTpancTB, sanncaHHoe b (|4.154p . cjie^yeT h3 TeopeMbi 14.121 (iii) 
BBHfly ycjioBHH a < —r+ 1/2. 
^jia npoHSBOjibHoro BeKTopa 

r 

/i:=(0,...,0,/ii,...,/i,) G{O}25e0 F-'^-^+i/2(r) (4.155) 

nojiojKHM V := ^''Jh £ H^'i-''{n) B 4)opMyjie (HJ53D . HocKOjibKy 

-B^t; = 0, C*/^ = Ha r npn j = 1, . . . ,q, 
DI^^L^v = hj Ha r HpH j = 1, . . . , r, 

TO HOJiyHHM paBencTBo 

r 

{u^,L+^^:^K)n - {fM:^h)n = J2i^h^j)r. (4.156) 

i=i 

HanoMHHM, HTO 3flecb napa {uq, f) £ K^^(Q,) h BeKTop BH;];a 
(|4.155l) npoHSBOjibHbie, a BeKTop {cvl, . . . ,uj*) yflOBjieTBopaeT ycjioBH- 
HM (j4.15U|) . (|4.15ip H oflHOSHaHHO HMH onpe^^ejiHeTCH no nape (uq, /). 

(r) 

Tenepb nepeH;i;eM k nocTpoennio npoexTopa 11^ . Bbi6epeM npo- 
HSBOJibHbiii BeKTop (tig,/), y/];oBjieTBopHioni,Hii BKjnoHeHHK) (|4.129p . 
KaK H npejK^e, o6o3HaHHM nepes || • HopMy b npocTpancTBe (I4.129p . 
PaccMOTpHM 4)ynKn,HOHaji 

l^;\h) := {uo,L+'^'^;^h)n - {fM:^h)n, h - BeKTop (ITOSj) . 

(4.157) 
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Oh orpaHHHeH b CHjiy cjie/i,yiomeH ii;enoHKH HepaBencTB: 

\i^:\h)\ < \{uo,L+^^;h)n\ + \if,^^;^hu < 

\Wo\\H'^'("){n) ll^^^a^^lliT— .(0)(n) + 

||/||^tr-2q,(0)(Q) \\^a^h\\jj-„ + 2q,{0)^Q-j < 

(ci \\uo\\H'^.(o)(n) + ||/||h<'-29,(o)(q)) \\^^j''h\\H-<^+2q{n) < 

^ 1 /2 

< (ci + l)c2 ||(no,/)||<x ll^illH— i+i/2(r)) • 
SflfiCb c\ — HopMa onepaTopa 

a C2 — HopMa onepaTopa (j4.154l) . HTaK, t'^^ — aHTHjinneltHbiH orpa- 
HHHeHHbifi 4)yHKu;HOHaji na npocTpaHCTBe ©^=i -^"'^"•'^^''^(r), npn- 

HBM ero HopMa y/ioBjieTBopaeT HepaBencTBy < C3 ||(uO) 

vj\Q C3 := (ci + 1) C2. B CHjiy TeopeMbi 12.31 (v) 

r r 

3! K,...,a;,) G i/'^+^-i/2(r) ) : /«(/.) = ^ /i,)r. 

(4.158) 

ripH 3TOM 

(E ll'^.llW.-/2(r))'^' ^ II^S^^II < C3 (4.159) 
i=i 

Ho BeKTopy (wi, . . . ,0;^) oGpasyeM pacnpe;],ejieHHe lo' G if'^'^") (f]) 
no 4)opMyjie 

r 

{J,w)^ := {oJj,Di-'w)r, (4.160) 

r^e G i^~'^'*^''''(r2) = H~'^{i}) npoHSBOjibHO. 3to onpe/i,ejieHHe Kop- 
peKTHO B CHjiy TeopeM 12.31 (v), 13.51 h 13.81 (iii). ^elicTBHTejibHO, no- 
CKOJibKy —a > r — 1/2 BBUffy ycjioBHH (|4.149p . mm HMeeM orpaHHHen- 
Hbie onepaTopbi 

Di-^ : H-'^in) H-''-^+^/^{T) npH j = l,...,r. 
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Cjie/i,oBaTejibHo, (oj' , ■)n ~ aHTHjiHHeltHbiH orpaHHHeHHbiit 4)yHKii,Ho- 
Haji Ha npocTpancTBe H~^{Vt), hto BjieneT aa co6oh BKjiioHeHHe 

IlpH 3TOM BepHO BKJIIOHeHHe SUpp Lij' C F H flByCTOpOHHHa OLi;eHKa 

ll^'llH-.(o)(f7) - (X] ll'^illH-+j-i/2(r)) (4.161) 
i=i 

(cm., HanpHMep, jieMMy 6.2.2 h3 MOHorpacJ^HH |218| c. 185]). 

Ha BeKTopax (I4.129P onpe^ejiMM jiHHeiiHoe OTo6pajKeHHe T^*^^ no 
4)opMyjie 

TW: (no,/)^Z(:')^(6^i,...,w.)^a;'. (4.162) 

B CHjiy oii;eHOK (|4.159p h (|4.16ip oho HBjiaeTCH orpaHHHeHHbiM one- 
paTopoM 

XM . H<^\Q) ® H^-^i^^^X^) i7<^'W(0). (4.163) 

IloKajKeM, HTo T^'^^ — npoflOJiJKeHHe oTo6pav«eHH5i T^'^^ npn cr < A < 
-r + 1/2. EcjiH 

(no,/) G F^'(°)(J])e^^-2'''(0)(O), 

TO HapH^y c llj^ onpeflejieH (J)yHKii;HOHaji l^^^ . Ilpn stom l^j^ — cyjKe- 
HHe 4)yHKu;HOHajia nocKOJibKy — cyjKeHHe onepaTopa ^x^- 
B HacTHOCTH, lij\h) = l^^\h) fljiH jiK)6oro BeKTopa {hi, . . . ,hq) S 
(C°°(r))''. Oxcio/ia B cHjiy (ITOHI) . (BJ60]1 nojiynacM T^^\uoJ) = 
T^^\uq, f), T. e. Tff''^ — npoflojiJKeHHe OToGpaJKenna 

(r) 

JlHHeliHoe OTo6paJKeHHe Ho- onpe/;ejiaeM c noMombro onepaTopa 
h npoeKTopa h3 jieMMbi 14.61 cjie/];yiomHM o6pa30M: 

nW(no,/):=(a;',0)+n,(no-a;',/), u' := tI^\uo, f). (4.164) 



\4.3l CsoitCTBa MO/JHCpHI^HpOBaHHOH yTOHHeHHOii UIKajIbl 
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3flecb (mq,/) — npoHSBOjibHbifi BeKTop (|4.129p . KaK yKasbiBajiocb 
Bbime, BepHbi BKjiioHeHHH uj' G H°''^^\0,) a suppw' C T. Cjie/ioBa- 
TejibHO, (w',0) G K^^{^1). 3tot cJ^aKT BMecTe c orpaHHHeHHOCTbio 
onepaTopa (|4.163p . jieMMofi 14.61 h BKjiioHeHHeM Kfj.L{^) ^ li^) 
BjieneT sa co6oh orpaHHHeHHOCTb onepaTopa 

(r) 

IIpH 3TOM, TaK KaK c yMeHbuieHHeM napaMGTpa a onepaTopbi h 

(r) (r) 

Her pacmHpHK)TCH, TO 11^ HBjiHeTCH npoflojiJKeHHeM onepaTopa Il\ 
npH a < \ < -r + 1/2. 

OcTaeTCH noKasaTb, hto 11^ ~ npoeKTop na no^npocTpancTBO 
nS'^(uo,/) = (mo,/) flJiH Jiio5oro BeKTopa (uq,/) G 
Bbi6epeM npoH3BOJibHO TaKOH BBKTop. B CHjiy TeopeMbi 
14.241 B cjiynae ip = 1, fljiH (uq, f) cymecTByeT efliiHCTBeHHaH napa 
(uq, f) G Ku^l{^}) TaKaH, hto BbinojinaeTca ycjioBHe (j4.118p . HoKa- 

TKeU, HTO Uq — Uq = Tfle w' := Ta\uo, f). ^JIH npOHSBOJIbHO- 

ro pacnpe^ejieHHa w G H^'^{0,) onpe;],ejiHM BeKTop h no 4)opMyjie 
(|4.155p . B KOTopoH nojiaraeM 

hj := (Di-^w) \r G H-^-^+^/^iV) npn j = 1, . . . , r. (4.165) 

KaK yKasbiBajiocb Bbinie, cjie^bi /ij cyn],ecTByroT BBHfly ycjioBHH 
(I4.149p . HanoMHHM TaKJKe, hto ycjioBne M.llSp osnanaeT BKjnonenne 
supp(mo ~ Uq) C r, OTKy^a cjie^yeT paBencTBO (|4.15ip /ijih mbkoto- 
poro (e/iHHCTBeHHoro) BeKTopa (I4.150p . Tenepb h3 cJjopMyji (I4.15ip . 
(|4.156p H (|4.165p BbiTeKaeT pabencTBO 

(no - ul, w)n = (uo, - (/, ^i^^^Q- 

C flpyroH cTopoHbi, b cnjiy (|4.157p . (|4.158p . (|4.160p n (|4.165p HMeeM 

{u;',w)n = l^:\h) = (ucL+^M/,)^ _ {f,^(;)h)n. 

CjieflOBaTejibHo, 

(uo — it'jn = (w', fljiH jiK)6oro ■w£H^''{Q). 
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B CHjiy TeopeMbi 13.81 (iii) 3to pasHOCHjibHO paBencTBy 

uo-u*o = u' ■.= T^;\uo,f) B H^^^n). 

OTcrofla H H3 (j4.164p nojiynaeM 

Ul^HuoJ) = ioj',0)+U„iuo-oj',f) = 
{J, 0) + n^K, /) = {J, 0) + {ul, /) = (no, /) 

fljiH npoHSBOJibHoro BCKTopa {uq, f) G K^^{Cl). Sflecb mbi TaKJKe 
BocnojibsoBajiHCb tbm, hto (uq,/) G K„^L{n) h Ho- — npoeKTop na 
noflnpocTpancTBo Kfj^L{Q). TaKHM o6pa30M, hckombih npoeKTop II^'^^ 
nocTpoen. 

JleMMa 14.71 /lOKasana. 

BocnojibsoBaBniHCb stoh jieMMOH, flOKaJKeivi xeopeMV 14.241 

/J^OKasaTejibCTBO xeopeMbi 14.241 HycTb s < —1/2, s + 1/2 ^ Z, 
H (/? G A^. Bbi6epeM HHCjia r G N h e G (0, 1/2) Taxne, hto 

-r- 1/2 < s=Fe < -r + 1/2. (4.166) 

KaK yjKe OTMenajiocb, b co6ojieBCKOM cjiynae if = 1 TeopeMa 14.241 
^OKasana 51. A. PoiiT5eproM |218| c. 187]. HosTOMy mm MOJKeM Bse- 
CTH jiHHeliHoe OTo6pajKeHHe G : {uq, f) i— )• (uq,/), r^e (uq,/) G 
-f^°_eL(f^), a (uq,/) e Ers_e,L(r2) yflOBjieTBopaeT (|4.118p . Oho onpe- 
flejiaeT orpaHHHeHHbie onepaTopbi 

G : K'^sTsA^) ^ i^.T.,L(f^)- (4.167) 

Mbi ;];oKaJKeM TeopeMy 14.241 fljia jiio6oro if £ Ai, ecjiH ycTano- 
BHM, HTO G HBjiHeTCH orpaHHHeHHbiM onepaTopoM H3 ir^^^(r2) B 
-f^s,</3,L(^)- CflejiaeM 3to c noMoiii,bio HHTepnojiHii;HH c napaivieTpoM 
tp H3 xeopeMbi I1.14| rj^e 6epeM e = 6. HpHMenHH ee k (j4.167p . nojiy- 
HaeM eii;e offna orpaHHHeHHbiii onepaTop 

G : [i^°_,,^(J^),i^,V,L(^)]V' ^ [Ks-s,L{^),Ks+e,Lm^- (4-168) 
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OnHineM npocTpancTBa, b KOToptix oh ^elicTByeT. Ha ocHOBaHHH jieM- 
Mbi 14.71 HepaBeHCTBa (I4.166P h TeopeMbi 11.61 mm MOJKeM npoHHTepno- 
jiiipoBaTb napy noflnpocTpancTB K'^-^^ ^(H,) cjiepjmuxvLM o6pa30M: 

Kis,Lm = 

Sflecb MM TaKJKe BocnojibsoBajiHCb TeopeMaMH II. 5| 13.101 ii onpefle- 
jieHHeM npocTpancTB K^^^{^). IlojiyHeHHoe paBencTBO 

npocTpancTB 

[KU,Lm.K%,A^% = Kl^,Lm (4.169) 

BMnojiHaeTca c tohhoctbio SKBHBajieHTHOCTH HopM. no/;cTaBHB 
paBeHCTBa (j4.169p h (|4.148I) b cJjopMyjiy (j4.167p . nojiynaeM orpaHH- 
HeHHbiH onepaTop 

HTO H Haflo 6mjio /lOKasaTb. 
TeopeMa 14.241 /],OKa3aHa. 

SaMenaHHe 4.8. TeopeMbi I4.23| 14.241 h jieMMbi 14. 6| 14.71 /lOKasa- 
Hbi B npe^nojiTOKeHHH, hto sa^ana (|4.ip peryjiapnaa sjijinnTHHecKaa. 
Ha caMOM flejie, ohh cnpaBe/i,JiHBbi ^jih npoHSBOjibHoro /;H4)c]3epeH- 
ii;HajibHoro BbipajKeHHS L, npaBHjibHO sjijinnTHHecKoro b o6jiacTH Vt. 
9to cjie/i,yeT h3 Toro, hto f\ji5i Hero cymecTByeT peryjiapnaa sjijinn- 
THHecKaa KpaeBaa 3a/i,aHa, nanpHMep, 3a/],aHa /],HpHxjie. 

4.4. PacninpeHHe xeopeM 
JlnoHca— Ma/i,:a<:eHeca 

B 3TOM nyHKTe mm ycTanoBHM HH^^HBH^yajibHbie TeopeMbi o pas- 
peiiiHMOCTH peryjiapHoii sjijiiinTHHecKOH KpaeBoii saflanii (|4.ip b uiKa- 
jiax npocTpancTB Co6ojieBa. B oTjiHHHe ot o6iii,iix TeopeM 14.11 14.14| b 
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HH/],HBH/i,yajibHbix TeopeMax o6jiacTb onpeflejieniiH onepaTopa (L, B) 
saBHCHT OT K034)4)Hu;HeHTOB 3jijiHnTHHecKoro BbipajKeHHH L. B pa- 
6oTax >K.-JI. JlHOHca h E. Ma^JKeneca gT] [HI 1187^ I188| nojiynen 
pa/; HH/iHBHflyajibHbix TeopeM ^jia onepaTopa {L,B), ^elicTByiome- 
ro B npocTpancTBax CoGojieBa, co^epvKamHX neperyjiapHbie pacnpe- 
flejieHHH. Mbi flOKajKeM neKOTopyio o6myio cj^opiviy TeopeM JlnoHca- 
MaflJKeneca — 6y/],eT nalifleHO o5mee ycjioBHe na npocTpancTBO npa- 
Bbix HacTeli sjijiHnTHHecKoro ypaBHeHHH, npH KOTopoM onepaTop 
(L, B) orpaHHHeH h neTepoB b cooTBeTCTByiomeH nape rnjibGepTOBbix 
npocTpancTB. Mbi yKaJKeM TaKJKe innpoKHe Kjiaccbi npocTpancTB, 
yflOBjieTBopHiomnx STOMy ycjioBHio. Ohh coflepjKaT npocTpancTBa, 
HcnojibsoBaHHbie JIhohcom h Ma/i^KenecoM, h mhofo flpyrnx BajKHbix 
npocTpancTB, cpe^H hhx h neKOTopbie npocTpancTBa XepManflepa. 
OxMeTHM, HTO B paccMaTpHBaeMbix HaMH HH;],HBH^yajibHbix Teope- 
Max pemeHHe h npaBaa nacTb 3jijiHnTHHecKoro ypaBHeHHH HBjiaroTCH 
pacnpeflejieHHHMH b o5jiacTH Q, b OTjiHHHe ot o5m,eH TeopeMbi 14.141 
PeayjibTaTbi SToro nyHKTa MOTHBHpyioT 4)opMyjiHpoBKH h MeTO- 
flbi /i,OKa3aTejibCTBa HH;];HBH;];yajibHbix TeopeM o paspeniHMOCTH 9ji- 
jiHHTHHecKoit KpaeBOH 3a/],aHH B niKajiax npocTpancTB XepMaH^epa. 
3th TeopeMbi 6yflyT ycTanoBjieHbi b h. 14.51 

4.4.1. TeopeMbi JlnoHca— Ma^:aceHeca 

ripe^BapHTejibHO yKajKeM na oflHO BajKHoe pasjinnne b onpe^ejie- 
HHH HpocTpancTB Co6ojieBa OTpHD;aTejibHoro Hopa^Ka na eBKjiHflOBoit 
o6jiacTH y nac h b H,HTHpoBaHHbix pa6oTax >K.-J1. JlnoHca, E. Mafl- 
jKeneca. HanoMHHM, hto mm, cjie^yH |112| 1113] . HcnojibsoBajin TaKoe 
onpe/iejieHHe npocTpancTBa Co6ojieBa npoHSBOJibHoro nopH/],Ka s G M 
B o6jiacTH ri: 



(cm. onpejiejieHHe [3^ b cjiynae (p = 1). JIhohc h Ma^JKenec Hcnojib- 
syioT 3TO onpe^ejieHHe TOjibKO npn s > 0, a ^jih s < b KanecTBe 
npocTpancTBa Co6ojieBa nopa/];Ka s b o6jiacTH Q 6epyT /i;BOHCTBeHHoe 




(4.170) 
(4.171) 
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npocTpancTBO Sflecb, HanoMHHM, Hq'^{Q) — saMbiKaHHe 

MHOJKecTBa Co°(r2) B npocTpancTBe H~^{Q), a flBoftcTBeHHOCTb npo- 

CTpaHCTB paCCMaTpHBaeTCH OTHOCHTejIbHO CKajiHpHoro npOHSBefleHHH 

B L2{^)- HsBecTHO \112\ c. 414] (xeopeMa 4.8.2), hto 3th onpeflejieniiH 

flaiOT OpfiO H TOJKe npOCTpanCTBO (c TOHHOCTBIO SKBHBaJieHTHOCTH 

HopM), ecjiH nopH/ioK s < Henojiyi];ejibiH. ^jih nojiyii;ejibix s < 
nojiynaioTCH pasjiHHHbie npocTpancTBa. 

B HacTOHiii,eM n. 14.41 mbi 6y/i,eM HcnojibsoBaTb onpe^ejieHHe npo- 
CTpaHCTB Co6ojieBa b o6jiacTH f2, flannoe JIhohcom h Ma/i,>KeHecoM: 



CjieBa b o6o3HaHeHHH HcnojibsyeTca npHMoe HanncaHHe 6yKBbi H, a 
He KypcHBHoe k&k b onpeflejieHHH (j4.170p . 3flecb flBoftcTBeHHoe npo- 

CTpaHCTBO {Hq '^^Q))' COCTOHT H3 aHTHJIHHeHHblX (J^y HKU;HOHajIOB . 

(pyHKi^HOHajibi H3 npocTpaHCTBa H''(r2), rj^e s < 0, oflHosnaHHO 
onpe^ejiaroTca no cbohm SHaneHHaM na npoGnbix 4)yHKii;HHX h3 npo- 

CTpaHCTBa C^{Q). n03T0My KOppeKTHO OTOJKfleCTBJIHTb 3TH (JjyHK- 

i^HOHajibi c pacnpe/],ejieHiMMH b o6jiacTH Q. HpH 3tom fl^jisi jiK)6oro 



||m||h=(o) = inf { ||?y||iy.(Mn) : w £ H^{W), w = UBn} (4.174) 

(cm. |41| . rji. 1, 3aMeHaHHe 12.5). OTCiofla h h3 cJ^opMyji (j4.170p . 
(I4.17ip cjiefljeT nenpepbiBHoe BjiojKeHHe H*(J7) H^{Q) a njioT- 

HOCTb MHOJKeCTBa Cq°(0) B H*(r2) npH KaJKflOM s < 0. 

KaK OTMenajiocb Bbime, 



R'{Q) = H''{n) ^ s G M\ {-1/2,-3/2,-5/2,...}. (4.175) 



EcjiH napaMBTp s < nojiyLi,ejibiH, to npocTpancTBO H'^(il) yjKe npo- 
CTpaHCTBa H^{Q). 

Otmbthm, hto fljia npoH3BOJibHbix s G M H e > BbinojinaeTCH 
KOMnaKTHoe h njioTHoe BjiojKeHHe H*^^(r2) ^ H**(r2). 




npH s > 0, 
npH s < 0. 



(4.172) 



s < 




(4.173) 
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Tenepb nepeH/i,eM k TeopeMaM JlHOHca-Ma^JKeneca. ^jih SToro 
CHanajia HanoMHHM KjiaccHHecKyro o6myio TeopeMy o paapemHMOCTH 
KpaeBoit saflaHH (j4.ip b niKajie nosHTHBHbix npocTpancTB Co6ojieBa, 
c4)opMyjiHpoBaHHyio Bbime b npefljioJKeHHH 13.11 

TeopeMa A. Omo6paDiceHue 

u^{Lu,Bu), ueC^iQ), (4.176) 

npodoAMcaemcH no Henpepuenocmu do ozpanuueHHOzo nemepoeozo 
onepamopa 

{L, B) : H'^+29(!^) ^ e ^'^+2g-m,~i/2(p) ^. ^^ -^^^^ 

npu A1060M eeinecmeeHHOM a > 0. Hdpo amozo onepamopa coe- 
nadaem c N, a o6Aacmb SHaueHuu cocmoum us ecex eenmopoe 
{f,gi,...,gq) E Ho-(r2,r), ydoeAemeopHwui^ux ycAoeum (14. 4p . Hh- 
dcKC onepamopa (j4.177p paeen dimiV — dim A^"*" u ne saeucum om a. 

3flecb H flajiee, b OTjiHHHe ot npeflbi^ymnx TeopeM o paspemiiMO- 
CTH KpaeBOH saflaHH (14. Ih . mip^evic s, 3a;i;aK)n];HH rjia/];KocTb o6jiacTH 
onpe;];ejieHHa onepaTopa (L, S), yflo6HO npe^cTaBjiHTb b BH/i,e cyMMbi 
s = (T + 2(7. Otmbthm, hto Teopeivia A yjKe pacnpocTpanena na yTOH- 
HeHHyio niKajiy npocTpancTB XepMan/iepa b n. 14.1.11 (TeopeMa 14. ip . 

KaK OTMenajiocb Bbime b n. 14.2. H TeopeMa A He Bepna fljiH npoHS- 
BOjibHoro 3HaHeHHH (T < 0. Hoflxo/i, >K.-JI. JlnoHca h 3. Ma^JKeneca 

COCTOHT B TOM, HTo6bI BMeCTO H'^^^'^($7) HCHOJIbSOBaTb B KaHeCTBe 

o6jiacTH onpe/iejieHHH onepaTopa (L, B) 6ojiee ysKoe npocTpancTBO 

Dl^^\il) := {u e : Lu G X^{n)}, (4.178) 

r^e A'^(O) — HeKOTopoe rHjib6epTOBO npocTpancTBO, nenpepbiBHO 
BjioJKeHHoe B H'^(r2). Sflecb h /i,ajiee o6pa3 fl^jin u G P'(ri) no- 
HHMaeTCH B cMbicjie TeopHH pac^pe/^eJIeHHH. B npocTpancTBe (I4.178P 
BBOflHTCH CKajiHpHoe npoH3Be/],eHHe rpa4)iiKa 

(ni,n2)^^+29(j^) := (ui, U2)H-+29(n) + (Lui, Lu2)x'^{n) (4.179) 
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H cooTBeTCTByiomaH eMy HopMa. 

HpocTpaHCTBO D^^'^(r2) co CKajiapHbiM npoHSBe^eHHeM (I4.179P 
HBjiaeTCH nojiHbiM. B caMOM ^ejie, ecjiH nocjieflOBaTejibHOCTb 
(uk) 4)yHflaMeHTajibHaH b D'^^^'^{Q), to, nocKOjibKy npocTpancTBa 
jjo-+2(3^^^ H nojiHbie, cymecTsyioT npe^ejibi u := limuk b 

H'^+29(J7) ^ V'{n) H / := lim Lttfc b X'^(Jl) (BJiojKeHHH 
HenpepbiBHbi) . Tax KaK /],H4)4)epeHLi,HajibHbiH onepaTop L nenpepbi- 
BeH B D'{Q), TO B CHjiy nepBoro npe^ejia HMeeM: Lu = lim Luk b 
D'(Q). Oxcio/ia Ha ocHOBaHHH BToporo npepfijia nojiynaeM paBencTBO 
Lu = / G CjieflOBaxejibHO, u G D'^'^^'^^Q.) h limtifc = ti b 

npocTpancTBe D'^^-^'^{Q)^ x. e. sxo npocxpancxBO nojiHoe. 

B paSoxax >K.'-JI. JlnoHca h 3. MaflJKeneca [ill IM [THTl [T88] nait- 
fljSHbi HeKOTopbie BajKHbie npocxpancxBa xaKHe, hxo oxoGpa- 

jKeHHe (I4.176P npo/iojiJKaexca no nenpepbiBHOcxH orpaHHHeHHoro 
HexepoBoro onepaxopa 

g 

(L, B) : Dl^^^^a) X"{^) e /7<^+2'?-'n,~i/2(p) ^. (4180) 

x,(f],r), 

ecjiH o" < 0. B oxjiHHHe ox xeopeMbi A, oGjiacxb onpe/;ejieHHH onepaxo- 
pa (I4.180p saBHCHX BMecxe c xonojiorneii ox K034)4)Hn,HenxoB sjijinn- 
XHHecKoro BbipajKenna L. IlosxoMy xeopeivibi o CBoncxBax onepaxopa 
(I4.180p HBjiHioxcH HH/iHBHflyajibnbiMH xeopeMaMH o paspemnMocxn 
KpaeBOH 3a/],aHH (14. ip . 

C4)opMyjiHpyeM jx^e nn/iHBHflyajibnbie xeopeivibi, npnnafljiejKamne 
>K.-JI. JlnoHcy n 3. MaflJKenecy. 

TeopeMa LMi [Ml [M]. Uycm-b a < u X'^(O) := L2(0). 
Tozda omo6pasfceHue (I4.176P npodoAMcaemcn no HenpepueHocmu 
do ozpaHUHCHHOzo Hemepoeozo onepamopa (|4.180p . Ezo ndpo coe- 
nadaem c N, a o6Aacmb SHaneHuu cocmoum us ecex eenmopoe 
(f,gi,...,gq) G X(j(f],r), ydoeAemeopnminux ycAoeum (j4.4p . Mh- 
dcKC onepamopa (I4.180p paeen dim — dim A^"*" u ne saeucum om a. 

Sflecb cjie/i;yex Bbi/iejinxb cjiyHalt a = —2q, Koxopbiti BajKen b 
cneKxpajibHOH xeopnH sjijiHnxnnecKHx onepaxopoB |163| I164| 11651 146} 
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147) . B 3TOM cjiynae npocTpancTBO 

D^L^i^) = {uG L2{n) : Lu G L2{n)} (4.181) 

HBjiaeTca o6jiacTbio onpe;],ejieHHH MaKCHMajibHoro onepaTopa, ot- 
Benaiomero /i,H4)4)epeHi];HajibHOMy BbipaacenHK) L b npocTpancTBe 
-L2(ri). SaMeTHM, HTO flajKe ecjiH Bce K034)4)Hu;HeHTbi BbipajKeHHH L 
nocTOJiHHbi, npocTpaHCTBO (|4.18ip cymecTBeHHO sasHCHT ot KajK^oro 
H3 HHx. 3to bh^ho h3 cjie/i,yioiri,ero pesyjibTaTa JI. XepMaH/];epa |117t 
c. 78]. 

HycTb L n M — flfia. jiHHefiHbix /iHcJicJiepeHi^HajibHbix BbipajKe- 

HHH C nOCTOHHHblMH K034)4)HIi;HeHTaMH. ToTji^a, ecjiH ($7) C 

-^ML2^^)' ™ ™5o M = aL + /3 p^jiR HCKOTopbix Q,/3 G C, jih6o L 
H M — MHoroHjieHbi OTHOCHTejibHO onepaTopa flHcJacJjepeHi^HpoBaHHa 
B/iojib HeKOToporo BeKTopa e, npHHeM ordM < ordL. 3aMeTHM, hto 
fl^jia sjijiHnTHHecKHX onepaTopoB BTopaa BOSMOJKHOCTb HCKjironaeTCH. 

^jiH 4)opMyjiHpoBKH BTopoH TeopeMbi JlHOHca-MaflJKeHeca HaM 
noHa/];o6HTca BecoBoe npocTpancTBO 

gR^'in) ■={/ = gv: ve H'"(0)}, (4.182) 

rjie o" < H 4)yHKu;HH g G C°°(0) nojioJKHTejibHa. Ha/i,ejiHM 3to 
npocTpancTBO CKajiapHbiM npoHSBe^eHHeM 

(/i, /2),H'^(n) := (f?"Vi, Q'^f2h^in) (4.183) 

H cooTBeTCTByiomeH eMy HopMoit. HpocTpaHCTBO f)H°'(0) nojiHO h 
HenpepbiBHO BjiojKeHO b D^Q). 3to cjie/];yeT h3 Toro, hto onepaTop 
yMHOJKeHHH Ha 4)yHKu;Hio g nenpepbiBen b I?'(0) h ycTanaBjiHBaeT 
roMeoMop4)H3M nojiHoro npocTpancTBa H'^(r2) na g]i'^{i}). 
PaccMOTpHM BecoBbie 4)yHKii;HH BH/ia g := r/];e 

gi G C°°(r2), £)i > B il, £>i(x) = dist(x,r) b OKpecTHOCTH r. 

(4.184) 

TeopeMa LM2 [HI c. 216]. Uycnib a <0 u 

' gl^'WiSl) npu cj + 1/2 ^ Z, 
X^n) := \ [£.7"+i/2h-i/2(J7), g^''~'^^W+^/\n)]^^/2 (4.185) 

npu C7 + 1/2 G Z. 
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Tozda ocmaemcn e cuac ymeepMcdeHue meopeMU LMi . 

SaMenaHHe 4.9. >K.-J1. JIhohc h 3. Ma/i^Kenec gU c. 197-199] 
HcnojibsoBajiH b KanecTBe X°'{0,) neKOTopoe rnjibGepTOBO npocTpan- 
CTBO ^JiH ii,ejibix napaMBTpoB cr > oho onpeflejiaeTCH no 

4)opMyjie (j3.53p . ^jih ffpoGabix a > — nocpe^cTBOM HHTepnojiHii;HH 
CO CTeneHHbiM napaMeTpoM: 

H, HaKOHeii;, fljia OTpHLi,aTejibHbix cr < — nocpeflCTBOM nepexofla k 
;];BOHCTBeHHOMy npocTpancTBy (oTHOCHTejibHO CKajiapnoro npoHSBe- 
ji^eHnsi B L2(f^)): := ^jih npoHSBOjibHoro u < 

npocTpancTBo H'^(Q) coBna;];aeT (c tohhoctbio /i,o sKBHBajieHTHocTH 
Hopivi) c npaBOH nacTbio (Jjopiviyjibi (I4.185p . 3to BbiTeKaeT hs pesyjib- 
TaTa JlnoHca h Ma^JKeneca |4H c. 212] (cjieflCTBiie 7.4). 

4.4.2. KjHoneBaa HHflHBHflyajibHaa TeopeMa 

Sflecb Mbi flOKajKeM KjiioHeByio HH^HBH/iyajibHyio Teopeiviy o pas- 
peniHMOCTH KpaeBOH aaflann (14. ip . 3Ta Teopeivia yTBepjKflaeT, hto 
onepaTop (|4.180p KoppeKTHO onpe^ejieH, orpanHHen h neTepoB npn 
0" < 0, ecjiH rHjib6epTOBO npocTpancTBO X'^(O) P'(r2) yflOBjieTBO- 
paeT npHBO/;HMOMy HHJKe ycjioBHio Iq-. Ona nocjiyjKHT kjiiohom ^jih 
;];oKa3aTejibCTBa ^pyrnx HH^HBH/iyajibHbix TeopeM. 

YcjiOBHe I^. MnoJKecTBO X°°{n) := X'^(O) r\C°°{n) hjiotho b 
X'^{Q), H cymecTByeT hhcjio c > TaKoe, hto 

||0/||//-(Rn) <c||/|U^(n) flJiHJiio5oro (4.186) 

3flecb Of{x) = f{x) npuxenm Of{x) = npn x G M" \ ^ 

SaMeTHM, HTO HBM MeHbuie a rem cjia6ee ycjioBHe lo- flJiH oflHoro 
H Toro JKe npocTpancTBa X'^(r2). 

SaMenaHHe 4.10. 51. A. PoiiT6epr |86| (n. 2.4) paccMOTpeji ycjio- 
BHe Ha npocTpancTBO X'^^^l) necKOJibKO Sojiee CHjibHoe, hbm na- 
me ycjioBHe la- Hm flonojiHHTejibHo Tpe6oBajiocb, htoGbi C°°{^) C 
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X'^{0,). Tlpn TaKOM ycjioBHH PoHT6epr |86| c. 261; l218l c. 190] flOKaaaji 
orpaHHHeHHOCTb onepaTopa (I4.180p flJiH Bcex a < 0. Otmbthm, hto 
3TO ycjioBHe He oxBaTbieaeT BajKHbiii cjiynaii X"'(Q) = {0}, a TaKJKe 
HeKOTopbie BecoBbie npocTpancTBa X'^^i}) = gi{"{^}), paccMOTpen- 

Hbie HaMH HHJKe. 

C4)opMyjiHpyeM KjiioHeByio HH^HBH^yajibHyio TeopeMy. 

TeopeMa 4.25. Uycmb hucao a < 0, a X°'{Q) ~ npouseoAwoe 
zujib6epmoeo npocmpaHcmeo, Henpepueno eAOMceuHoe e P'(ri) u ydo- 
eAemeopHwui^ee ycAoeum 1^. Tozda cnpaeedAueu CAedymu^ue ymeep- 
OKdenuH. 

(i) MHOMcecmeo 

Df^xi^) := {u e C^(U) : Lu G X'^in)} 
riAomHO e npocmpaHcmee D'^^^'^^Q). 

(ii) Omo6paMceHue u — )• {Lu, Bu), zde u E /^^^^(ri), npodoAMcaem- 
CH no HenpepueHocmu do ozpaHuuemozo AuneuHozo onepamopa 
(|4l80]l . 

(iii) Onepamop (j4.180p nemepoe. Ezo sidpo coenadaem c N , a o6- 
Aacmt SHaHCHUu cocmoum U3 ecex ecKmopoe {f,gi,... ,gq) G 
Xo-(il,r), ydoeAemeopHwu^ux ycAoeum (|4.4p . 

(iv) EcAU MHOofcecmeo 0{X°°{0,)) nAomuo e npocmpaHcmee 
H2.(M^''), mo undenc onepamopa (j4.180p paeen dim — dim A^"*" . 

^OKasaxejiBCTBO 5yfleT onnpaTbca na TeopeMbi l4. 141 l47T8l 14. 23I h 
I4.24| jijig co6ojieBCKoro cjiynaa (/j = 1, b KOTopbix mm 6epeM s = a+2q. 
HanoMHHM, HTO B 3TOM cjiyHae, OHH flOKaaaHbi 51. A. PoliT6eproM 
|218| . IlpH 3TOM TeopeMa 14.241 ycTaHOBjiena hm fljia npoHSBOjibHoro 
s < -1/2. 

Ha ycjioBHH TeopeMbi cjie^yeT, hto OTo5pajKeHHe / i— )• Of, rpid 
f G X°°(r2), npo/],ojiJKaeTca no nenpepbiBHOCTH flp orpaHHHeHHoro 
jiHHeiiHoro onepaxopa 

O : X'^in) H^{W) = (4.187) 



\4.4[ PacninpeHHe reopeM JlnoHca-Ma/pKeHeca 



295 



3tot onepaTop HHteKTHBHbiH. B caMOM ^ejie, nycTb Of = ^jih 
HeKOToporo pacnpe/iejieHHH / G X"{0,). Bbi6epeM nocjiefloeaTejib- 
HOCTb (/fc) C X°°{n) TaKyio, hto fk^fs X<^(17) ^ V'{n). Tor^a 
O/fc ^ B /7^(M") ^ 5'(M"), oTKYAa 

= lim ifk,v)n = lim {Ofk,v)n = ^jih Bcex v £ C^(il). 

TaKHM o6pa30M, / = KaK pacnpe/iejieHHe h3 npocTpancTBa 
P'(ri), T. e. onepaTop (I4.187P HHi.eKTHBHbiH. Oh onpe- 
/i,ejiHeT HenpepbiBHoe BjioJKeHHe X'^(Q) ^ H'^'^^\Q). 

CorjiacHO TeopeMe I4.13| fl^Jiii npoHSBOjibHoro u E (il) 
onpe/],ejieH nocpe/icTBOM npe^ejibHoro nepexofla sjieMeHT Lu £ 
H'''^^\n). nojiojKHM 

B npocTpaHCTBe D'^-^'^'^'^'^\q,) BBepfiM cKajiapnoe npoHSBe^eHHe rpa- 
(JjHKa 

{ui,U2) ^a+2q,{2q) f^^^ ■= (ni,M2)//<T+2q,(29)(Q-) + {Lui,Lu2)x''iQ)- 

IlpocTpaHCTBo nojiHoe OTHOCHTejibHO 3Toro cKajiapHO- 

ro npoHSBe/ieHHH. ^eftcTBHTejibHO, nycTb nocjieflOBaTejibHOCTb (uk) 
4)yH;i;aMeHTajibHaH b D'^^^'^'^^'^\q,). Tor/i,a, nocKOJibKy npocTpancTBa 
^o-+2q,{2£;)^j^^ H nojiHbie, cymecTByioT npe^ejibi u := \imuk 

B //'^+2'J'(29)(J7) H / := limLufc b X'^(r2). IlepBbiH h3 hhx BjieneT 
cxofliiMOCTb limLufc = Lu b H°''^'^\n). Orcmjia, b CHjiy cnpaBe/iJiHBO- 
CTH BToporo npe^ejia h nenpepbiBHOCTH BjiojKeHiia (j4.187p . nojiynaeivi: 
Lu = / G Cjie^oBaTejibHO, u G D'^^^'^'^'^'^\q) h limufc = u b 

-'^L X T- e. npocTpaHCTBO L>^-^ (SZj nojiHoe. 

Ha ocHOBaHHH TeopeMbi 14.141 ^ejiaeM BbiBO/;, hto cyjKeHHe onepa- 
Topa 

<? 

i/-.(o)(j7) e 0i/-+2'?-"^.-i/2(r) =: H,_(o)(rj,r). (4.188) 
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Ha npocTpancTBO D'^ ■^'^ {^) HBjiJieTca orpaHHHeHHbiM onepaTO- 
poM 

{L,B) : Dl'^-^'''^^''\n) ^ X,(J7,r). (4.189) 

51flpo onepaTopa (|4.189p paBHO N, a o5jiacTb SHaneHHli coctoht h3 
Bcex BeKTopoB {f,gi,...,gq) E X(j(f^,r), y^oBjieTBopHiomHX ycjio- 
BHK) (j4.4p . Cjie^oBaTejibHO, onepaTop (|4.189p neTepoB, npaneM ero 
KOHflpo HMeeT pasMepHOCTb /3 < dimA^"*". 

KpoMe Toro, ecjiH MHOJKecTBO 0{X°°{il.) njioTHO b npocTpancTBe 
H^(W^), TO /3 = dim A^^. B caMOM ^ejie, o6o3HaHHB onepaTop (I4.188P 
Hepes A, a 6ojiee ysKHH onepaTop (|4.189p nepes Aq, paccMOTpHM co- 
npaiKeHHbie k hhm onepaTopbi A* h Aq . Tax KaK Tenepb nenpepbiBHoe 
BjiojKeHHe X(j(r2,r) HCT^(o)(^>r) hjiotho, to ker Aq 5 kerA*. Cjie- 
flOBaTejibHo, 

f3 = dim coker Aq = dim ker Aq > 
dim ker A* = dim coker A = dim . 

SnaHHT, P = dimA^+ a HH^eKC onepaTopa (|4.189p paBen dimA^ — 
dimA'^"'" B paccMOTpeHHOH cHTyai^HH. 

HoKaJKeM, HTO MHOJKeCTBO D^-^{0,) njIOTHO B npocTpaHCTBe 
L>^J^^'^^^^(0). noCKOJIbKy MHOJKeCTBO X°°{n) X (C°°(r))9 njIOTHO B 

npocTpaHCTBe XCT(r2,r), to corjiacHo jieMMe FoxGepra-KpeHHa [24] 
(jieMMa 2.1) MOJKHO sanncaTb 

x^{n,T) = {L,B){Dl'^^'''^"'\n)) + Q{n,T), (4.190) 

r^e Q(r2, r) — HCKOTopoe KoneHHOMepHoe npocTpancTBO, yflOBjicTBO- 
paromee ycjioBiiio 

Qin,T) c x°°{n) X (^^(r))''. (4.191) 

06o3HaHHM Hepes 11 onepaTop npoeKTHpoBaHHH npocTpancTBa 
X„{Q,T) Ha nepBoe cjiaracMoe b (I4.190p napajijiejibHO BTopoMy cjia- 
raeMOMy. 

IlycTb u E D'^^^'^'^'^'^\q.). AnnpoKCHMHpyeM F := {L,B)u hcko- 
TopoH nocjie/i,OBaTejibHocTbio (Fk) C X°°{il.) x (C°°{T))'^ b HopMe 
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npocTpancTsa Xo-(l^,r). Tor/i,a 

lim UFk =nF = F = {L,B)u b X„{n,T), (4.192) 

rfle B CHjiy (j4.19ip 

(UFk) C X {C°°(T)y (4.193) 

HeTepoB onepaTop (j4.189p ecTecTBeHHbiM o6pa30M nopojKflaeT ro- 

MeOMOp4)H3M 

Ao := (,L,B) : Dl-^^'''^^''\n)/N o n(X.(f],r)). 
B CHjiy ()TO2D 

lim A"^ UFk = {u + w:w e N} b D^^^'^^"?) (f]) /^r. 

CjieflOBaTejibHO, cymecTByeT nocjie^oBaTejibHOCTb npeflCTaBHTejieii 

Uk G D'^^^'^'^'^'^\Q) KJiaCCOB CMeJKHOCTH Aq ^ IIFfc TaKaH, HTO 

lim Uk = u B Dl'^^'^'^^'^\n). (4.194) 

k—^oo ' 

HpH 3TOM B cHjiy (j4.193p 

{L,B)uk = UFk G C^i"^) X (C°°(r))'?. 

OTCiofla Ha ocHOBaHHH TeopeMbi l4.18l H TeopeMbi BjiojKeHHH Co6ojieBa 
nojiynaeM: 

s>2q s>2q 

TaKHM o6pa30M, b ()4.194p nocjie/ioBaTejibHOCTb [uk) C D^-^{Q). TeM 

caMbiM flOKasano, hto Z)|°j^(Q) hjiotho b D'^^^'^'^'^'^\Q). 

^ajiee paccMOTpHM OT^ejibHO cjiynan —2q — 1/2 < a < n a < 
-2g- 1/2. 
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nepBbiH cjiynaft: -2q - 1/2 < a < 0. Tor^a F'"+2g,(0)(j^^) ^ 

jj(T+2q^j^-j^ ^eftCTBHTejIbHO, TaK KaK 

1/2 (cm. [JT], rji. 1, TeopeMa 11.1), to 

H''^°\n) = iH-'{n)y = (H^'in))' = H^(Q) npn - 1/2 < s < 0. 
OTcio/],a 

H'^^^\n) = B'{n) npH s>-l/2 (4.195) 

C paBeHCTBOM HOpM. 

BocnojibsyeMCH TeopeMoli 14.231 h paccMOTpHM OTo6pa>KeHHe Iq : 
u I— )• uq, rj\e u S D^^'^'^^'^^ (il) h {uq, f) := /lu. Oho onpe/iejiaeT 

rOMeOMOp4)H3M 

Jo : Dl-^^'''^^'\n) o Dl-^p{n). (4.196) 
B caMOM flejie, fljiH npoHSBOjibHbix pacnpe/iejieHHH 

uo e -H''"+2g,{0)(j^) ^ H'^+2'?(J1) H / e X'^(Jl) /7'^'W(J1) 

ycjioBHH (|4.115p H (j4.116p SKBHBajieHTHbi B CHjiy jieMMbi 14.51 ycjioBHe 
(j4.116p osHanaeT, hto Luq = f b CMbicjie TeopHH pacnpe/;ejieHHH b 
o6jiacTH Q. OTCiofla na ocHOBaHHH TeopeMbi l4.23l nojivHaeM paBencTBO 
/o(£'lJf''^^'^(f^)) = Dl^^^^n). KpoMe Toro, ^Jia u G (0) h 

(«0)/) = -^L^* BbinOJIHaeTCa 3KBHBajieHTH0CTb HopM: 

ll'"ll^^+29,{2'j)(-f^-) = |k||^<T+2g,{2<,)(Q) + 1 1 / 1 1 (f^) ^ 

||'"o||^cT+29,(o)(f^) + ||/||^cT,(o)(Q) + Il/lli:<^(f7) ^ 
ll^o|lH'^+2q(Q) + ||/|li:<T(n) = 1 1 ""011^^+29 • 

CjieflOBaTejibHO, OTo5pajKeHHe Iq onpeflejiaeT roMeoMopcJjHSM 
(SIM]). 

Hs CBOHCTB onepaTopoB (j4.196p h (|4.189p (nocjie/iHHH, HanoMHHM, 
o6o3HaHeH nepes Aq) cjiejijeT, hto onepaTop 

Aolo' : Dl+pirt) ^ X,(0, r) (4.197) 
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orpaHHHeH h neTepoB. Hpn stom ero siflpo, o6jiacTb 3HaHeHHH h hh- 
fleKC Te JKe, hto h y onepaTopa (I4.189p . Tax KaK onepaTop Iq ocy- 
mecTBjiaeT BsaHMHO oflHoanaHHoe OTo5pa>KeHHe MHOJKecTBa D|°j^(rj) 

Ha ceGsi, to 3to MHOJKecTBO njioTHO B npocTpancTBe D'^'^-^'^ {^) , a one- 
paTop (j4.197p HBjiaeTCH npoflOJiJKeniieM no nenpepbiBHOCTH OTo6pa- 
JKBHHH u — )• (Lu,Bu), rjj^e u G D^-^{0,). TeopeMa 14.251 joKasana b 
nepBOM cjiynae. 

BTopoH cjiynaft: a < -2q - 1/2. Tor^a F'"+29.(0)(O) = 
iJ^+2«(M"). nojiojKHM Rw:= w \ n n^si w e P'(M"). ^JoKajKeM, hto 

OTo6pa>KeHHe /q : u i— ?■ -Ruq) r/];e w G D'^^^'^'^'^'^\q) h {uq, f) := I^u 
onpeflejiHCT roMeoMopcJjHSM (j4.196p b paccMaTpHBaeMOM cjiynae (b 
nepBOM cjiynae 6bijio Ruq = Uq). BocnojibsyeMca TeopeMOH l4.23l H sa- 
MeTHM, HTo (|4.115p =^ (|4.116p . ^Jia npoHSBOJiBHoro u € -D^^'''^^'^^(0) 

{Ruo,L'^v)n = {uo,L~^v)n = {f,v)n win Bcex v £ C^(il), 

T. e. LRuq = / b CMbicjie Teopnn pacnpe/],ejieHHH b o6jiacTH il.. Cjie- 
flOBaTejiBHo, Iqu = Ruq G /^^^'^(O). KpoMe Toro, b cHjiy (I4.174D h 
onpeflejieHHH npocTpancTBa (O) cnpaBefljiHBa oii;eHKa 

||Wo||^a + 29(IRn) + ||/|li:<T(n) < 1 1 1 1 ^o- + 29, (2,) • 

CjieflOBaTejibHO, onepaTop Iq '■ D^"'^'^'^^'^^ (Jl) — t- D"j^^'^{Q) orpann- 
HeHHbiii. 

IloKajKeM, HTO 3TOT onepaTop 6HeKTHBHbiii. IlycTE. w E D'^^'^{n) 
VL f := Luj G B CHjiy (j4.173p nali/ieTCH pacnpe/iejieHHe uo G 

iJ^"^^'^ (M") TaKoe, HTO w = i?Uo. Hpn btom BbinojinaeTCH paBencTBO 

dim -. 

{uo,L^v)n = iuj,L^v)n = {f,v)n ^jih Bcex v£C^{^}). 

CorjiacHO TeopeMe 14.241 ^jih pacnpe^ejieHHH uq S H'^~^'^'^'^^\^}) h 
/ G X°'(n) i?°"'^'^^(r2) cymecTByeT eflHHCTBeHHaa napa {uq, f) G 
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Ka+2q,Li^), y/];oBjieTBopHK)maH ycjioBHK) (j4.118p . (B Co6ojieBCKOM 
cjiynae ip = 1 3Ta TeopeMa Bepna s £ M, kslk noKaaaji 51. A. Poht- 
6epr |218l c. 187], TeopeMa 6.2.1.) OTCiofla na ocHOBaHHH Teope- 
Mbi 14.231 MoaceM sanncaTb 

u* ■= Il^{ul, /) G D^J^^^'^^^^J]) H Iqu* = Ru*Q = Ruo = UJ. 

3jieMeHT u* — eflHHCTBeHHbiit npoo6pa3 pacnpeflejieniia oj npn oto6- 
pajKeHHH /q. ^elicTBHTejibHO, ecjiH Iqu' = lv flJiH HeKOToporo u' S 
Z?^^'^'^^'^^ (0), TO napa [u'q, f) := Ilu' G Ka+2g,L{^) y^oBJieTBopaeT 
ycjioBHaM: 

/' = LRu'o = Loj = f, 
{u'q, v)n = (t^, v)n = (no, v)n p^jin Bcex v £ C^{^1). 

HosTOMy B CHjiy TeopeMbi 14.241 napbi {u'q,/') = (u'q,/) h {uq, f) pas- 
Hbi, a SHaHHT paBHbi Hx npoo5pa3bi u' h u* npn OTo6pajKeHHH 1^. 

TaKHM o6pa30M, jiHHeftHbiH orpaHHHeHHbiit onepaTop ()4.196p 6h- 
eKTHBHbiii B paccMaTpHBaeMOM cjiynae. Cjie^oBaTejibHO, no TeopeMe 
Banaxa o6 o6paTHOM onepaTope, oh HBjiHeTCH roMeoMop4)H3MOM. Te- 
nepb, Bocnojib30BaBmHCb neTepoBOCTbio onepaTopa (j4.189p h paccyjK- 
flaa TaKJKe KaK h b nepBOM cjiynae, mm saBepmaeM flOKa3aTejibCTBO 
BO BTopoM cjiynae. 

TeopeMa 14.251 /i,OKa3aHa. 

SaMenaHHe 4.11. yTBepjK^eHHe, noflo5Hoe TeopeMe 14. 25^ flOKa- 
sano B |44l c. 202] (TeopeMa 6.16) b cjiynae nenojiyi^ejioro a < —2q 
H KpaeBOH 3a/];aHH ^Hpnxjie. Hpn 3tom na npocTpancTBO X'^{^}) na- 
Kjia/ibiBajiHCb HeKOTopbie HHbie ycjiOBHH, 3aBHCHmHe ot paccMaTpii- 
BaeMOH KpaeBOH 3a/];aHH. Hame ycjiOBHe ot nee He 3aBHCHT. 

SaMenaHHe 4.12. B TeopeMe 14.251 k&k h b HH/iHBH^yajibHbix 
TeopeMax LMi, LM2, pemeHHe h npabaa nacTb 3jijiHnTHHecKoro ypaB- 
HeHHH Lu = f HBjiHK)TCH pacHpeflejieHHHMH, 3a/];aHHbiMH B 17. Hnbie 
HHflHBHflyajibHbie TeopeMbi fl0Ka3aHbi b pa6oTax 51. A. PoHT6epra |83| 
H K). B. KocTapnyKa, 51. A. PoHT6epra |32) . B bthx TeopeMax u h/hjih 
/ He siBjiaioTCH pacHpe/i,ejieHHHMH b o6jiacTH Q. 
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ITpocTpaHCTBO X"{^}) := {0}, OHeBH/];HO, y^oBjieTBopaeT ycjio- 
BHK) Iff. B 3TOM cjiynae xeopeivia 14.251 onHCbiBaex CBOHCTBa nojiyoflHO- 
po/];HOH KpaeBofi aaflann (j4.ip . r/],e / = 0, h cnpaBefljiHBa fljia jiio6oro 
o" G M BBH^y TeopeMbi 13.111 HpH stom, xoTa h H'*(0) ^ H^{i}) ^jia 
nojiyii;ejioro s = a + 2q < 0, ho 

{u £ R'{n) : Ln = B 17} = {n G H'{n) : Ln = b 17}. (4.198) 

KpoMe Toro, HopMbi b npocTpancTBax H*(f]) h H^{Q) SKBHBajieHTHbi 
Ha pacnpe/iejieHHHX n, yKasaHHbix b 4)opMyjie (j4.198p . 

^ajiee mm paccMOTpHM pasjiHHHbie npHjioJKeHHH TeopeMbi 14.251 
o6ycjioBjieHHbie KOHKpeTHbiM Bbi6opoM npocTpaHCTBa X'^(Q). Mbi 
HsyHHM oT/];ejibHo cjiynaH, Kor;];a b KanecTBe X°'(i}) 6epyTCH thjib- 
6epTOBbi npocTpancTBa Co6ojieBa h hx BecoBbie anajiorn. 

4.4.3. HHflHBH/i,yajibHa5i TeopeMa 
fljia npocTpancTB CoSojieBa 

B cjieflyiomeH TeopeMe onncaHbi Bce rnjibGepTOBbi (neBecoBbie) 
npocTpancTB Co6ojieBa, yflOBjieTBopaiomHe ycjiOBHio Ig-. 

TeopeMa 4.26. Uycmb cr < u A G M. UpocmpaHcmeo X"'{il.) := 
H'^(r2) ydoenemeopHem ycjioeum Ig- mozda u moAbKO mozda, Kozda 

A > max{o-,-l/2}. (4.199) 

^OKasaTejiBCTBO. 3aMeTHM, hto TaK KaK X'^{Q,) = to 

MHOJKeCTBO X°°{rt) = C°°(r2) njIOTHO B npocTpaHCTBe X'^(il). 

/JocmamoHHOcmb. ripeflnojiojKiiM, hto BbinojiHseTCH HepaBencTBO 
(ICT9I) . Tor^a BBH^y (ICT5]l 

H^(!^) = F^'(°)(!^) ^ H'^'^^^n) 

BMecTe c TonojiorneH. HanoMHHM, hto BcaKaa 4)yHKii;Ha / G C°°( ) 
OTOJKflecTBjiHeTca c 4)yHKu;HOHajioM (/, • )q, a oh b cbord onepe^b — 
c 4)yHKii;Heit Of KaK sjieMenTOM npocTpancTBa 
C JieflOB aTe jibHO , 

||C/||h-(R") < c II/IIh^-cc) AJi^i JiK)6oro / G C°°( ), 
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rfle HHCjio c > He saBHCHT ot /. ^ocTaTOHHOCTb flOKasana. 

Heo6xoduMocmb. ripeflnojioJKHM, hto npocTpancTBO X'^{Q) : = 
H^(r2) yflOBjieTBopaeT ycjioBHio 1^. Ecjih A > 0, to HepaBencTBO 
(j4.199|) BbinojiHseTCH. HosTOMy orpaHHHHMCH cjiynaeivi A < 0. Onepa- 
Top (j4.187p onpe^ejiaeT nenpepbiBHoe njioTHoe BjiojKeHHe H^(r2) 
OTcioAa 

Cjie/i,oBaTejibHo, —a > —A. KpoMe Toro, —A < 1/2, nocKojibKy ecjiH 
—A > 1/2, TO 4)yHKLi;HH / = 1 S H~'^(i}) ne npHHafljiejKHT npocTpan- 
CTBy Hq'^(^D,) b CHjiy TeopeMbi l3.20l (i). TaKiiM o6pa30M, a yflOBjieTBO- 
paeT HepaBeHCTBy (I4.199p . Heo6xoflHMOCTb ^OKasana. 
TeopeMa 14.261 ^oKasana. 

Ha TeopeM 14.251 h 14.261 BbiTeKaeT cjie^yiomaH HH^HBH^yajibHaa 
TeopeMa o paspeniHMOCTH KpaeBoft sa^aHH (14. ip b npocTpancTBax Co- 
6ojieBa. 

TeopeMa 4.27. Tlycmh a <{) u \ > maxjcj, —1/2}. Tozda omo6- 
paMcenue ()4.176p npodoAMcaemca, no Henpepuenocmu do ozpanuueH- 
Hozo Hemepoeozo onepamopa 

{L,B) : {u G W+^''{n) : Lu G H^(0)} ^ 
<? 

H^(J7) © ^a+2g-m,-l/2(p)^ (4 2OO) 

i=i 

o6Aacrm> onpedeACHUsi Komopozo neAnemcn zuAb6epmoeuM npo- 
cmpaHcmeoM omHocumeAbHO HopMU zpa^una 

/ II ||2 I II r ||2 \l/2 

UI'"'IIh<^+29(Q) + ll^'"'llH^(f7)j ■ 

HndeKC onepamopa (j4.200p paeen dim N — dim u ne saeucum om 
a u X. 

^OKasaxejibCTBO. OrpaHHHeHHOCTb h neTepoBOCTb onepaTopa 
(|4.200p cpasy cjie/i,yioT h3 TeopeM 
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H Df^xi^) = C'°°( ). KpoMe Toro, Tax krk MHOJKecTBo C'(C~( Q )), 
OTO>K/],ecTBjiHeMoe c C°°(r2), njioTHO b npocTpancTBe H^(M") = 
H'^'^^\fl), TO B CHjiy yTBepjKfleHHS (iv) TeopeMbi 14.251 HHiieKC onepa- 
Topa (I4.200p paBeH dim — dim a He saBHCHT ot a a X. Teopeivia 
14.271 flOKasana. 

TeopeMa LMi hbjihkjtch nacTHbiM cjiynaeM TeopeMbi 14.271 OTBe- 
HaiomiiM cjiynaio, Kor^a cr = 0, t. e. X°'{n) = L2{^). 

B TeopeMe 14.271 jonycKaroTcg neKOToptie npocTpancTBa X''{Q)^ 
coflepjKamne b ce6e L2{^). Cpe^H hhx nanGojiee mnpoKHM HBjiHeTca 
npocTpancTBO X^i^) = H-i/2(Q) npH a < -1/2. 

Otmbthm, hto b cjiynae — 1/2<(7 = A<0 oGjiacTb onpe- 
flejieHHH onepaTopa (|4.200p ne saBHCHT ot L. B caivioM flejie, ecjiH 
— 1/2 < C7 = A < 0, to nocKOjibKy hhcjio a HenojiyLi,ejioe, HMeeM 
orpaHHHeHHbiH onepaTop L : W+'^i{n) W{n) (cm. [HI c. 107], 
rji. 1, npe/];jiojKeHne 12.1). OTCiofla cjieffyeT, hto o6jiacTb onpe^ejie- 
HHH onepaTopa (I4.200p coBna/iaeT c IL'^'^'^'^ (Q) h He sasHCHT ot L. B 
3TOM cjiynae TeopeMa 14.271 coBna^aeT c TeopeMolt 7.5 h3 MOHorpa(|)HH 
>K.-J1. JlnoHca h 3. Ma^JKeneca |4H c. 218], /lOKasaHHofi b npe^no- 
JIOJKeHHH, HTO N = = {0}. 

EcjiH cr = A = —1/2, TO nocKojibKy npocTpancTBo H^^/^(ri) yjKe, 
HeM L(H'^'?~^/^(r2)), npe/ibiflymne paccyjK^eHHa He npoxo/i,HT. Offna- 
Ko, B CHjiy TeopeMbi 14.251 (i). paBencTBa (|4.195p h TeopeMbi 14.231 06- 
jiacTb onpe^ejieHHH onepaTopa (I4.200p HBjiaeTCH nonojiHeniieM mho- 
jKecTBa 4)yHKLi;HH u £ C°° ( O ) no nopMe 

|k|lH29-l/2(f7) + l|-^^^llH-l/2(n) = 
||W'||^29-l/2,(0)(f^) + ||-C'W'||^-1/2,(0)(Q) ^ \\u\\^2q-l/2,{2q)(^^y 

CjieflOBaTejibno, ona coBna/i,aeT c npocTpancTBOM , KO- 

Topoe ne saBHcnT ot L. 

B saKjiionenne SToro nynKTa OTMeTHM, hto ycjioBHio lo- npn o" < 
yflOBjieTBopaioT TaioKe npocTpancTBa XepMan/iepa H^''^{Q), rp^e A > 
max{c7, — 1/2} n G A^. Hn/iHBHflyajibnbie TeopeMbi, CBaaannbie c 
npocTpancTBaMH XepMan/i,epa, 6y/i,yT paccMOTpenbi nnjKe b n. 14.51 
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4.4.4. HH^HBH^yajibHaa TeopeMa 
fljiH BecoBbix npocTpancTB 

B TeopeMe|12B]Bcerfla X'^{n) C H~i/2(ri). IlpocTpaHCTBO X'^(O), 
coflepjKamee niHpoKHii Kjiacc pacnpe/iejieHHit / ^ H~^/^(f]) h yflo- 
BjieTBopHiomee ycjiOBHio Iq-, mojkho nojiyHHTb, Hcnojibsya neKOTopbie 
BecoBbie npocTpancTBa Q]i'^{Q). 

OyHKLi;Hio Q : Q ^ C nasbiBaioT MyAbmunAUKamopoM b npo- 
CTpaHCTBe H^(ri), r^e A > 0, ecjiH onepaTop yMHOJKeHHH na g orpa- 
HHHeH Ha 3TOM npocTpaHCTBe. 3tot onepaTop mbi oGosHanaeM ne- 
pes Mg. OnHcaHHe Kjiacca Bcex MyjibTHnjiHKaTopoB b npocTpancTBe 
H'^(r2) = H'^{Q,) npH A > j^slho b MOHorpacJjHH B. F. MasbH h 
T. O. IHanoniHHKOBOH |45) (n. 6.3.3). 

riycTE. a < —1/2. PaccMOTpHM cjie/iyiomee ycjioBHe na cJ^yHK- 
li;hio q. 

ycjiOBHe IIo-. OyHKu;HH Q SBjiaeTCH MyjiBTHnjiHKaTopoM B npo- 
CTpaHCTBe H~°"(r2) h 

Dlg = Ha r AJiH Bcex j e Z, < j < -a - 1/2. (4.201) 

Otmcthm, hto ecjiH g HBjiaeTca MyjibTHHjiHKaTopoM b npocTpan- 
CTBe H~°'(r2), TO, OHeBiiffHo, Q G H~'^($7). Cjie^oBaTejibHo, b cHjiy 
TeopeMbi 13.51 cymecTBveT cjiep, {Dlg)\T £ //^""^J^i/^^p) ^jjg jiK)6oro 
Li,ejioro j > TaKoro, hto —a — j — 1/2 > 0. IIosTOMy ycjioBHe Ilg- 
c4)opMyjiHpoBaHO KOppeKTHO. 

TeopeMa 4.28. Uycmb a < —1/2 u (fiynK-nusi g £ C°°{Q) no- 
AOMCumeAhHa. IIpocmpaHcmeo X°"(il) := ^)H'^(il) ydoeAemeopnem 
ycAoeuw Ig- mozda u moAbKO moeda, Koeda (f)yHKv,uH g ydoeAemeo- 
pnem ycAoemo 

^jia flOKasaTejibCTBa sToit TeopeMbi HaM noHa/i;o6HTC5i cjieflyro- 
maH jieMMa. 

JleMMa 4.8. Tlycmb a < —1/2. YMHOMceHue na (pyHKi^um g sie- 
AHemcH ozpaHUHCHHUM onepamopoM 



(4.202) 
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mozda u moAtKO mozda, Kozda eunoAHnemcH ycAoeue Ilg-. 

^OKasaTejibCTBO. Heo6xoduMocmb. Ecjih yMHO>KeHne na 4)yHK- 
i^Hio Q onpe/iejiaeT orpaHHHeHHbifi onepaTop (|4.202p , to 3Ta 4)yHKii,Ha 
HBjiaeTCH MyjibTHnjiHKaTopoM B npocTpancTBe H~"'{Q) h, KpoMe to- 
ro, g € Nq'^^Q). KaK hsbbctho |112| c. 412] (xeopeMa 4.7.1 (a)), 



OTCKDfla cjiefljeT ycjioBHe Heo6xo/i,iiMOCTb flOKasana. 

flocmamoHHOcmb. IlycTb 4)yHKii,HH g yflOBjieTBopaeT ycjioBHio IIo-. 
YiduPf) ;i,OKa3aTb tojibko jihuib, hto gu £ Hq'^{^}) j^jisi jiio6oro u G 
H~'^{Q). YcjioBHe IIo- BjieneT b CHjiy (j4.203p BKjuoHeHiie g G HQ'^{il.). 
riycTb nocjie/ioBaTejiBHOCTH (uk) C C^{0,) h (gj) C C^{0,) TaKHe, 

HTO Ufc — 7- n H — )• ^3 B H^°'{0,). HoCKOJIBKy 4)yHKII,HH g a Uk — 

MyjiBTHnjiHKaTopBi B npocTpaHCTBe H^'^{0,), to b HeM 

lim (guk) = gu ii lim (gjUk) = guk PfUsi Bcex k. 

OTCiofla BBH^y gjUk G C^(0) cjie^yeT, hto gu G Hq'^{Q). ^ocTaTOH- 
HOCTB /lOKasana. 

JleMMa 14.81 ^OKasana. 

^OKasaTejiBCTBO xeopeMti 14.281 Ho ycjioBHio, a < — 1/2 h 
4)yHKLi;nH g £ C°°(r2) nojioJKHTejiBHa. OSosnaHHM nepes Mg h Mg-i 
onepaTopBi yMHOJKeHHH na 4)yHKii;HH g h g^^ cooTBeTCTBeHHO. HivreeM 
roMeoMop4)H3M Mq : o gH'^^^l). OTcmp^a h h3 hjiothocth 

MHOJKecTBa (7^(r2) B cjiepjer, hto C^{^}) hjiotho b X°"(r2) : = 

g}l"'(Q). SnaHHT, 6ojiee mnpoKO MHOJKecTBO hjiotho b X'^^^}). 

Onpe/],ejiHM npocTpancTBO co CKajiapHBiM npoHBBefleHHeM: 



g G H^^in) ^ {g€ H'^'in) h Bepno (ICTT]) ) 



(4.203) 



g-'H,^{n) := {/ = g-\ : v G H,^{n) } 
(/l,/2)g-ij^-<^(Q) := {Qfl, gf 2) H-'^ in)- 



HMeeM roMeoMop4)H3M 



(4.204) 
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CjieflOBaTejibHo, npocTpancTBo q^^Hq'^^Q,) hojiho h MHOJKecTBo 

Co°(r2) njIOTHO B HBM. 

Otmbthm, hto 

{q^^ Hq" {n))' = oR^in) c paBeHCTBOM HopM. (4.205) 
B caMOM flejie, nepe&j^i b (|4.204p k conpajKeHHOMy onepaTopy, nojiy- 

HHM rOMeOMOp4)H3M 

OTCKJ^a H H3 onpe/iejieHHa npocTpancTBa Q}i^{il.) cjiejxyeT cnpaBe^- 
jiHBOCTb eme o/iHoro roMeoMopcJ^HSMa 

rfl^e I ~ TOJK/];ecTBeHHbiH onepaTop. TeM caMbiM /lOKasano cootho- 
ineHHe (|4.205p . nocKOJibKy HcnojibsoBaHHbie naMH roMeoMopcjansMbi 

SBJiaroTCa HSOMeTpiIHeCKHMH. 

Tenepb mm MOJKeM saBepniHTb name /lOKasaTejibCTBO cjieffymm^n- 
MH paccyjK^eHHaMH. B CHjiy jieMMbi I4.8| ycjiOBHe 11^ paBHOCHjibHO 
orpaHHHeHHOCTH onepaTopa (I4.202P , hto bbviaj (I4.204P SKBiiBajieHTHO 
HenpepbiBHOMy BjiojKeHHio H~'^{Q,) ^ g~^ Hq'^ (Q). 3to BjioJKeHHe 
njioTHoe. B CHjiy ()4.205p . oho paBHOCHjibHO njioTHOMy nenpepbiBHO- 

My BJIOJKeHHK) 

HaKOHen;, nenpepbiBHoe BjioJKeHHe gH'^^^l) H^(M.'^) SKBHBajieHTHO 
ycjioBHK) Iq-. Otmbthm, hto nocjie/iHee BjioJKeHHe hjiotho, nocKOjibKy 
MHOJKecTBO CQ°(r2) njioTHO B npocTpaHCTBe //^(R"). TaKiiM o6pa- 
30M, flOKasana SKBHsajieHTHOCTb ycjiOBHii Ilg- a Ig- fljia npocTpancTBa 

TeopeMa 14.281 ^oKasana. 

Ha TeopeM 14.251 h 14.281 BbiTeKaeT cjie^yjomaa HH^HBH^yajibHaa 
TeopeMa o paspeniHMOCTH KpaeBoli saj^aHU (|4.ip b BecoBbix npocTpan- 
CTBax Co6ojieBa. 
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TeopeMa 4.29. Uycmb a < —1/2 u nojiooicumeA'bHasi (pyuK- 
%ufi Q £ C°°(il) ydoeAemeopnem ycAoeum IIo-- Tozda omo6paMceHue 
u —7- {Lu,Bu), gde u S C^{Q.), Lu € qW^{Q), npodoAMcaemcM no 
Henpepuenocmu do ozpaHUHeHHOzo Hemepoeozo onepamopa 

{L,B) : {u G B^+^^n) : Lu G ^H'^(!^)} ^ 

Q 

^H'^(fi) e /7'^+2g-m.-i/2(r), (4.206) 

o6Aacmb onpedeAenuH Komopozo sieAsiemcsi 2UAt>6epmoeuM npo- 
cmpaHcmeoM omHocumeA-bHO nopMU zpacfiuKa 

I II ||2 , II -Ir ||2 \i/2 

\\\U\\Yi<y+2q^yi-^ + \\Q -t^^t|lH'^(n)j 

HndeKC onepamopa (j4.206p paeen dim — dim A^"*" u kg saeucum om 
a u Q. 

^OKasaTejibCTBO. OrpaHHHeHHOCTb h neTepoBOCTb onepaTopa 
(|4.206p cpasy cjie/iyioT h3 TeopeM gJS] h g^S r^e := £»H'^(ri). 

KpoMe Toro, Tax KaK MHOJKecTBO C'(X°°($7)), coflepjKamee C^(r2), 
njioTHO B npocTpancTBe i7^(M"), to b CHjiy xeopeivibi 14.251 (iv) HH^eKC 
onepaTopa (j4.206p paBen dimA^ — dimA^+ h ne sasHCHT ot cr h 
TeopeMa 14.291 /lOKasana. 

BajKHbiH npHMep nojioJKHTejibHoli (JjyHKi^HH q G C°°(i7), y^OBjie- 
TBopHiomeii ycjioBHio IIq- flaex cjie^yiomaji TeopeMa. 

TeopeMa 4.30. Llycm-b sadanu hucao a < —1/2 u ^yuKi^uji 
Qi, ydoeAemeopHtom^an ycAoeum (j4.184p . IIpednoAOMCUM, umo 6 > 
—a — 1/2 G Z yiu5o > —a — 1/2 ^ Z. Tozda cfiyHKu,usi g := gf 
ydoeAemeopHem ycAoeum 11^. 

OTCio/i,a cjiepjeT, hto xeopeMa LM2 flJiH Henojiyii,ejibix a < —1/2 
HBjiHeTCH HacTHbiM cjiyHaeM HHflHBHflyajibHoli TeopeMbi 14.291 HanoM- 
HHM, HTO B TeopeMe LM2 HcnojibaoBana BecoBaa 4)yHKii;Ha g := g^'^ . 

^OKasaTejibCTBO TeopeMbi 14.301 ^jih (]3yHKLi,HH g = gf ycjio- 
BHe (I4.20ip BbmojiHHeTca, nocKOjibKy gi = ua. T r 5 > —a — 1/2. 
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HosTOMy HaM ocTaeTCH ^OKasaTb, hto — MyjibTHnjiHKaTop b npo- 
cTpaHCTBe H~'^(f]) = H~^{Vt). Ecjih nojiojKHTejibHoe hhcjio 5 ii;ejioe, 
TO 4)yHKu;HH q\ npHHa/iJiejKHT npocTpancTBy C°°(ri) ii nosTOMy HBjia- 
eTCH MyjibTHnjiHKaTopoM B H~'^{Q). npe/i,nojioJKHM /],ajiee, hto 6 ^ Z. 
Tor^a, no ycjioBHio, 6 > —a — 1/2. 

HeTpy/i,HO npoBepHTb, hto 4)yHKii,HH r/5(t) := t*^, < t < 1, npn- 
HafljiejKHT npocTpancTBy i7~'^((0, 1)) (sto mm cflejiaeM b cjie;i;yioiii;eM 
aSsai^e). Tor/ia ona hmbbt neKOTopoe npoflOjiJKeHHe Ha M, npHHa/i;- 
jiejKamee i?~'^(M). CoxpaHHM aa hhm o6o3HaHeHHe r]s. I\o TeopeMe 
P. CTpHxapTii,a |23H H5l c. 90], BCHKaa cjayHKi^iiH hs npocTpancTBa 
HBjiaeTCH MyjibTHnjiHKaTopoM B HeM, ecjiH —a > 1/2. Sna- 
HHT, r]s — MyjibTHnjiHKaTop B H~°'(M.). Tor/],a 4)yHKu;HH ??5,n(i')in) : = 
r]s{t„) apryMBHTOB t' G W^~^, t„ G M HBjiaeTCH MyjibTHnjiHKaTopoM b 
H~'^{W"') |45| c. 110] (npefljiojKeHHe 5). Ona coBna^aeT c q^b cneu;H- 
ajibHbix jioKajibHbix Koop/i,HHaTax {x',tn) b6jih3h rpaHHii;bi T. Sflecb 
x' — Koop;];HHaTbi TOHKH B jioKajibHOH KapTe Ha noBepxHOCTH r, a 
tn — paccTOHHHe flo F. OTCiofla cjieflyeT , hto q\ — MyjibTHnjiHKa- 
Top B KajK/];oM npocTpancTBe H~'^{Q CiVj), rp^e {Vj : j = 1, . . . , r} — 
Konennaa CHCTeMa inapoB b ^ocTaTOHHO Majioro pa^nyca e, no- 
KpbiBaiomaa rpaHHH,y F |45| c. 339] (jieMMa 3). ^o6aBHB k btoh ch- 
CTBMe MHOJKecTBO Vq := {x G : dist(x,F) > e/2}, nojiynnM ko- 
nennoe OTKpbiToe noKpbiTne saMKnyToii o6jiacTn 0. IlycTb 4)ynKU,HH 
Xj £ C^{Vj), j = 0, 1, . . . ,r, o6pa3yioT paaGnenne e/];HnHn,bi na f2, 
noflnnnennoe 3TOMy noKpbiTHio. HocKOjibKy yMno^Kenne na 4)ynKn,nio 
H3 Kjiacca C^{Vj) SBjiaeTca orpannnennbiM onepaTopoM b npocTpan- 
CTBe H~"{^}nVj), TO XjSi — MyjibTHnjiHKaTop b 3tom npocTpancTBe. 
Cjie^oBaTejibHo, 4)yHKii;H5i = Yl^j=oXjQi HBjiHeTCH MyjibTHnjiHKa- 
TopoM B H^°'{Q). 

HaM ocTaeTCH noKa3aTb, hto rjs G H^'^{(0,1)). Bocnoj[b3yeMCH 
BnyTpeHHHM onncanHeM npocTpancTBa H^'^{{0, 1)). Ecjih —a G to 
BKjHonenHe rjs G H~'^ {(0,1)) paBHOCHjibno TOMy, hto % G L2((0,l)) 
n rjg G L2{{0, 1)). Hocjieflnne pfia BKjnoneHHH oneBH^no BbinojiHH- 
lOTCH npn 5 > —a — 1/2. SnannT, r]s G H~'^({0, 1)) b paccMOTpennoM 
cjiynae. Ecjih —a ^ Z, to BKjuonenne r]s £ H^'^{{0, 1)) paBnocHjibno 
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TOMy, HTO TJS G 1)) H 

/ / M ,i^J , ' dtdr <oo (4.207) 

io Jo |t-T|l+2W 

(cm., HanpHMep, |127l c. 214], TeopeMa 7.48). Sflect., KaK o6e.ihho, [— cr] 
H {— o"} — cooTBeTCTBeHHO Li,ejiaa h flpoGnaa nacTH HHCjia — o". Tax 
KaK 6 > [—cr] — 1/2, TO rjs G i?[~'^l((0, 1)) no ^OKasaHHOMy. KpoMe 
Toro, HepaseHCTBO (|4.207p sepno b CHjiy cjie/i,yKimeli 3jieMeHTapHOH 
jieMMbi, KOTopyio Mbi flOKajKeM B KOHii,e 3Toro nyHKTa. 

JleMMa 4.9. Uycmb a,f3,'j G M, npuucM a ^ u 7 > 0. Tozda 

/(a,/3,7):= / / |^dtdr<oo (4.208) 

Jo Jo I* ~ ''"I 

mosda u moAbKO mozda, Kozda eunoAHRwmcsi ece mpu HepaeeHcmea 

a7-/3>-2, 7-/3>-l, 07 > -1. (4.209) 

B caMOM flejie, ^bohhoh HHTerpaji b (|4.207|) paBen cl{a, (3, 7), r^e 
c — HCKOTopoe nojiojKHTejiBHoe HHCjio, a. a = 5 — [—cr], /? = l + 2{— u} 
H 7 = 2. ^Jia HHceji a, /3 H 7 nepaBencTBa (I4.2Q9P BbinojiHHioTCH: 

07 - /3 = 2((5 + ct) - 1 > -2, 7-/3 = 1- 2{-fT} > -1, 
a-i = 2{5 -[-a]) > -1 

B nepBOM H TpeTbeM nepaBencTBax mm HcnojibsyeM ycjioBHe 6 > —a — 
1/2. TaKHM o6pa30M, rjs G H~^{{0, 1)) h b cjiynae Heii;ejioro a — 1/2. 
TeopeMa 14.301 flOKasana. 



HaM ocTaeTCH /lOKasaTb jieMMy 14.91 

^OKasaTejibCTBO jieMMti 14.91 C^ejiaB saMeny A := r/t bo 
BHyTpenneM HHTerpajie, sannmeM BCJie^cTBHe oHeBHflHbix npeo6pa- 

SOBaHHH: 



/(a,/3,7) 

\t-r\^ " = ^Vo |1-A|/ 



-1 /"t Ucj .T-Ci|7 /"l /"l I1 \c*l7 



310 



Fji. m HeoflHopo^Hbie ajijinnTHHecKHe Kpaesbie 3a/i,aHH 



3flecb HHTerpaji no nepeMeHHoli t KOHenen Tor^a h tojibko Tor^a, 
Kor/ia a'j — (3 > —2, a HHTerpaji no r Konenen Tovj^a, n tojibko Tor^a, 
Kor/ia a7>-lH7-/3>-l. CjieflOBaTejibHo, (|4.208p (|4.209p . 
JleMMa 14.91 /],oKa3ana. 

4.5. MH^HBH^yajibHbie xeopeMbi 

o paspeniHMOCTH KpaeBOH 3a/i,aHH 
H npocTpancTBa XepMan^epa 

YcTanoEHM anajiorH Hn/];HBH;];yajibHE.ix TeopeM 14.251 14.271 h 14.291 
fljia yTOHnennoH niKajibi. 

4.5.1. KjHoneBaa HHflHBHflyajibHaa TeopeMa 
H npocTpancTBa XepMaHflepa 

IlycTb (T < H (/? G IIpeflnojioJKHM, hto saflano rnjibGepTOBO 
npocTpancTBO X''''^{Q?j, nenpepbmno BjiojKeHHoe b PaccMOT- 
pHM cjie/];yK)m,HH anajior ycjioBHH Ig-. 

YcjiOBHe MnojKecTBO X°°{n) = n C°°( ll) njioTno 

B H cymecTByeT hhcjio c > TaKoe, hto 

||0/||h<^,^(K") < c ll/IU-^f^) fl^^ ^io^°ro / E (4.210) 

IIOJIOJKHM 

B npocTpancTBe D^^^ '^l^) bbo/],hm CKajiapHoe nponsBe/ieHHe rpa- 
4)HKa 

(^1,^2)^ 

3to npocTpancTBO nojiHoe, hto flOKasbisaeTCH anajiornHHO cjiynaio 
9? = 1 (cm. n. I4.4.ip . 

C4)opMyjiHpyeM KjnoneByio HH/i,HBH/]yajibHyK) TeopeMy. 
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TeopeMa 4.31. Uycmb ip £ A4, hucao a < maKoe, umo 

a + 2q^l/2-k dnn aw6ozo A; e N, (4.211) 

a — npouseoAtoHoe guAb6epmoeo npocmpaHcmeo, nenpepue- 

Ho BAOOfceHHoe e T>'{^) u ydoeAemeopfitomee ycAoeum la,<fi- Tozda 
cnpaeedAueu CAedymmue ymeepcHcdeHun. 

(i) Mnooicecmeo 

Df^xi^) := {u G C^{Vt) : Lu £ 

nAomno e npocmpaHcmee D'^^-^'^''^ (ft) . 

(ii) Omo6pajKeHue u — )• {Lu,Bu), zde u G Z?|°j^(il), npodoAMcaem- 
CH no HenpepueHocmu do ozpaHuueHHOzo AuneuHozo onepamopa 

iL,B): Dl'^^'^'^in)^ 

x^^^{n) e //'^+2™-i/2,^(p) ^. x^^^(!^, r). (4.212) 

(iii) Onepamop (|4.212p nemepoe. Ezo ndpo coenadaem c N, a 06- 
Aacmb SHaueHuu cocmoum U3 ecex ecKmopoe {f,gi,---,gq) G 
Xo-,^(r2,r), ydoeAemeopniomux ycAoeum (|4.4p . 

(iv) EcAU MHOJfcecmeo 0{X°°{Q)) nAoniHO e npocmpaH- 
cmee H^^{W^), mo undcKC onepamopa (|4.212p paeen 
dim — dim A^^ . 

3Ta TeopeMa ^OKasbiBaeTCH anajiorKHHO TeopeMe 14.251 Hpn 3tom 
Heo5xo/];HMO HcnojibsoBaTb TeopeMbi 14.141 14.181 14.231 h 14.241 fljia npo- 
H3BOJibHoro if £ Ai. KpoMe Toro, BMecTo cJ^opMyji (j4.173p h (|4.174p 
cjiepjeT BocnojibsoBaTbCH TeopeMoli 13.211 ^onojiHHTejibHoe ycjioBHe 
(|4.21ip . OTcyTCTBOBaBmee b TeopeMe 14.251 BbOBano TeM, hto b Teo- 
peMax [3.211 H l4?24l napaMeTp s = a + 2q HenojiyLi;ejibiH. 
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4.5.2. ^pyrne HHflHBHflyajit.Hfaie TeopeMbi 

YKajKeM BajKHbie npHjioJKeHHH TeopeMbi 14.311 o6ycjioBJieHHMe 
KOHKpeTHbiM Bbi6opoM npocTpaHCTBa X'^'^{Q). IlycTb a < n (f £ Ai 

HpocTpaHCTBO X'^''^{i}) := {0} yflOBjieTBopaeT ycjioBHio la,^- 
B 3TOM cjiynae Teopeivia 14.311 onncbiBaeT CBoftcTBa nojiyo/iHopoflHoii 
KpaeBOH sa^aHH (14. ip . rj^e / = 0, h cnpaBe/i,jiHBa npn jik)6om s G M, 
HTO ycTaHOBjieno b Teopeivie 13.111 

HpocTpaHCTBO X'^''^{Q) := L2{^) TaKJKe yflOBjieTBopaeT ycjio- 
bhk) la,ip- KaK Mbi ynoMHHajiH b n. 14.4. H 3tot Bbi6op npocTpancTBa 
X'^''^{^1) BajKeH B cneKTpajibHOH TeopHH sjijiHOTHHecKHX onepaTopoB. 

B KanecTBe X"'''^{Q) ^onycTHM Bbi6op neKOTopbix npocTpancTB 
XepMaH/iepa. Bbh/jj TeopeMbi 14.171 3p,ecb co/i,epjKaTejibHbiM HBjiaeT- 
CH cjiynaii a < —1/2. BcHKoe npocTpancTBO XepMaH/i,epa X°'''^{Q) := 
H'^''^(Q), r^e A > — l/2ii?7 G A4, y^oBjieTBopaeT ycjioBHio 
I(7,<^ npii a < —1/2. ^eiicTBHTejibHO, b CHjiy TeopeMbi 13.91 (i), 
(iv) npocTpancTBO H'^'^{il.) = H'^'^'^^\Q) nenpepbiBHO BjioJKeno b 

cjie;];yeT nepaBencTBo (|4.210p . b ko- 

TopoM X°°{n) = C°°{n). nojiaraa X^'V^iQ) := b KjiioHeBOH 

TeopeMe 14. 3H nojiynaeM cjie^yiomyio iiH/iiiBii^yajibHyio TeopeMy o 
paapeniHMOCTH KpaeBoli sajanii [4. 11 b npocTpancTBax XepMaHflepa. 

TeopeMa 4.32. Uycmb hucao a < —1/2 ydoeAemeopnem ycAO- 
euK) (|4.21ip . A > —1/2 u ip,r] €z Ai. Tozda omodpaMcenue u i— )• 
{Lu,Bu), zde u G C°°(J7), npodoACHcaemcM no Henpepuenocmu do 
ozpaHuneHHOzo Hemepoeozo onepamopa 



o6Aacmt> onpedeAenun Komopozo neAfiemcn zuAhdepmoeuM npo- 
cmpaHcmeoM omHocumeAbHO HopMU zpa^una 



HudeKC onepamopa (j4.213p paeen dim — dim u ne saeucum om 
napaMempoe a, (p u \, rj. 




(4.213) 
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Otmbthm, hto b TeopeMe 14.321 pemeHHe h npasaH nacTb sjijinnTH- 
necKoro ypaBHeHHH Lu = f MoryT HMeTb pasjiHHHbie /lonojiHHTejib- 
Hbie rjia^KocTH ip n ij. 

B TeopeMe 14.321 npocTpancTBO := H^'^{^}) jibjkht b 

nocKojiBKy A > —1/2. HpocTpaHCTBo X^'^{Q,), coflepjKa- 
mee niHpoKHH Kjiacc pacnpeflejieHHii / ^ H^^^^{Q) h yflOBjieTBopaK)- 
mee ycjioBHK) la,ip, mojkho nojiyHHTb, HcnojibsyH neKOTopbie BecoBbie 
npocTpancTBa XepMan^epa. 

IlycTb a < —1/2, if G M, a (JjyHKi^HH g G C°°(il) nojioJKHTejib- 
HaH. OnpeflejiHM npocTpancTBO co CKajiapHbiM npoiisBefleHHeM 



CjieflOBaTejibHO, npocTpancTBO QH^''^{Vt) nojiHO (rHjib6epTOBo) h 
HenpepbiBHo BjiojKeHo b T)'[Vt). 

ECJIH 4)yHKIi;HH Q HBJiaeTCH MyjIbTHnjIHKaTOpOM B npocTpaHCTBe 

H BbinojiHHeTCH (j4.20ip . to npocTpaHCTBO X"'^{Q) := 
qH"''^[VI) yflOBjieTBopaeT ycjioBHio 3to flOKasbiBaeTCH anajiorHH- 
Ho TeopeMe 14.281 OTjiHHHe coctoht jihuib b tom, hto BMecTO cjaopMyji 
(j4.203p H (j4.172p Heo6xo/];HMO HcnojibsoBaTb TeopeMV 13.201 (i), (iii). 
Hojiaraa := qH'''^{Q) b KjnoHeBoii TeopeMe 14.311 nojiynaeM 

cjie/];yioii],yK) HHflHBHflyajibnyio TeopeMy o paspemiiMOCTH KpaeBOH sa- 
flaHH (14. ip B npocTpancTBax, CBHsaHHbix c BecoBbiMH npocTpancTBa- 
MH XepMaH^epa. 

TeopeMa 4.33. Uycmb hucao a < —1/2 ydoeAemeopsiem ycAO- 
euw (|4.21ip . G M, a cfyyuKi^un g G C°°{^}) noAOOKumeAbHa. Ilped- 
noAocytcuM, umo g neAHemcn MyAbmunAUKamopoM e npocmpaHcmee 
^-o-.i/v^f^) u ydoeAemeopnem ycAoeum (|4.20ip . Tozda omo6pacHce- 
Hue u — >• (Lu, Bu), ede u G C°°( O ), Lu G gH^'^(^l), npodoAMcaemcn 



gH'^'^in) ■={/ = gv: v€ H'''^{n) } 




yMHOJKeHHe Ha c|)yHKii;Hio g onpe^ejiHeT roMeoMopcJjHSM 
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no HenpepueHocmu do ozpanuueHHOzo nemepoeozo onepamopa 



o6Aacmb onpedenenuR Komopozo neAHemcR suAb6epmoeuM npo- 
cmpaiicmeoM omHocumeAbHO HopMU zpa^una 



HndeKC smozo onepamopa paeen dim — dim u ne saeucum om 
a, if u g. 

BajKHbifi npHMep 4)yHKii,HH g, y^oBjieTBopHromeii ycjioBHK) Teo- 
peMbi IT331 nojiynaeTCH, ecjiH nojioJKHTb g ■= gf flJiH npoHSBOJibHoro 
4)HKCHpoBaHHoro HHCjia 5 > —a — 1/2. HanoMHHM, hto gi — cJjyHKi^HH 
paccToaHHH flp rpaHHii,bi T, no/iHHHeHHaH ycjioBHio (|4.184p . B caMOM 
flidJie, 4)yHKii;HH g £ C°°{il.) nojioJKHTejibna h y/i,OBjieTBopHeT ycjio- 
BHK) (|4.20ip . B CHjiy TeopeMbi 14.301 STa cjjyHKi^HH HBjiHeTca MyjibTH- 
njiHKaTopoM B npocTpaHCTBe H~'^^^{Q), rj^e hhcjio £ > TaKoe, hto 
6 > —a^£—l/2. OTCK)fla na ocHOBaHHH HHTepnojiaii;HOHHOH TeopeMbi 
13.21 cjie/iyeT, hto g — MyjibTHnjiHKaTop b npocTpancTBe //^'^'^/'^(il). 
TaKHM o6pa30M, 4)yHKii;Ha g = gf yflOBjieTBopaeT ycjioBHio Teope- 
Mbi g^l 

4.6. IIpHMeHaHHH H KOMMGHXapHH 

K n. 4.1. B 4)yHflaMeHTajii>HOH pa6oTe C. ArMona, A. ^yrjiHca h 
JI. HHpeH6epra [T] flOKasanbi anpHopHbie oi^chkh pemeHHH o6meH sjijihuth- 
HecKOVL KpaeBoii saflann b cooTBeTCTByiomiix napax npocTpancTB Fejibflepa 
(Hei],ejibix nopa^KOB) h hoshthbhijIx npocTpancTB Co6ojieBa; npn stom sa- 
flana npeflnojiaraeTca saflaHHoft b orpanHHeHHoii eBKjiH;i,OBOH oSjiacTH c 
rjiaflKoii rpaHHii,eH. fl^Jisi hoshthbhijIx npocTpancTB Co6ojieBa sth OD,eHKH 
flOKasaHbi HesaBHCHMO TaKJKe O. E. Bpay;i,epoM |140) . JI. H. Cjio6oflei],KHM 
|97l 1981 Il00| - M. IIIexTepoM |124| n ^pyrHMH (cm. jiniepaTypy, npHBeflen- 
Hyio B o63ope M. C. ArpanosHHa |131) ). AnpHopHbie on^enKH aKBHsajieHTHbi 



iL,B) : {u £ . ^ gH^'^{n)} ^ 
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HeTepoBOCTH onepaTopa, nopojKflenHoro sap^aneA, b yKaaanHbix napax npo- 
CTpancTB. EcjiH xpaeBaa sa^a^^a peryjiapnaH sjijinnTHHecKaa, to ;i,e(J)eKT- 
Hoe noflnpocTpancTBO h o6jiacTb SHaHenHH onepaTopa mojkho onncaTb c 
noMombK) ;i,H4)4)epeHi]najibHijix BbipajKenHit, CBasaHHbix c 4)opMajibHO co- 
npajKCHHOii saflaHeft. ^OKasano TaKJKe, hto najiHHHe anpnopHbix oiichok 
pemeHHii b napax rHjib6epT0Bbix npocTpancTB Co6ojieBa bjichbt Bbinoji- 
HCHHe ycjiOBHs JIonaTHHCKoro fljia Ha6opa rpaHH^iHbix Bbipa>KeHHft, t. e. 
sjijiHnTH^HOCTb KpaeBoii sa^aHH. 3th Bonpocbi CHCTeMaTHnecKH HSjiojKe- 
Hbi, nanpHMep, b MOHorpa4)iiHx K). M. BepesancKoro iK.-JI. JlnoHca 
H 9. MafljKeneca [41], O. H. naHma [73], X. TpiiGejia |112| . Jl. XepManflepa 
[milll], M. niexTepa [US], b o63ope M. C. ArpanoBH^a [HT]. HnAeKC 
sjijiHnTHHecKoii KpaeBoii sa^aHH BbinHCjien M. O. Axben h P. Bottom |133j . 
npH 3TOM HcnojibsOBana (JjyHflaMeHTajibHaH cjjopMyjia HHfleKca sjijinnTHne- 
CKoro MaTpHHHoro 11^0, ycTanoBjieHHaH M. O. ATbeii h H. M. SiinrepoM 
|134| . no^poSnoe HSjiojKenHe TeopnH HH^eKca sjijinnTHnecKHx Kpaesbix sa- 
flan flano b MonorpacJjHH 111. PeMnejiH h B.-B. lllyjibLi;e |79| . 

TeopeMbi o paspeniHMOCTH peryjiapHbix sjijiHnTHHecKHx KpaeBbix 3a;i,aH 
flOKasaHbi H fljia hhbix niKaji hoshthbhijIX 4)yHKLi;H0HajibHMX npocTpancTB: 
r. llljieHsaK |125) fljia neKOToporo Kjiacca rHjib6epT0Bbix npocTpancTB Xep- 
Man^epa, a X. TpH6ejieM |112[ I113j h H. OpanKC [158] jiJisi npocTpancTB 
JlH3opKHHa-TpH6ejiH h HnKOjibCKoro-BecoBa, xax 6aHaxoBbix Tax h KBa- 
3H6aHaxoBijix. 

TeopeMbi o pa3pemHM0CTH sjijiHnTHHecKHx KpaeBbix sa^an hmbiot pas- 
jiHHHbie H BajKHbie npHjiojKeHHH. Cpe;i,H hhx otmcthm TeopeMbi o noBbiine- 
HHH rjiaflKOCTH pemeHHH sjijiHnTHHecKoro ypaBHenHH bojiotb ^o rpaHHi];bi 
o6jiacTH, npHjiojKeHHs k HCCJie/i,OBaHHio (|)yHKn,HH FpHna 3jijmiiTWH.ecK0VL 
KpaeBoii saj^a^n, k 3aflaHaM onTHMajitHoro ynpaBjienHH, k HejiOKajibHbiM 
sjijiHnTHHecKHM KpaeBbiM 3aflaHaM, k neKOTopbiM KjiaccaM HejiHHeiiHbix sji- 
jiHHTHHecKHx KpacBBix 3aflaH H flpyrne. Cm. MOHorpa4)HH K). M. Bepe3aH- 
CKoro [11], K). M. Bepe3aHCKoro, T. O. Yea h 3. T. ine4)TejiH [12], O. A. Jla- 
flbijKeHCKOii H H. H. ypajii>Li,eB0H [37], >K.-J1. JlHonca [39l|40], >K.-J1. JIh- 
OHCa H 3. MafljKeneca [41], 51. A. PoftT6epra [2T81I2T9]. H. B. CKptmHiiKa 
|96) . o63op M. C. ArpanoBma |131j h npHBeflCHHyio TaM jiHTepaTypy. 

B pa6oTax 111. ArMona h Jl. HnpenGepra |128| 1130] , M. C. ArpanoBma 
H M. H. BninHKa [B] Bbi^ejien no^Kjiacc ajijianTHHecKHx KpaeBbix saj^an — 
sjijinnTHHecKHe 3a/i,aHH c napaMeTpoM, o6jiaflaK)inHe cjie^yioinHM Ba>KHbiM 
CBOHCTBOM. IlpH floCTaTO^^HO 6ojibinHx no MOflyjno 3HanenHHx KOMnjiexcno- 
ro napaMBTpa onepaTop, cooTBeTCTByioni,Hit sa^ane, HBjiaeTCH roMeoMop- 
(|)H3M0M B noflxoflHni,Hx napax co6ojieBCKHx npocTpancTB, npnneM nopMa 
onepaTopa ^onycKacT flsycToponnioio on,enKy c nocToannbiMH, ne 3aBHCH- 
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mHMH OT napaMCTpa. HnfleKC TaKoii aaflann pasen nyjiio fljiH Bcex snaneimM 
napaMCTpa. BjijiHnTHHecKiie KpaeBbie aa^ann c napaMeipoM hmciot eajK- 
Hbie npHjiojKeHHH b TeopnH napa6ojiHHecKHx 3a;i,aH h b cneKTpajibHoii Teo- 
pHH flH(J)4)epeHLi,Hajii>Hi>ix onepaTopoB. PasjiH^^Hbie Sojiee mnpoKHe Kjiaccbi 
sjijiHnTHT^ecKHx onepaTopoB h sjijinnTiiHecKnx Kpaesbix sap^en c napaMeT- 
poM HsyHCHBi B pa6oTax M. C. ArpaHOBiina [HIS], F. rpy66 |165j (rji. 2), 
P. /IcHKa, P. MeHHHKena h JI. P. BojiCBHHa [Wl [Tig] . A. H. KojKeBHH- 
KOBa [3nfT77lfT78] . O. H. IlaHHHa [7T1[72]; cm. TaK>Ke oSaopbi M. C. Arpa- 
HOBH^ia |3] (§ 4) H |131| (§ 3, n. 6.4) n npHBeflCHHyio TaM jiHTepaiypy. 

Bee TeopeMbi n. 4.1 3a HCKjiiOHeHHeM noejieflneii ^OKasanbi HaMH b |51|, 
I56j . npHieM b 6ojiee o6iLi;eH eHTyaii,HH, Korfla sjijiHUTHHecKaa KpaeBaa sa- 
^ana aa^ana na rjiaflKOM KOMnaKTHOM MHorooGpasHH e KpaeM. lloejieflHHH 
TeopeMa 4.10 ycTaHOBjiena b |64| . 

K n. 4.2. B pa6oTax 51. A. PoftT6epra El [HI HH] h >K.-J1. Jlnonea, 
3. Ma/iJKeneea [HI 11871 1188j ncejieflOBana paspeniHMoeTb sjijiHnTiiHe- 
eKoii KpaeBOH sa^a^H b flBycTopoHHHx niKajiax BH;];oH3MeHeHHbix eo6ojieB- 
eKHx npoeTpancTB. Hmh npefljiosKenbi npHHiinnnajiBHO pasjiHHHbie enoco6bi 
noeTpoeHHH o6jiacTH onpe;];ejieHHH oncpaTopa, cooTBeTCTByiomero safla^e, 
KOTopbie npHBOflST K pasjiH^^HbiM THnaM TeopeM o paspeniHMOCTH — o6- 
meii H HHflHBHflyajiBHbiM TeopeMaM. B oGmfiVL TeopeMe PoHT6epra o6jiaeTb 
onpeflejieHHs onepaTopa ne saBHeHT ot KOScJseJjimHeHTOB sjijinnTHneeKoro 
ypaBHCHHa h HBjiHeTea o6meH fljia Beex KpaeBbix aa^an oflHoro nopH^Ka. 
B HHflHBHflyajiBHbix TeopeMax JlHOHca-MaflJKeHeca ona saBHCHT ot koscJ)- 

4)HII,HeHT0B SJIJIIinTHHeCKOrO ypaBHeHHH. TepMHHbl „o6maH" H „HH^HBHfly- 

ajiBHaa" TeopeMa o paapeimiMOCTH npefljiojKeHbi b |202[ I205j . 

B o6iii,eH TeopeMe PoiiTGepra HcnojibsyroTCH BBefleHHtie hm |81[ 182] ppy- 
CTopoHHSH niKajia BHflOHSMeHeHHbix co6ojieBCKHx npocTpancTB n noHHTHe 
o6o6LLi,eHHoro pemeniiH b sthx npocTpancTBax. 51. A. PoHT6epr nasbiBaeT 
Hx npocTpancTBaMH „THna coGojibbckhx". Mbi HcnojibsyeM TepMHH „M0flH- 
4)Hn,HpoBaHHaa no PoHT6epry co6ojieBCKaa niKajia" fljia Kjiacca sthx npo- 
CTpancTB. 

06iii,aa TeopeMa o paapemHMOCTH, flOKaaaHHasi 51. A. PoflTGeproM |81[ 
I82| ^jiH peryjiapHbix sjijiHUTHnecKHx KpaeBbix sa^aH, 6bijia saieM ycTa- 
HOBjiena hm fljia neperyjiapHbix sjijiHnTHiecKHx KpaeBbix sa^an; |84( I85| h 
KpaeBbix sap^aM pjia o6iu,iix sjijiiinTH^iccKHx chctbm |87] . 3th pesyjibTaTbi 
H3BecTHbi B jiHTepaType KaK „TeopeMbi o hojihom Ha6ope roMeoMop4)H3MOB 
(hjih h30mop4)H3mob)". IIm nocBHmena MonorpacJjHa 51. A. PoHT6epra |218| . 
HX HSJioaceHHe HMeeTca TaioKS b KHHre K). M. Bepe3aHCKoro |1H c. 248], 
cnpaBOHHHKe |116( c. 170] h o63ope M. C. ArpanoBH^a |13H c. 81]. B nan- 
6ojiee oGmeH 4)opMe TeopeMa o hojihom naGope roMeoMop4)H3MOB flOKa3aHa 
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A. H. Ko>KeBHHKOBbiM |179j o6mHx sjijinnTH^^ecKHx ncesflOflHcJxJjepeH- 
iIHRjibHijix KpaesBix saflai. 

51. A. PoHTSepr, 3. F. llle4)Tejii> h hx j^iemiKa cncTeMaTHiecKH npHMe- 
HHjiH TeopeMbi o nojiHOM Ha6ope roMeoMop4)H3MOB h MOflH4)Hn,HpoBaHHyio 
coSojieBCKyio niKajiy k HsyneHHio pasjiHiHbix KjiaccoB sjijinnTHnecKHx Kpa- 
eBbix saflan: sa^aHH co CTeneHHbiMH oco6eHHOCTHMH b npaBbix nacTHx, aa/ia- 
HVL c CHjiBHbiM BbipojKfleHHeM Ha rpaHHLi,e, 3a;],aHH TpancMHCCHH, nejiOKajiB- 
Hbie safla^^H, sa/iana Co6ojieBa h flpyrne; cm. MOHorpacjjHH 51. A. PoHT6ep- 
ra |218[ I219| h npHBeflCHHyio TaM jiHiepaTypy. 51. A. PoHT6epr |83| BbiBeji 
H3 TeopcMbi o nojiHOM Ha6ope roMeoMopcjjHSMOB pafl flpyrHx yTBcpjKfle- 
HHH o paapeniHMOCTH peryjiapHoii sjijinnTHHecKoit KpaeBoii sa^anH. Ohh 
6mjih pacnpocTpaHeHbi na neperyjiapHbie sjijinnTHnecKHe KpaeBbie aaflann 
51. A. PoHTGeproM h K). B. KocTapnyKOM |32| . a TaKJKe na sjijiHnTHHecKne 
KpaeBbie saflaiH fljiH chctcm H. 51. PoHT6epr h 51. A. PoHT6eproM |220| 
(cm. MOHorpa4)Hio 51. A. PoHT6epra |219| . n. 1.3). A. A. Mypa^CM [611 [62] 
flOKaaaHbi TeopeMbi o hojihom naGope roMeoMop4)H3MOB fljia flBycTopoHHHx 
niKaji npocTpancTB JlH3opKHHa-TpH6ejiH h HHKOjibCKoro-BecoBa, mo^hcJjh- 
Li,HpoBaHHbix no PoiiT6epry. 

KoHLi,cnii;HH MOflH(|)Hn,HpoBaHHOH no PoHT6epry co6ojieBCKOft niKajiBi h 
o6o6m,enHoro pcmcHHH b neii HcnojibsOBana B. A. Kosjiobbim, B. F. Masbeii 
H H. PoccMannoM |180| b TCopnH sjijinnTHnecKHx Kpaesbix sa^an b oSjia- 
CTHx c HcrjiaflKOH rpaHHD;eH, H. B. >KHTapamy n C. fl. BftflejibManoM |27| 
b TCopHH napa6ojiHnecKHx ypaBHennii, 51. A. PoHT6eproM |219| b tcophh 
mnepGojinnecKHx ypaBHennfi. 

Bee TeopcMbi n. 4.2 flOKasanbi naMH b |57j . 3a HCKjiiOHenneM nocjieflneii 
TCopeMbi 4.22, nySjiHKyeMoii BnepBbie. 

K n. 4.3. OcHOBHOH pesyjibTaT SToro nynxTa cocTaBjiaiOT TeopcMbi 
4.6 H 4.7. llepBaa h3 hhx bbo^ht SKBHBajieHTHyio nopMy b npocTpan- 
CTBax yTOHHeHHOii niKajibi, CBa:3aHHyio c sjijinnTHHCCKHM BbipajKenneM, a 
BTopaa yTBcpjKflaeT cymecTBOBanne cjie/i,OB y o6o6n;eHHoro pemenHH sji- 
jinnTHHecKoro ypaBnenHH. B coGojicbckom cjiy^ae sth TeopcMbi flOKa3aHbi 
51. A. PoHT6eproM [SB], [2181 c. 174, 187]. Jlnsi npocTpancTB XepManflcpa 
OHH ycTanoBjienbi naMH b MOHOrpacj^HH BnepBbie. llpn stom Hcnojib3yiOTCH 
jieMMbi 4.6 H 4.7 o npocKTopax b HCKOTopbix coGojicbckhx npocTpancTBax, 
npeflCTaBjiHiOHi,He caMOCTOHTejibHbiii HHTcpec. 

K n. 4.4. Pa3JiHnHbic HHflHBHflyajibHbie leopeMbi o pa3pemHMOCTH pe- 
ryjiapHoit sjijiHnTHHecKOH KpaeBoit b niKajiax coGojiescKHx npocTpancTB, 
co^epjKamHx HeperyjiHpnbie pacnpe;i,ejieHHH, ycTanoBjienbi JK.-Jl. Jlnon- 
coM H 3. MaflSKenecoM b |4H |44j I187|, 1188] . B sthx TcopcMax oSjiacTbio 
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onpeflejieHHs onepaTopa, cooTBCTCTByiomero aafla^e, cjiyjKaT npocTpancTBa 
orpaHHHeHHH sjijiHnTHHecKoro onepaTopa, nocTpoeHHbie no sa^anHbiM npo- 
CTpancTBaM npaBbix nacTeft sjijinnTHnecKoro ypaBHCHHii. B nacTHOCTH, ona 
MOJKeT coBna^aTb c o6jiacTbio onpeflejienHH MaKCHMajibHoro onepaTopa, ot- 
Benaiomero sjijiiinTHnecKOMy flHcjaefjepeni^HajiBHOMy Bi>ipa>KeHHK). KaK no- 
Kasaji JI. XepMaHflep [1171 c. 78], nocjieflHHs cymecTBCHHO saBiiCHT ot Bcex 
K034)4)Hn,HeHTOB sjijiHnTHT^ecKoro BbipajKenHH, ^ajKe ecjin ohh nocTOHHHBi. 
3Ta HHflHBHflyajibHaa TeopeMa HcnojibsyeTCH b cneKTpajiBHOii leopHH sji- 
jiHnTHHecKHx onepaTopoB; cm. pa6oTbi F. rpy66 |163[ll64lll65| h B. A. Mh- 
xai^JIe^a [46l|47ll^- 

IIpefljiojKeHHoe HaMH ycjiOBHC l^r Ha npocTpancTBO npasbix HacTeit sji- 
jiHnTHHecKoro ypaBHCHHH sBjiHCTca floCTaTO^^HO o6ili;hm. Eiviy yflOBjiCTBO- 
pHiOT npocTpancTBa, Hcnojib30BaHHbie JK.-JI. JIhohcom h 3. Ma^jKeHecoM. 
51. A. PoHTSepr j86| (n. 2.4) HcnojibaoBaji ycjiOBiie 6ojiee ciijibHoe, hcm na- 
me. IlpH TaKOM ycjiOBHH PoiiT6epr jSG) c. 261: 1218] c. 190] flOKasaji orpann- 
i^eHHOCTb onepaTopa, cooTBCTCTByiomero sjijiHnTHHecKofl: KpaeBofl: safla^e, 
Bcex SHaneHHii cr < 0. 

Bee pesyjiBTaTbi n. 4.4.2 - 4.4.4, b nacTHoeTH HHflHBHflyajibHbie Teope- 
MM 4.25, 4.27 H 4.29, flOKasaHbi b |205| . Ohh co^epscaT b ce6e, Kax HacTHbiit 
ejiyHaii, HHflHBH^yajibHbie TeopeMbi JiHOHca-MafljKeHeca, ecJaopMyjinpoBan- 
Hbie B n. 4.4.1. K KjiiOHeBOH HHflHBHflyajibHoii TeopeMe 4.25 6jih3kh no flyxy 
(bh6op HiHpoKoro Kjiacea npocTpancTB npaBBix nacTeii) ^Be HH^HBHflyajib- 
Hbie TeopeMBi, ceJjopMyjiHpoBaHHbie b o63opax 3. MafljKeneca [441 c. 202] h 
M. C. ArpanoBHia [1311 c. 85] (nepBaa h3 hhx npHHafljiejKHT >K.-J1. Jlnoncy 
H 3. MafljKeneey, a BTopaa — 51. A. PoHT6epry). 

HHbie HHflHBH;];yajibHbie TeopeMBi flOKasanbi b pa6oTax 51. A. PoHT6ep- 
ra [531 c. 545] h K). B. KocTapnyKa, 51. A. PoiiTSepra [321 c. 275]. B sthx 
TeopeMax peniCHHs h/hjih npaBBie ^acTH sjijiHHTHHecKoro ypaBHenna ne 

HBJIHIOTCH paCnpeflejieHHSMH, 3a/],aHHBIMH B eBKJIHflOBOii o6jiaCTH, HTO OT- 

jimaeT Hx OT HHflHBHflyajiBHbix TeopeM n. 4.4. 

K n. 4.5. PesyjiBTaTbi SToro nyHKTa anoHCHpoBaHbi naMH b |202| (n. 6). 

Ohh pacnpocTpaHHEDT HHflHBHflyajibHbie TeopeMbi, /i,OKa3aHHbie b n. 4.4, na 
HiHpoKHe Kjiaccbi npocTpancTB, CBasannbix c npocTpancTBaMH XepManfle- 
pa. 



FjiaBa 5 

3jijiiinTiiHecKiie CHCxeMbi 



5.1. PaBHOMepHO sjiJinnTHHecKHe 

CHCTGMbl B yTOHHeHHOii LUKajie 

Sflecb Mbi HsyHHM paBHOMepHO sjijiHnTHHecKHe CHCTeMbi nceBflo- 
flH4)4)epeHii;HajibHbix ypaBHeHHii, saflaHHbix b eBKjiiiflOBOM npocTpan- 
CTBe. Mbi ycTanoBHM anpHopnyio oii;eHKy hx pemeHHii b yTOHHeHHoii 
uiKajie npocTpancTB h Hccjie/i,yeM BHyTpeHHioio rjia/];KOCTb pemeHHii. 
3th peayjibTaTbi nojiesHO cpaBHHTb c TeopeMaMH n. II. 4t r^e Hccjieflo- 
BaH cjiynaH o/iHoro ypaBHeHHH. Hx flOKasaTejibCTBa npoBOflHTCH no 
TOH JKe cxeivie, hto h b CKajiapnoM cjiynae. J^Jisi nojiHOTbi HSJioJKeHHH 

Mbi npHBO/lHM HX U;ejIHKOM. 

5.1.1. PaBHOMepHO ajIJIHHTHHeCKHe CHCTeMM 

B npocTpaHCTBe paccMaTpHBaeTca jiHHeitHaa CHCTeMa HceBflo- 
flH4)4)epeHD;HajibHbix ypaBHeHHii 

p 

^^j,kUk = fj, j = l,...,p. (5.1) 

k=l 

3flecb n,p G N, a Aj^k £ ^°°(M"), r^e j, k = 1, . . . ,p, — cKajiapHbie 
nojiHo;];Hopo/i,Hbie HceB^^o/^HcJicJjepeHi^HajibHbie onepaTopbi b R"". Pe- 
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meHHS ypaBHeHHH (jS.ip paccMaTpHBaioTCH b Kjiacce pacnpe^ejieHHii 

B M". 

BajKHbiM npHMepoM CHCTeivibi (IS.ip HBjiHeTCH CHCTeMa jiHHeiiHbix 
flH4)4)epeHLi,HajibHbix ypaBHeHHii c KoscJjcljimiieHTaMH h3 C^(]R"). 

Mbi iiccjie/iyeM cjie/iyiomHH Kjiacc CHCTeM nceB/i,o/i,H4)4)epeHii,H- 
ajiBHbix ypaBHeHHH [3l c. 51]. 

Onpe/i,ejieHHe 5.1. CncTeivia (|5.ip nasbiBaeTCH paeuoMepHO 9a- 
AunmuuecKou b R" no ^yrjiHcy-HnpenGepry, ecjiH cymecTByioT na- 
6opbi BemecTBeHHbix HHceji {li, . . . ,lp} {mi, . . . , rup} Taxne, hto: 

(i) Old Aj^k < Ij + rrik fljiH Bcex j,k = 1, . . . ,p; 

(ii) HaiifleTCH hhcjio c > TaKoe, hto 

I det{a^^l{x,0)lk=i\ ^ c flJiH Jiio6bix x,^€ M", |e| = 1, 

r/],e a^^l{x,^) — rjiaBHbiH chmboji 11^0 vlj^fc b cjiynae ord^j^fc = 
Ij + m/c, jih6o OjXix,^ = B cjiynae ordAj^k < Ij + "ifc- 

3to OHpe^ejieHHe sa^aeT /i,ocTaTOHHO mnpoKHii Kjiacc sjijihhth- 
HecKHX CHCTeM n^O. B cjiynae /];H4)4)epeHu;HajibHbix ypaBHeHHH oh 
6biji BBe/],eH A. ^yrjiHCOM h JI. HnpeHGeproM |151| (hmh paccMaTpn- 
Bajiacb sjijiHHTHHHocTb B eBKjiH/],oBbix o6jiacTHx). 3tot Kjiacc coflep- 

>KHT B Ce5e OflHOpOflHbie SJIJIHHTHHeCKHe CHCTeMbI, flJIH KOTOpblX Bce 

Ij = n nik = m G M, a TaKJKe — sjijiHHTHHecKHe ho H. F. IleT- 

pOBCKOMy CHCTCMbl |74) ■ KOTOpblX BCC Ij = 0, a TTlfe MOryT 6bITb 

paSJIHHHblMH. 

^ajiee mm Hpe^HOJiaraeM, hto CHCTeMa (|5.ip yflOBjicTBopaeT onpe- 
p^emnmo 15.11 

SaHHUICM 3Ty CHCTCMy B MaTpHHHOH (JjopMc: Au = f. Sflecb 

A := (Aj^kTj k^i ~ MaTpHHHbiit 11^0, a n = col (ui, ... ,Up), f = 
col (/i, . . . , fp) — 4)yHKH,HOHajibHbie CTOji6u;bi. KaK h caMa CHCTBMa, 

MaTpHHHblH A HaSblBaCTCH paBHOMepHO SJIJIHHTHHeCKHM B M". 

^jiH Hero cym;ecTByeT napaMeTpHKC B,t. e. cnpaBe/iJiHBO cjie/];yion];ee 
yTBep>K/],eHHe [31 c. 52]. 
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IIpefljiojKeHHe 5.1. Cym,ecmeyem MampuHHUu KAaccuuecnuu 



nflO B = {Bk,j)lj^^ manou, umo Bkj G (M") 



u 



BA = I + Ti, AB = I + T2, (5.2) 

zde Ti = {Tl'^Yj^^-^ u T2 = {'^2''')^ j=i ^ HeKomopue MampuuHue 
U/JO, SAeMenmu Komopux npunadAeoKam Knaccy ^^°°{W^), a I — 
moMcdecmeeHHUu onepamop e 5'(M"). 

5.1.2. AnpHopnaa ou,eHKa peiueHHa CHCTeMbi 

ycTaHOBHM anpHopnyio oii;eHKy pemeHHH CHCTeMbi Au = / b 
noffKOflsiinfix napax npocTpancTB XepMaH/];epa. ITocKOJibKy ^ G 
^''j (M"), corjiacHO jieMMe [L6] HMeeivi jiHHeliHbiH orpaHHHeHHbiit 
onepaTop 

p p 
A : i/«+'"fc.^(R") ^ i/^-'^'^(M'^) (5.3) 
k=i j=i 

fljiH jiio6bix s G M H G A^. 

TeopeMa 5.1. Uycnib s & R, a > u (p £ A4. Cym^ecmeyem 
HUCAO c = c{s, cr,^) > maKoe, umo dnn npouseoAbuux ecKmop- 

(pyHK%UU 

p 

u = col {ui,..., Up) G F^+'»*'^(R"), (5.4) 
k=l 

/ = col(/i,...,/p) G0/7-'..'^(M«), (5.5) 
i=i 

ydoeAemeopsiK)w,ux ypaeneHum Au = f e M", cnpaeedAuea anpuop- 
Han ov,eHKa 

p 

/ / II ||_H" I ■■•k'i'(K") I 

k=l 



||2 V/' 

I / > II "fc I I + -^(Rl 
fc = l 

P 



X] ll/jll^=-ij>'^(]Rn)) + C f ^ ||'"fc||^s + mfc-<T,.p(]g„J . (5.6) 



j=l k=l 
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^OKasaTejiBCTBO. 06o3HaHHM Hepes || • ||^^, || • \\" ^ h || • ||^, 
cooTBeTCTBeHHO HopMbi B npocTpaHCTBax 

p p p 

k=l j=l k=l 



IlycTb BeKTop-4)yHKii,HH (|5.4p . (jS.Sp yflOBjieTBopaioT ypaBHeHHio 
Au = / B M"'. B CHjiy nepBoro paBencTBa b (|5.2p sannmeM u = 
Bf — Tiu. OTcro^a cnepyeT oii,eHKa (j5.6p : 



3flect> c — MaKCHMyM HopM onepaTopoB 



p p 
B : H-'-^^'^{W) /7«+'»fe'^(M"), (5.7) 

3=1 k=l 
P P 

fc=l fc=l 

3th onepaTopbi orpaHHHeHHbie b CHjiy jicmmbi 11.61 ii npe/i,Jio»:eHHH 
15.11 Teopeivia 15.11 joKasana. 

Teopeivia 11.161 yTOHHHeT npHMeHHTejibHO k niKajie npocTpancTB 
H^''^(M"') anpHopnyio ou;eHKy, nojiyneHHyK) JI. XepMaH/i;epoM {120^ 
c. 175] B co6ojieBCKOH niKajie. 



5.1.3. rjia/],KOCTi> pemeHHa CHCTeMbi 

npe/i,nojiojKHM, HTO npaBan nacTb ypaBHeHHH Au = f HMeeT 
HeKOTopyio BHyTpeHHioio rjia/];KOCTb b yTOHHeHHOH niKajie na aaflan- 

HOM OTKpblTOM HCnyCTOM MHOJKeCTBe V C M". HsyHHM BHyTpeHHIOK) 

rjiaflKOCTH pemeHHH u na 3tom MHOJKecTBe. PaccMOTpHM cnanajia cjiy- 
H8i&, Kor^a V = M"". HanoMHHM, hto H~^{M'^) o6T)e/;HHeHHe Bcex 
npocTpancTB H'^''^{W^), r^e s £ R, if £ M. 
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TeopeMa 5.2. UpednoAOMCUM, umo u G {H~°°{K"))p HeAHemcn 
pemeHUCM ypaenenusi Au = f e M", zde 

f.^H'-h,'P(M.^) npu j = l,...,p 

Bar HeKomopux napaMempoe s G R u ip £ Ai. Tozda 

UkGH'+"'^''^{W) npu k = l,...,p. 

^OKasaTejitcTBO. B cHjiy xeopeMbi 11.151 (i), fljia seKTop- 
4)yHKii,HH u G (i7~°°(]R"))P cymecTsyeT hhcjio a > TaKoe, hto 

p 

u e i/^+™fe-'^.v(M"). (5.9) 
k=l 

OTCRDfla H H3 yCJIOBHH TBOpeMbl HOJiyHaeM Ha OCHOBaHHH 4)opMyji 

()5.2p . (j5.7p . (|5.8p Tpe6yeMoe cbohctbo: 

p 

u = BAu - Tiu = 5/ - TiM G //^+"»'=.^(M'^). 

k=l 

TeopeMa 15.21 flOKaaana. 

PaccMOTpHM Tenepb oGmnli cjiynaft, Kor^a V — npoHSBOJiBHoe ot- 
KpbiToe HenycToe no;i;MHO>KecTBO npocTpancTBa M". HanoMHHM, hto 
npocTpancTBO H^^^(V) pacnpe^ejieHHii, HMeiomnx sa/iaHHyio BHyT- 
peHHK)K) rjia/iKOCTb uaV b yTOHHeHHoli niKajie, onpe^ejieHO b n. 11.4.31 

TeopeMa 5.3. npednoAOOtcuM, umo u G {H~°°{W^)Y HeAnemcH 
pemtHueM ypaenenuR Au = f na MHOcucecmee V , zde 

fjeH^-^'''^{V) npu j = l,...,p (5.10) 

dAfi HCKomopux napaMempoe s G M u ip £ Ai. Tozda 

Wfc G i/f+'"'='^(y) npu k = l,...,p. (5.11) 
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^OKasaTejiBCTBO. ^OKaJKeM cnanajia, hto h3 ycjioBHH (jS.lOp bm- 
TBKaeT cjie/iyiomee cbohctbo noBbimeHHa BHyTpeHHeii rjiaflKOCTH pe- 
meHHH ypaBHeHHS Au = f: flJiH KajK/ioro HHCJia r > 1 cnpaBefljiHBa 
HMnjiHKau;Ha 

« e © H^-'-^-'^'^iV) ^ n e i/— (5.12) 

k=l k=l 

HpoHSBOJibHo Bbi6epeM cJjyHKi^Hio X £ C^(M") TaKyro, hto 

suppx C y H dist(suppx, c^^) > 0. (5.13) 

^jiH Hee cymecTByeT 4)yHKn,HH rj £ C^(M") TaKaa, hto 

supp?7 C V, dist(suppr7, dV) > 0, r] = 1 b oKpecTHocTH suppx 

(5.14) 

(3TO noKasaHO b ^OKasaTejibCTBe TeopeMbi ll.lSp . 

IlepecTaBHB MaTpHHHbiii 11^0 A h onepaxop yMHOJKeHHH na 
4)yHKu;Hio X, sanHineM 

Axu = AxTju = X Arju + A'r]u = 
X Au + X ^{f] ~ 1)"" + A'rju = 
= Xf + xA{ri-l)u + A'r]u b W^. (5.15) 

Sflecb MaTpHHHbiH n^O A' = {A'-j^ Y-j^^-^ — KOMMyTaTop n^O 
A H onepaTopa yMHOJKeHHH na 4)yHKii,Hio x- HocKOjibKy A'- ^ G 
^'j+'"*~^(R"), TO B CHjiy jieMMbi [1.61 HMeeM orpaHHHeHHbm onepa- 

TOp 

P P 

A' : HS-r+m„v>Q^n^ _^ jjs-r+l-lj , ^ ^^ny 

k=l j=l 

C jie^oBaTejibHo , 

« e Ff-'^+'"'='^(y) A'r]u E H'-^+^-'^'^iW'). (5.16) 
k=i j=i 
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^ajiee, corjiacHO ycjioBHio (jS.lOp h BBH^iy HepaeeHCTBa r > 1 HMeeM 

p p 
xfG^ F"-'j'^(M") ^ F"-^'+i-'^'^(M"). (5.17) 

i=i 3=1 

KpoMe Toro, TaK KaK HOCHTejiH 4)yHKii,HH X H ?7 — 1 He nepeceKaroTca, 
TO UJIO 

xA,-fc(r?-l)e^-~(M") 

jljisi Bcex j,k = 1, . . . ,p. OTcro^a, nocKOJibKy p^jia BeKTop-4)yHKi];HH 
u G (i7~°°(M"))^ cnpaBe/iJiHBO (j5.9p npn neKOTopoM a > 0, mm no- 
jiynaeM b CHjiy jieMMbi 11.61 BKjironeHHe 

p 

X A{r] - l)-u G (5.18) 
i=i 

Ha ocHOBaHHH (JjopMyji (|5.15p - (|5.18p h TeopeMbi 15.21 nojiynaeM, 

HTO 

p p 

k=l j=l 

p 

fc=l 

TeM caMbiM flOKasana HMnjiHKaii,HH (|5.12p bbh/jj npoHSBOjiBHOCTii bbi- 
6opa 4)yHKii,HH X £ C^(M"), y/],OBjieTBop5iK)in;eH ycjioBHK) (I5.13p . 

Tenepb c noMomtio (j5.12p jierKO BbiBecTH cbohctbo (j5.1ip . Mojkho 
CHHTaTb, HTO B (JjopMyjie (|5.9p HHCjio o" > ii;ejioe. SnaHHT, 

A;=l 
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ITpHMeHHB (|5.12p nocjieflosaTejibHO flJiH r = a, a — 1, . . . ,1, BbiBO/i,HM 
CBOHCTBo (IS.lip : 

k=l k=l 

fc=l 

TeopeMa 15.31 flOKasana. 

TeopeMa 15.31 noBBOjiaex ycTanoBHTb najiHHHe HenpepbiBHbix npo- 
asBOffHbix y BbiGpaHHoit KOMnoneHTbi Uk pemeHHa CHCTeMbi (jS.ip . 
IIpH 3TOM HcnojibsyeTCH TeopeMa II. 151 (iii). 

TeopeMa 5.4. Uycmb aadanu ii,eAue uucAa k G {1, . . . ,p}, r > 
u (fjyHKV,uji ip £ M, ydoeAemeopHwu^asi ycjioewo p.37p . Ilpedno- 
AOJfcuM, umo u G (i7~°°(M"))P HeAnemcsi pemenueM ypaeneHUR 
Au = f Ha omKpumoM MHOMcecmee V C , zde 

/, djiHscex j = l,...,p. (5.19) 

Tozda KOMnoHenma pemenun UMeem na MHOMcecmee V nenpe- 
puenue uacmHue npouseodnue do nopndKa r eKAwnumeAbHO, npu- 
HCM smu npouseodnue ozpanuueHU na KaMcdoM MHOMcecmee Vq <ZV 
maKOM, umo dist(Vo,5y) > 0. B Hacnmocmu, ecAU V = M", mo 

/J^OKasaTejiBCTBO. B cHjiy TeopeMbi 15. 3| rp,e nojiaraeM s := 
r — rri]^ + n/2, cnpaBe/iJiHBO BKjiioHeHHe G H"^^^^"^'"^ (Y)- HycTb 
4)yHKii,HH r] G C{^(M"') y/;oBjieTBop}ieT ycjioBHHM 

suppr/ C V, dist(supp 7/, dV) > 0, = 1 b oKpecTHocTH Vq. 

Jlflsi pacnpe^ejieHHH r]Uk b CHjiy TeopeMbi 11.151 (iii) HMeeM 

OTCK)fla BbiTeKaeT, hto Bce nacTHbie npoH3BO/i,Hbie cjayHKi^mi flo 
nopa/i,Ka r BKjiroHHTejibHo nenpepbiBHbi h orpaHHHeHbi b neKOTopoft 
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OKpecTHOCTH MHOJKecTBa Vq. Tor/];a 3th npoHSBO^Hbie HenpepbiBHbi h 
Ha MHOJKecTBe V, nocKOJibKy mojkho bshtb Vq := {xq} flJia jiio6oh 
TOHKH xq £ V. Teopeivia 15.41 joKasana. 

B KanecTBe npHjiojKeHHH TeopeMbi 15.41 mm /i,aflHM cjie^yiomee ^o- 
CTaTOHHoe ycjioBHe KjiaccHHHOCTH peineHHH CHCTeMbi Au = / b cjiy- 
Hae, Korfla Bce Aj^k ~ JiHHeiiHbie /],H4)4)epeHLi,HajibHbie onepaTopbi c 
K034)4)Hii;HeHTaMH Kjiacca C^(M'^), h Bce Ij = 0. Hkbimh cjioBaiviH, 
Kor^a Au = f HBjiHeTCH paBHOMepno sjijinnTHHecKoii b M"' no IleT- 
pOBCKOMy CHCTeMOH flHcJjcJ^epeHi^HajiBHbix ypaBHeHHH. 

CjieflCTBHe 5.1. UpednoAOJfcuM, umo u € {H~'^(M")y^ sieAH- 
emcR pemenueM ypaeneHUSi Au = f na omnpumoM MHOMcecmee 
V C W, zde fj E dAH KaMcdoso HOMepa j = 1, . . . ,p 

u HCKomopozo napaMempa tp £ A4, ydoeAemeopsi}ou^ezo ycAoeum 
(ll.37p . Tosda pemenue u KAaccuuecKoe na MHOofcecmee V, m. e. 
Uk G C""*(y) dAH ecex k = 1, . . . ,p. 

3to cpasy cjie/iyeT h3 xeopeivibi 15.41 npH r = rrik- OTMeTHM, hto 
fljiH KjiaccHHecKoro pemeHHH u CHCTeivibi (j5.ip ee jieBbie nacTH bmhhc- 
jiaioTCH c noMoiii,bK) KjiacciiHecKHX npoHSBO^Hbix (a He o6o6meHHbix, 
KaK B TeopHH pacHpe^ejieHHli) , h 3th npoH3BOflHbie HenpepbiBHbi na 

MHOJKeCTBe V. 

5.2. 3jijiHnTHHecKHe CHCxeMbi 

Ha saMKHyTOM MHoroo6pa3HH 

Sflecb Mbi HsyHHM sjijiHHTHHecKHe no ^yrjiHcy-HnpenGepry cn- 
CTeMbi HceBflOflHcJxJ^epeni^HajibHbix ypaBnenHii, saflannbix na 6ecKO- 
nenno rjia/iKOM saiviKnyTOM (KOMnaKTHOivi) opnenTHpoBaHHOM mho- 
roo6pa3HH T. Mm /lOKaJKeivi, hto onepaxop, cooTBeTCTByiomnn bthm 
CHCTeMaM, orpaHHnen n nexepoB b no/];xo/];amHX napax npocTpancTB 
yTonnennofi niKajibi. KpoMe Toro, 5y/i,eT HccjieflOBan o^hh Kjiacc 
3jijiHnTHHecKHX CHCTeM (sjijiHnTHnecKHe CHCTeMM c napaMBTpoM), 
fljiH KOTopbix yKasannbiii onepaTop HBjiaeTCH roMeoMop4)H3MOM npn 
Sojibinnx no MO/i,yjiio snaneHHax KOMnjieKcnoro napaMeTpa. Peayjib- 
TaTM, KOTopbie MM nojiyHHM, nojieano cpaBHHTb c TeopeMaMH n. 12. 2^ 
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rfle HccjieflOBaH cjiynaii o^Horo ypaBHeHHH. Hx ^OKasaTejibCTBa npo- 
BOflSTCH no Toli me cxeivie, hto h b CKajiHpnoM cjiynae. 

5.2.1. 3jiJiHnTHHecKHe CHCTeMbi 

PaCCMOTpHM CHCTeMy JIHHeHHblX ypaBHeHHH 

p 

Aj^k Uk = fj Ha r, rfle j = l,...,p. (5.20) 

k=l 

SflecB p G N, a ^j^^ € \I/°°(r), r/];e j,k = 1, . . . ,p, — CKajiapHbie Kjiac- 
CHHecKHe n^O, saflaHHbie na MHorooGpasHH F. YpaBHenHH (j5.20p 
noHHMaiOTca b CMbicjie TeopHH pacnpeflejieHHit. 

OnpeflejieHHe 5.2. CncTeMa (|5.2U|) nasbiBaeTca aAAunmuuecKou 
Ha r no ^yrjiHcy-HHpen5epry, ecjin cyn;ecTByioT naSopbi Beni,ecTBen- 
Hbix HHceji {h, . . . ,lp} H {mi, . . . , nip} Taxne, hto: 

(i) ordAj^k < Ij + "T-fc flJiH Bcex j, k = 1, . . . ,p] 

(ii) det( oj''^(x, ^) / jijir nponsBOJibnbix tohkh x £ T vl 

KOBeKTopa ^ G T^fF \ {0}; 3/],ecb aj''^(x,^) — rjiaBnbiii chmboji 

n^O Aj^k B cjiynae ovdAjk = Ij + m-fc, jih6o Uj^l^x,^) = b 
cjiynae oidAj^k < Ij + f^k- 

^ajiee b n. l5.2l npeiinojiaraeTcg. hto cncTeMa (|5.20p y^oBjieTBopa- 
eT onpejejiennio [5^ 

SannmeM 3Ty cncTeMy b MaTpHHHon (JjopMe: Au = / na F. 3/];ecb 
A := {Aj^kY-j^^-^ — MaTpHHHbiH n^O na F, a n = col (ui, . . . ,itp), 
/ = col (/i, . . . , fp) — 4)ynKn,HOHajibHbie cTOJi6n,bi. KaK n caMa chctc- 
Ma, cooTBCTCTByion^HH eft MaTpHHHbiH n^O A nasbiBaeTca sjijinnTH- 
HBCKHM na F. 

OSosnanHM nepes A'^ = {A'^^^-^^^ MaTpnnnbift H^O, cJ^opMajib- 
Ho conpHJKeHHbiH K onepaTopy A OTnocHTejibHO C°°-njioTnocTn dx 
na F; 3/],ecb KajK^bift H^O A'^j^ 4)opMajibHo conpajKennbin k Aj^k- 
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3jIJIHnTHHHOCTb CHCTeMbI Au = f paBHOCHJIbHa SJIJIHnTHHHOCTH CO- 

npajKeHHOH CHCTeivibi A'^v = g (no ^yrjiHcy - HnpenGepry). Ilojio- 

JKHM 



Af:={ue {C°°{T))P : An = Ha r }, 
■.= {v£ (C7°°(r))P : A+v = Ha T }. 

HoCKOJIbKy CHCTeMbI Au = / H A~^V = g SJIJIHHTHHHbl, TO [31 c. 52] 

npocTpancTBa M h AA"*" KoneHHOMepHbi. 



5.2.2. OnepaTop sjiJinnTHHecKOH CHCTeMbi 
B yTOHHeHHofi niKajie 

HsyHHM CBOHCTBa MaTpHHHoro n^O A B yTOHHeHHOH niKajie na 
MHoroo6pa3HH r. HocKOJibKy Aj^j^ S \I/'j+™fe(r), to b CHjiy jicmmbi [231 
Mbi HMeeM jiHHeHHbiH orpaHHHeHHbi onepaTop 

p p 
A : F"+'"'='^(r) ^ H''^^'^{T) (5.21) 
k=i j=i 

jljisi jiio6bix s G n if G M. HsyHHM ero CBoiicTBa. 

TeopeMa 5.5. /I^ah npou3eoM>Hux napaMempoe s € M u cp £ M 
ospaHUHCHHUu oncpamop (j5.2ip nemepoe. Eeo ndpo coenadaem c 
npocmpaHcmeoM J\f, a o6Aacmb anaHeHuu cocmoum U3 ecex muKux 
eeKmop-cf)yHKV,uu 

p 

/ = col (/i, . . . , /p) G F^-'-'^(r), (5.22) 

Komopue ydoeAemeopniom ycAoeum 
p 

{fj,'Wj)r = dAH A'K)6ozo w = {wi, . . . ,Wp) G A/"^. (5.23) 

i=i 

MndeKC onepamopa (j5.2ip paeen dim A/" — dimAA"^ u kc saeucum om 
s, Lp. 



330 



Fji. [5l SjijiHnTHHecKHe cHcxeMbi 



^OKasaTejibCTBO. B cjiynae ip = 1 (coGojieBCKaa niKajia) STa 
TeopeMa HssecTHa [3l c. 52]. OTciofla oGmnii cjiynait ip & A4 nojiyna- 
eTca c noMombio HHTepnojiHii;HH c 4)yHKLi;HOHajibHbiM napaMeTpoM. A 
HMeHHO, nycTb s E R. HivreeM orpaHHHeHHbie neTepoBbi onepaTopbi 

p p 
A : i/^Ti+mfe(r) ^ H'^^-^^{T) (5.24) 

k=i j=i 
c o6iii,nM HflpoM J\f a o/],HHaKOBbiM HH;],eKcoM X := dimAA — dimA/"^. 

IIpH 3TOM 



^(0 i^"^^+'"Hr) 

k=l 
P 

{ / = col (/i , . . . , /p) G H'^'-'^ (r) : BepHo } • (5.25) 



ITpHMeHHM K (|5.24p HHTepnojumHK) c 4)yHKLi;HOHajibHbiM napaMBTpoM 
■0 H3 xeopeMbi 12.21 r/ie e = = 1. IlojiyHHM orpaHHHeHHbiii onepaTop 



p p 

^ : //"-^+'"*(r), //«+i+™fc(r) 

A;=l A;=l 
P P 

^ i/^-i-'^(r), H'+^~^^(T) 



i=i i=i 

KOTopbiit B CHjiy TeopeM 11.51 h 12.21 coBna/],aeT c onepaTopoM (|5.2ip . 
CjieflOBaTejibHO, corjiacHO TeopeMe 11.71 onepaTop (I5.2ip HeTepoB c a^- 
poM J\f H HH/],eKCOM X = dim A/" — dimA"^. 06jiacTb SHaneunA SToro 
onepaTopa paBHa 

p p 

(|0 //^-'^'^(r)) n ^(0 i7^-i+™fe(r) 
j=i k=i 

OTCK)fla, B CHjiy (|5.25p nojiynaeM, hto ona TaKaa KaK b (JjopMyjinpoB- 
Ke HacToameii TeopeMbi. TeopeMa 15.51 /lOKaaana. 
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CorjiacHo stoh Teopeivie, A^"*" — ;];e(J)eKTHoe noflnpocTpancTBo one- 
paTopa (I5.2ip . SaMeTHM, hto b Bujxy TeopeMbi 12.31 (v) onepaTop 

p p 
A+ : F-^+'^'i/'^(r) ^ i/-^-"^fc.Vv(r) (5.26) 

j=i k=i 

conpHJKeHHbiit k onepaTopy (|5.2ip . HocKOJibKy conpajKeHHaa CHCTe- 
Ma A^v = g 3jijiHnTHHecKaH, to b CHjiy TeopeMbi 15.51 orpaHHHeHHbm 
onepaxop (|5.26p nexepoB h HMeeT Hflpo h flecJ^eKTHoe noflnpo- 
CTpaHCTBO J\f . 

EcjiH npocxpaHCTBa N h TpHBHajibHbi, TO H3 TeopeMbi 15.51 ii 
TeopeMbi Banaxa o6 o5paTHOM onepaTope BbiTexaeT, hto onepaTop 
(|5.2ip HBjiHeTCH roMeoMop4)H3MOM. B o6meM cjiynae roMeoMop4)H3M 
y/;o6HO sa^aBaTb c noMombio cjie^yiomiix npoeKTopoB. 

IlpeflCTaBHM npocTpancTBa, b KOTopbix ;i,eHCTByeT onepaTop 
()5.2ip . B BH/];e npsMbix cyMM saMKHyTbix no;];npocTpaHCTB: 

p 

H'+'^^'^{V) = 

k=l 

p p 

Ar+ jn G F^+-^''^(r) : {uk,Vk)r = Bcex vgM\, 

k=l k=l 
P 

i7^-'..v(r) = 

p p 
■^^ + {/ e H'-'^^'^iT) : {fj,wj)r = fljiH Bcex w G AA+}. 
i=i i=i 

Sflecb, HanoMHHM, u = col (ui, . . . , Up), / = col (/i, . . . , /p), a TaKJKe 
V = (fi, . . . , Vp), U! = {wi, . . . , Wp). YKasaHHbie paajioJKeHHa b npa- 
Mbie cyMMbi cymecTByioT, nocKOJibxy b hhx cjiaracMbie iiMeiOT tphbh- 
ajibHoe nepeceneHiie, h KOHeHHaa pasMepnocTb nepBoro h3 hhx paBHa 
KopasMepHOCTH BToporo. (^eftcTBHTejibHO, HanpHMep, b nepBoii cyM- 
Me 4)aKTopnpocTpaHCTBO npocTpancTBa ^f^^ ffi>+^k,'P(Y'j jjq bto- 
poMy cjiaraeMOMy HBjiaeTCH flBoiicTBeHHbiM npocTpancTBOM k no^- 
npocTpancTBy M npocTpancTBa 

0Ll H-'-'^^'^/^iT)). 0603HaHHM 
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Hepes V nV Kocbie npoeKTopbi cooTBeTCTseHHO npocTpancTB 
p P 

k=l j=l 

Ha BTopbie cjiaraeMbie b yKasaHHbix cyMMax napajiJiejibHO nepsbiM 
cjiaraeMbiM. 3th npoeKTopbi ne saBHCHT or s n (p. 

TeopeMa 5.6. /I^ah npouaeoAbmix s & M u ip £ M cyMcenue 
onepamopa (j5.2ip na nodnpocmpaHcmeo }{s+"ik,v>(Y^^ ne- 

ASiemCH g0Me0M0pCpU3M0M 

P P 
A:V(^^ oP+(0 i7"-^^'^(r)). (5.27) 

k=i j=i 

^OKasaTejiBCTBO. Ho xeopeMe 15.51 J\f — Hflpo, a 

p 

i=i 

— o6jiacTb sHaHeHHH onepaTopa (|5.2ip . Cjie/];oBaTejibHo, onepaTop 
(j5.27p — 6HeKii;HH. Kpoivie Toro, 3tot onepaTop orpaHHHeH. SnaHiiT, 
OH HBjiaeTCH roMeoMop4)H3MOM B cHjiy TeopeMbi Banaxa o6 o6paTHOM 
onepaTope. Teopeivia 15.61 joKasana. 

H3 TeopeMbi 15.61 BbixexaeT cjie/iyiomaa anpnopnaa oLi;eHKa peme- 
HHa ypaBHeHHH Au = f. 

TeopeMa 5.7. Uycmb s G M u ip G Ai. UpednoAoofcuM, umo 
eeKmop-(pyHKHUM 

p 

u = col (ui, . . . , Up) e /?«+™fc'V(r) (5.28) 

k=l 

neAHemcH pemenueM ypaeneHun Au = f na T, npaean uacmb ko- 
mopozo ydoeAemeopsiem ycAoeum (|5.22p . Tozda dAH eu6paHHUx na- 
paMempoe s, ip u npouseoAbuozo uucAa a > cyu^ecmeyem maKoe 
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Hucjio c > 0, He aaeucHUi^ee om u u f , umo 
' k=l 

X/ ll/?'llj/''-'j''^(r)) + ( ^ ll^fcll//»+™fc-<'.'^(r)) • (5-29) 



fc = l 



C 

i = l ■ " ^=1 

^OKasaTejiBCTBO. HcnojibsosaHHbie b (|5.29p HopMbi b npocTpan- 
CTBax 

P V P 

fc=i i=i fc=i 

^ 1 1 1 1 / mm" mm' 

ODOSHaHHM fljia KpaTKOCTH HepeS II • ||s^<^, II • ll^^ip II II • ||<j-o-,<^ COOT- 

BeTCTBeHHO. TaK KaK M — KOHeHHOMepHoe noflnpocTpaHCTBO b 3thx 
npocTpaHCTBax, to yKasaHHbie HopMbi SKBiiBajieHTHbi na M . B nacT- 
HOCTH, BeKTop-4)yHKii;HH u — Vu € N cnpaBe/iJiiiBO 

\W - 'Pu^is,^ < Cl ll-U - ■Pu||l_^,^ 

c nocTOHHHoit ci > 0, He 3aBHCHni;eH ot u. OTCiofla nojiynaeM 

ll-ulll,^ < \\u - Vu\^^^^ + \\Vu\i,^^ < 
ci ||tt - Vu\\s_^^^ + II^mL,,^ < ci C2 ||nL-<T,i^ + II^^^IL,¥,> 

rfle C2 — HopMa npoeKTopa 1 —V, flencTByiomero b npocTpancTBe 



k=l 

VLt&k, 

\\u\\'s,^< \\'Pu\\'g,^ + ciC2\\u\\'s-a,^. (5.30) 

BocnojibsyeMCH Tenepb ycjioBHeM Au = f. HocKOjibKy M — Hflpo 
onepaTopa (I5.2ip ii u — Vu G A/", to AVu = /. TaKHM o6pa30M, Vu — 
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npoo6pa3 BeKTop-4)yHKii,HH / OTHOCHTejibHO roMeoMop4)H3Ma (|5.27p . 
C jie/i,oBaTejibHo , 

r^iii,^ < C3 ii/iii;^, 

rjie C3 — HopMa onepaTopa, o6paTHoro k (|5.27p . OTcrofla h h3 nepa- 
BBHCTBa (I5.30p HeMe^jieHHo BbiTCKaeT oii,eHKa (I5.29p . TeopeMa l5.7l no- 
Kasana. 

Otmbthm, hto, ecjiH M = {0}, t. e. ypaBHeHHe Au = f HMeeT He 
6ojiee o/iHoro pemeHHH, to BejiHHHHy 

p 

II^A:||_H"''~°'+™fc''^(r) 

k=l 

B npaBoli HacTH oii;eHKH (j5.29p mojkho onycTiiTb. Ecjih >Ke M ^ {0}, 

TO /],Jia KaJKflOH BeKTOp-4)yHKIi;HH U 3Ty BejIHHHHy MOJKHO CflejiaTb 

KaK yro/iHO Majioii sa chbt Bbi6opa /locTaTOHHO 6ojibmoro Hiicjia a. 

5.2.3. JloKajibHaa rjia/],KOCTb pemeHHH 

HycTb To — OTKpbiToe nenycToe no^MHOJKecTBO MHoroo6pa3Ha T. 
HccjieflyeM jioKajibnyio rjia/iKOCTb pemeHHH 3jijiHHTHHecKoro ypaB- 
HeHHa Au = / Ha Fq B yTOHHeHHoli uiKajie. PaccMOTpHM CHanajia 
cjiyHali, Kor^a Fq = F. 

TeopeMa 5.8. TIpednoJioMCUM, umo eeKmop-c^yuKv^un u S 
(D'(r))P neAHemcR pemenueM ypaeueHUH Au = f na MHoeoo6pa3uu 
T, zde 

f.^W-h.^{T) npu j = l,...,p (5.31) 

Oar HeKomopux napaMempoe s G M u ip & Ai. Tozda 

Uk£ H'+"'^''P{T) npu k=l,...,p. (5.32) 

/J^OKasaTejibCTBO. HocKOJibKy MHoroo6pa3He F KoivinaKTHO, to 
HpocTpancTBO T)'{T) HBjiaeTCH o6T.eflHHeHHeM co6ojieBCKHX npo- 
CTpancTB H^{T), rpid a E M. Cjie^oBaTejibHO, ^jih BeKTop-4)yHKu;HH 
u G (P'(r))P cyni;ecTByeT hhcjio a < s, TaKoe hto 

p 

w e /?"+"^Hr). 
fc=i 
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B ciijiy TeopeM 15.51 h 12.31 (iii) cnpaBe/];jiHBO paBencTBO 

p p p 

j=l k=l k=l 

HosTOMy, H3 ycjioBHH (I5.3ip BbiTeKaeT, hto 

p 

k=l 

TaKHM o6pa30M, na MHoroo6pa3HH F napa^y c paBencTBOM Au = 
f BbinojiHHeTCH TaKJKe paseHCTBo Av = f ^jih HeKOTopoit BexTop- 

4)yHKI],HH 

p 

k=l 

CjieflOBaTejibHO, A{u — v) = na F h, corjiacHO Teopeivie 15.51 cnpa- 
BefljiHBO w := u — V ^ M. O^naKO, 

p 

M C (C°°(F))P C H'+"""^(T). 

k=l 

SnaHHT, 

p 

U = V + w £ 

k=l 

T. e. BbinojiHHeTCH cbohctbo (|5.32p . TeopeMa 15.81 jioKasaHa. 

PaccMOTpHM Tenepb cjiynali npoHSBOjibHoro Fq. HanoMHHM, hto 
npocTpancTBO H^^^{T()) pacnpe/];ejieHHH, HMeromnx sa^aHHyK) jio- 
KajibHyio rjiaflKOCTb na Fq b yTOHHeHHoii niKajie, onpeflejieno b 
n. [2X3l 

TeopeMa 5.9. UpednoAOMCUM, umo u G {T)'{T)Y fiejiHemcH pe- 
mcHueM ypaeneHun Au = f na MHOMcecmee Fq, zde 

fj ^ ^ioc'"'^(ro) npu j = l,...,p 
Bah HCKomopux napaMcmpoe s G M u (/? G A^. Tozda 
Uk ^ H^^J^'"'-^{To) npu k = l,...,p. 
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TeopeMa 15.91 /lOKasbiBaeTCH aHajiorHHHO Teopeivie 15.31 IlpH 3tom 
Ha^o BMecTo TeopeMbi 15.21 HcnojitsoBaTb TeopeMy 15.81 

Hs TeopeM 15.91 h 12.81 HeMe^jieHHO BbiTeKaeT cjie/iyromee flocTaTOH- 
Hoe ycjioBHe nenpepbiBHOCTH npoHSBO^Hbix y Bbi6paHHoit KOMnoHen- 
Tbi Uk peineHHS CHCTeMbi Au = f. 

Cjie^CTBHe 5.2. Ilycmb sadanu %eAue uucAa k € {l,...,p}, 

r > u cf)yHKii,un ip & Ai, ydoeAemeopHmui^an HepaeeHcmey p.37p . 
UpednoAOMCUM, umo u £ (T>'{T))'p Hejinemca, pemenueM ypaeneHUM 
Au = f Ha MHOofcecmee Tq, sde 

/.e<r'=''^+"/''"(ro) dA^ecex j = l,...,p. 
Tozda Uk G C^iVQ). 

5.2.4. 3jiJiHnTHHecKaa CHCTeivra c napaivieTpoM 

Cjie^ya o63opy [3l c. 64], mm paccMOTpHM ^ocTaTOHHO lUHpoKHii 
Kjiacc 3jijiHnTHHecKHX CHCTeM c napaMBTpoM Ha MHoroo6pa3HH r. 
IlpoHSBOjibHO 3a4)HKCHpyeM HHCjia p, g G N, m > H mi, . . . , rup G R. 
PaccMOTpHM MaTpHHHbiii n^O A{\), saBHcamiiH OT KOMnjieKCHoro 
napaMeTpa A cjie/iyromHM o6pa30M: 

q 

^(A) := A^-"^(^). (5.33) 

r = 

Sflecb A^^'^ := (yA^pk)^- k—i — KBaflpaTHaa iviaTpni^a, o6pa30BaHHaH 

CKajIHpHblMH nOJIHOflHOpO/lHblMH HIIO A - i Ha F TaKHMH, HTO 

ord A^pj^ < mr + — mj . 

IlpH 3TOM 6y/],eM cHHTaTb, HTo A^^^ = —I, rjie I — e/i,HHHHHaa MaT- 
pHn;a. 

PaccMOTpHM 3aBHcan];yio ot napaMeTpa A G C CHCTeMy jiHHeftHbix 
ypaBHeHHH 

A{\)u = f Ha r. (5.34) 
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Sflecb, KaK H npejK/ie, u = col {ui, ... ,Up), f = col (/i, . . . , /p) — 
4)yHKii;noHajibHbie CTOJi6Li;bi, KOMnoneHTM KOTopbix — pacnpeflejieHHH 
Ha MHoroo5pa3HH T. 

HycTb K — 4)HKCHpoBaHHbiH saMKHyTbiH yroji na KOMnjieKCHofi 
njiocKOCTH c BepniHHoii b nanajie KoopflHHaT (ne HCKjiioHaeTCH cjiy- 
Haii, Korfla K BbipojK/iaeTCH b Jiyn). 

Onpe^ejieHHe 5.3. CiicTeMa (I5.34p nasbiBaeTca ajuiunmunecKou 
c napaMempoM b yrjie K, ecjiH 

<? 

det J]] A'?-'^a"'°(x,e) /O (5.35) 

r = 

jljisi jiio6bix X £ r, ^ G T*T H A € if TaKHx, hto (^, A) ^ 0. 3/iecb 
a''''^(x,^) := {ci'j'^{x,^))^ — KBaflpaTHaa MaTpHD;a, npoHSBOjib- 

Hbili 3jieMeHT aj'^{x,^) KOTopoH onpe/i,ejieH Tax: oh — jih6o rjiaBHbift 

(r) (r) 

CHMBOJI n^O Aj j, B cjiynae ord Aj ^ = mr + ruk — rrij , jih6o nyjicBaH 
4)yHKLi;nH B npoTHBHOM cjiyHac. ripH 3TOM B cjiyHac r > 1 4)yHKU;HH 
a^'^(x,^) CHHTaioTCH paBHbiMH npH ^ = (xaKoe flonymeHHe CBa- 
saHO c TCM, HTO rjiaBHbie chmbojim HSHanajibHO ne onpeflejicHbi npn 
C = 0). 

^ajiee b n. 15.2.41 npejnojiaraeTCH. hto CHCTeMa (|5.34p y^oBjieTBO- 
pHCT onpe^ejieHHio 15.31 

Hs onpe^ejieHHio 15.31 cjiepyeT, hto CHCTCMa (|5.34p sjijinnTHHecKaa 
no ^yrjiHcy-HnpenGepry npn KajKflOM (J^HKcnpoBaHHOM A € C. B ca- 
MOM flejie, B CHjiy (j5.33p MaTpHLi;a A{X) oSpasoBana sjieMCHTaMH 

i2^''''4l j,k = l,...,p, (5.36) 

r = 

KOTOpbie HBJIHIOTCH KJiaCCHHCCKHMH CKajISpHblMH H^O HOpS^Ka He 

Bbime, HBM Ij + m'f^, rflfi Ij := —rrij h := mq + m^. FjiaBKbiii 
CHMBOJI n^O (15.36P paBCH a^'^(x,^) fl^Jisi KajK^oro (J^HKcnpoBaHHoro 
A. CorjiacHo ycjioBiiio (|5.35p . b KOTopoM 6epeM A := 0, cnpaBe/i,jiHBo 
HepaBeHCTBo 

det{aflix,0 ) -,^=1 ^ p^R jiio5bix xGT, U T^T \ {0}. 
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Hocjie/iHee osHanaeT, hto CHCTeMa (|5.34p sjijinnTHHecKaa no 
^yrjiHcy-HnpenGepry npn KajKflOM A G C. 

CjieflOBaTejibHO, flJiH sjijinnTHHecKoii CHCTeMbi (j5.34p cnpaeefljiH- 
Ba TeopeMa l5.5| corjiacHO KOTopoli orpaHHHeHHbiii onepaTop 



p p 



fc=l j=l 

HeTepoB fljiH npoHSBOjibHbix AgC, sGMh^^GTW. Bojiee Toro, 
nocKOjibKy CHCTeMa (|5.34p sjijiHnTHHecKaa c napaMeTpoM b yrjie K, 
3TOT onepaTop hmcct cjie/],yiomHe ^onojiHHTejibHbie CBoiicTBa. 

TeopeMa 5.10. Cnpaeednueu cAedymmue ymeepMcdenuH. 

(i) Cymecmeyem hucao Aq > maKoe, umo Bah naMcdozo snaue- 
HUH napaMempa X £ K, ydoeAemeopHwm^ezo ycjioeum |A| > Aq, 
MampuHHUu n/I^O A[\) ycmaHaejiueaem npu ak)6ux s G M 

if G Z0Me0M0p(pU3M 

p p 
A{X) : i/«+'^5+™fc.'/'(r) ^ H'+'^J'^fiiT). (5.38) 
k=i j=i 



(ii) /Jam npouseoAbuo eu6paHHUx napaMcmpoe s G M w (/9 E 

HaudemcR hucao c > 1 maKoe, umo Bah naMcdozo SHaueHun 
napaMempa X £ K , \X\ > Xq, u An)6ux eeKmop-cf}yHKij,uu 



u = coliuu...,Up) £ H'+'""i+"'^'^iT), (5.39) 

k=l 

f = col (/i, . . . , /p) G /^«+™..'^(r), (5.40) 
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ydoeAemeopRmuitUX ypaeHeHum (j5.34p . eepna deycmopoHHHH 



^ ^ ll/illH=+'"j'V'(r) - 

V P 

fc=l 



k=l fc=l 

c ll/jll//=+'"j.'^'(r)- (5-41) 
i=i 

3dect> HUCAO c ne saeucum om napaMempa A u eeKmop-(pyHKii,uu 
u, /• 

B cjiynae ip = 1 (niKajia coSojibbckhx npocTpancTB) 3Ta Teopeivia 
HssecTHa [HI c. 64]. Otmbthm, hto jiesoe HepaeeHCTBO b flBycTopoHHeli 
OLi;eHKe (j5.4ip cnpaBe/],jiHBO 6e3 npe/];nojiojKeHHH o6 9jijiHnTHHHOCTH 
c napaMexpoM cHCTeMbi (j5.34p (cpaBHHTb c [6l c. 65]). HTo5bi HsGe- 
jKaTb rpoM03flKOH 4)opMyjibi, Mbi HcnojibsyeM b (|5.4ip SKBHBaneHT- 
Hbie HerHjib6epTOBbi Hopivibi b npocTpancTBax (j5.39p h (|5.40p . 

^OKajKeM OTj^ejibHO yTBepjK/ieHHH (i) h (ii) TeopeMbi 15.101 Mbi 
BbiBefleM o6mHH cjiynaft ip £ M us co6ojieBCKoro cjiynaa ip = 1. 

/JjoKasaTejitCTBO TeopeMti 15.101 IlycTb s G M h 99 G . 

(i) HocKOjibKy /i,jiH KajK/],oro A € C CHCTeMa ()5.34p sjijinnTHHe- 
CKaa no ^yrjiHcy-HnpenGepry, to b CHjiy TeopeMbi 15.51 orpaHHHen- 
Hbili HexepoB onepaxop (15.37P HMeex HesaBHCHmne ot s a ip Kouen- 
HOMepHbie Hflpo H /i,e4)eKTHoe noflnpocxpaHCXBO AA"*"(A). ^ajiee 

BocnojibsyeMCH xeM, hxo xeopeMa 15.101 Bepna b cjiynae ip = 1. Cyme- 
CTByex HHCjio Aq > xaKoe, hxo ^jih KajK^oro X £ K, y/ioBjiexBO- 
pHiomero ycjioBHK) |A| > Aq, MaxpHHHbili n^O A{X) ycxanaBjinBaex 

rOMeOMOp4)H3M 

p p 
A;=l j=l 
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CjieflOBaTejibHO, ^jih yKasaHHoro A npocTpaHCTsa AA(A) h J\f~^{\) 
TpHBHajibHbi, T. e. jiHHeiiHbiH orpaHHHeHHbiH onepaTop (I5.37P hbjis- 
eTCH 6iieKii;HeH. OTCiofla no Teopeivie Banaxa 06 o5paTHOM onepaTope 
nojiynaeM roMeoMopcJ^HSM (I5.38p . yTBepjK^eHHe (i) TeopeMbi 15.101 no- 
Kasano. 

(ii) HocKOJibKy TeopeMa 15.101 cnpaBejjiHBa b co6ojieBCKOM cjiynae 
ip = 1, cymecTByeT TaKoe hhcjio Aq > 0, hto KajKfloro SHaneKHH 
napaMBTpa X £ K, y^oBjieTBopaiomero ycjioBHio |A| > Aq, cnpase;!,- 

JIHBbl rOMeOMOp4)H3MbI 

p p 
A{X) : H'^^+""'+"'^{r,\X\'^,mq) ^ H'^^+'^^iV), (5.42) 
k=i j=i 

npHHeM HopMa onepaTopa (j5.42p BMecTe c HopMoii o6paTHoro one- 
paTopa orpaHHHeHbi paBHOMepno no napaMeTpy A. Mbi ncnojibsy- 
eM rHjib6epTOBbi npocTpancTsa H'^''^{T, q,6), saBHCHn^ne ot ^onoji- 
nHTejibnbix napaMeipoB g = | A|'^ n = mq, onpe;i,ejiennbie b n. 12.2.41 
IlycTb ip — HnTepnoji5in;HonnbiH napaMeTp h3 npefljioxcenna 12. 2|, r^e 
6epeM e = 6 = 1. HpHMennB HnTepnojian;Hio c sthm napaivieTpoM k 
(j5.42p . nojiynHM roMeoMopcJ^nsM 



AiX): 



p 



p 



H^-i+mq+m^ (r,|A|9,mg),0 H'+^+mq+nik (F , | A | ^ mg) 

k=l 

p p 

i/"'i+"^(r), 0i7^+i+™j (r) . (5.43) 

ripn 3TOM B CHjiy TeopeMbi 11.81 nopivia onepaTopa (|5.43p n nopMa 06- 
paTnoro k neMy onepaTopa orpannHenbi paBHOMepno no napaMeT- 
py A. (SanncaHHbie b 4)opMyjie (|5.43p /lonycTHMbie napbi npocTpancTB 
HopMajibnbie.) OTCio/ia na ocnoBanHH TeopeMbi 11.51 06 HHTepnojumnH 
npHMbix cyMM npocTpancTB nojiynaeM roMeoMopcJ^nsM 

AiX): 
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p 

k=l 

P 

ripH 3T0M HopMbi onepaTopoB (j5.43p h (j5.44p paBHbi, a TaioKe paBHbi 
HopMbi o6paTHbix K HHM onepaTopoB. Tenepb BocnojibsyeMca jieMMoii 
\2.6\ r^e nojiaraeM 

a:=s + mq + mk, q:=\X\'^, 6 := mq, £ = 5=1, 

H TeopeMOH 12.21 CorjiacHO hhm (|5.44p BjieneT roMeoMopcJ^HSM 

p p 
A{X) : H'+'^'i+"""^ir,\X\'',mq) O i7«+™..^(r) (5.45) 
k=i j=l 

TaKolt, HTO HopMa onepaTopa (j5.45p BMecTe c HopMoli oGpaTHoro one- 
paTopa orpaHHHeHbi paBHOMepno no napaMeTpy A. 3to osHanaeT pfiy- 
CTopoHHioio oii;eHKy (j5.4ip , rj^e hhcjio c ne saBHCHT ot napaMexpa A ii 
OT BCKTop- 4)yHKii,HH (|5.39p , (|5.40p . yTBepjKfleHHe (ii) TeopeMbi 15.101 
flOKasano. 

Hs TeopeMbi I5.1UI (i) BbiTeKaeT cjie^yiomee yTBepjK/ieHHe o6 hh- 
fleKce onepaTopa, cooTBeTCTByromero sjijinnTHHecKoft cHCTeMe c na- 
paMeTpoM. 

CjieflCTBHe 5.3. UpednoAOMCUM, umo cucmeMa (|5.34p sjiJiunmu- 
uecnaH c napaMempoM na neKomopoM saMKHymoM Ayue K := {X G 
C : argA = const}. Tozda onepamop (j5.37p UMeem nyAeeou undeKC 
npu AK)6oM A E C. 

^OKasaTejibCTBO. ^jih KajKfloro (J^HKcnpoBaHHoro A G C cncTe- 
Ma (j5.34p sjijinnTHnecKaH no ^yrjincy-HnpenGepry. HosTOMy b cnjiy 
TeopeMbi 15.51 onepaTop (j5.37p HMeeT KOHeHHbin nnfleKC, ne aaBHCH- 
mnii otsGMhc/peA^. KpoMe Toro, 3tot HH/i,eKc ne saBHCHT h ot 
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napaMexpa A. B caMOM ^ejie, b CHjiy (|5.33p napaivieTp A BjinaeT jinnib 
Ha Mjia/iniHe Hjienbi sjieMeHTOB MaTpHHHoro H^O ^(A): 

^(A) -^(0) = x; A'^-'^^^'-^ = (i; ^'-''41)%.,^ 

r=0 r=0 

me 

q-1 

ord X'^~'^A^J'j, < m{q — 1) + — rrij. 

r=0 

IlosTOMy BBHfly jieMMbi [231 Mbi HMeeM orpaHHHeHHbiit onepaTop 

p p 

k=l j=l 

Ho B CHjiy TeopeMbi 12.31 (iii) h ycjioBHH m > cnpaBefljiHBO kom- 
naKTHoe BjioJKeHHe npocTpancTBa //*+'"+™j.</'(p) b npocTpancTBO 
jjs+mj,ifi^Yy Cjie/ioBaTejibHO, KOMnaKTen onepaTop 

p p 
A{X) - A{0) : //^+™9+™fe.V(r) ^ ^«+m,,v(r). 

k=l 3=1 

OTCKJ^a BbiTeKaeT (cm., nanpHMep, |122| c. 249]), hto onepaTopbi 
^(A) H ^(0) HMeioT oflHHaKOBbiH HH/];eKC, T. e. nocjieflHiiii He saBiicHT 
OT HapaMeTpa A. ^ajiee, corjiacHO Teopeivie 15.101 (i) npn /locTaTOHHO 
6ojibmHX HO Mo/iyjiio SHaneHHHX napaMeTpa A S ET, cnpaBe/i,JiHB ro- 
MeoMop4)H3M (j5.38p . Cjie/ioBaTejibHO, HH^eKC onepaTopa ^(A) paben 
HyjHO HpH A G -ftT, |A| ^ 1, a snanHT, h npn jiio6om A G C. Cjie/icTBHe 
15.31 jioKasano. 

5.3. 3jiJiHnTHHecKHe KpaeBbie sa^ann 

flJia CHCTGM ypaBHGHHH 

Sflecb Mbi HsyHHM BjijiHnTHHecKHe Kpaebbie sa^aHH fljiH CHCTeM 
;];H4)4)epeHLi,HajibHbix ypaBHeHHii b yTOHHeHHoii uiKajie npocTpancTB. 
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HsBecTHO, HTO OHH nopojKflaioT orpaHHHeHHbie h neTepoBbi onepaTO- 
pbi B cooTBeTCTByiomHX napax nosHTHBHbix npocTpancTB Co6ojieBa; 
CM. MOHorpa4)Hio |237| (n. 9.4), o63op |131| (§ 6) h npHBefleHHyio TaM 
jiHTepaTypy. Mbi yTOHHHM 3tot pesyjibTaT ^jih lUKajibi npocTpancTB 
XepMaH;];epa npHMeHHTejiBHO k CHCTeMaM, sjijinnTHHecKHM no IleT- 

pOBCKOMy. 

5.3.1. IIocTaHOBKa sa^ann 

PaccMOTpHM jiHHeHHyio CHCTeMy /];H4)4)epeHii,HajibHbix ypaBHeHHH 

p 

'^Lj^kUk = fj B n, j = l,...,p. (5.46) 

k=l 

3flecb p G N, a Lj ^ = Lj^^ix, D), rpfi j,k = 1, . . . ,p, — cKajiapHbie 
jiHHeHHbie /],H4)4)epeHu;HajibHbie BbipaJKeHHH, saflanHbie na 0. Bbipa- 
jKeHHe fc HMeeT npoHSBOJibHbiit KOHenHbili nopa^oK h 6ecKOHeHHO 
rjia/iKHe na 0, KOMnjieKCHOsnaHHbie K034)4)HH,HeHTbi. ^jih KajKfloro 
HOMepa k = 1, . . . ,p nojiojKHM 

nik := max{ordLj,fc : j = 1, • • • 

TaKHM oSpasoM, — MaKCHMajibHbiit nopa/iOK /i,Hcjp4)epeHLi;HpoBa- 
HHS HCKOMOH 4)yHKU,HH Uk- ripeflnojiaraeTca, hto Bce ruk > 1. 
CBHJKeM c CHCTeMOH (I5.46p KBa^paTHyio MaTpHU,y nopH^Ka p: 

LW(x,e) := {Lf}{x,0)lk=v ^ e ll, C G C". 

3flecb L^^^{x,^) — rjiaBHbiH chmboji flH4)4)epeHH,HajibHoro BbipajKe- 

HHS Lj.fc B cjiynae, Korfl^a ovdLj^k = ^fcj jih6o L^^l{x,^) = b cjiynae, 
Kor/],a ordLj jfc < m^. 

Onpe^ejieHHe 5.4. CncTeMa (I5.46P nasbiBaeTca dJuiunmuuecKou 
no IlempoecKOMy na 0, ecjiH det L('^)(x, ^) 7^ p,Ji5i JI1060H tohkh 
X G H npoH3BOJibHoro HenyjieBoro BeKTopa ^ G M"". 
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EcjiH CHCTeMa (|5.46p sjijinnTHHecKaH no HeTpoBCKOMy h n > 3, 
TO o/];Hopo/],HbiH nojiHHOM det L*^*^-* (x, ^) iiivieeT neTHbrn nopuflpK \131\ 
c. 53]: 

p 

rrik = 2q fljiH neKToporo q £ N. 

k=l 

Mm npe^nojiaraeM, hto sto ycjioBHe BbinojinaeTCH npn bcskom ii;ejioM 
n > 2. 

ByfleM paccMaTpHBaTb pemeHHa CHCTeMbi (I5.46p . y^oBjieTBopHio- 
miie KpaeBbiM ycjioBHHM 

p 

^ A; Ufc = gj Ha r, j = 1, . . . , g. (5.47) 

k=l 

Sflecb = D), rfl^e j = I,. . . ,q m k = I,. . . ,p, — CKajiap- 

Hbie jiHHeliHbie rpaHHHHbie flHcJ^cJjepeHi^iiajibHbie BbipajKeHHH, saflan- 
Hbie Ha r. BbipaaceHHe Bj i^ HMeeT HopH^oK ord-Bj ^ < m^ — 1 h 6ecKo- 
HeHHO rjia^KHe KOMnjieKCHOsnanHbie K034)4)Hn,HeHTbi. ^jih KajK/;oro 
HOMepa J = 1, . . . , (7 nojioJKHM 

:= min{mfc — ordBj^k : k = 1, . . . ,p} > 1. 

Sflecb Mbi npHHHMaeM ord-Bj^fc := — oo, ecjiH Bj^ = 0. Tenepb 
ord Bj^k < "ifc — rj pjiR Bcex j = 1, . . . ,q h /c = 1, . . . , p. 

CBHJKeM c KpaeBbiMH ycjioBHHMH (15.47p MaTpHH,y pasMepa q x p: 

B(o)(x,e):=(i?]5(x,0),=i,...,,, xer, eec". 

A;=l,...,p 

Sflecb — rjiaBHbiH chmboji /];H4)4)epeHii;HajibHoro BbipajKe- 

HHa Bj^k B cjiynae, Kor/i,a oid Bj f^ = nif^ — rj, jih6o b'^^^{x,^) = b 
cjiynae, Kor/],a oidBj^k < w-fc — ^'j- 

Onpe^ejieHHe 5.5. KpaeBaa sa/^ana (I5.46p . (15.47^ nasbiBaeTca 

3JIJIHHTHHeCKOH HO HeTpOBCKOMy B o6jiaCTH 0, eCJIH BblHOJIHHIOTCa 

cjiepymuiJie ycjioBHs: 
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(i) CHCTeMa (j5.46p HBjiaeTCH npaBHjibHO sjijinnTHHecKoli na fi, t. e. 

flJIH npOH3BOJIbHOH TOHKH X £ T H JIIo6bIX JIHHeHHO HesaBHCH- 

Mbix BeKTopoB G MHoroHjieH detL('^)(x,^' + T^") nepe- 



nOJIOJKHTejIBHOH MHHMOfi HaCTbK) H CTOJIBKO JKB KOpHeft C OTpH- 

Li;aTejibHOH mhhmoh nacTbio (BbinncanHbix c yneTOM hx KpaT- 
hocth) . 

(ii) KpaeBbie ycjioBHH (|5.47p y/];oBjieTBopHioT ycjioBHio ^onojiHH- 
TejibHOCTH no OTHomeHHio K CHCTeMe (I5.46P na F, t. e. fljiH npo- 
HSBOJibHoii TOHKH X £ T n jiio6oro BeKTopa ^ 7^ KacaTejibHoro 

K r B TOHKe X, CTpOKH MaTpHU;bI 



3JieMeHTbI KOTOpOH paCCMaTpHBaiOTCH KaK MHOrOHJie- 

Hbi OT r, JIHHeHHO HesaBHCHMbi HO MO/iyjHO MHoroHjiena 
nj=i(T" - T^{x;^,iy{x))). 3pficb li''^\x,^) — TpancHOHnpo- 
BaHHaa MaTpHH,a ajire6paHHecKHX /],OHOjiHeHHH 9jieMeHTOB 



SaMenaHHe 5.1. Ecjih CHCTeivia (I5.46P y^oBjieTBopaeT ycjioBHio 
(i) OHpe/i,ejieHHa 15.51 to ona sjijinnTHHecKaa no HeTpoBCKOMy na 17. 
05paTnoe Bepno npn n > 3 |131[ c. 53]. 

IlpHBe/ieM npHMepbi sjijinnTHnecKHX KpaeBbix sa^an fljiH cncTeM 
ypaBHeHHH. 

IIpHMep 5.1. 3jijiHnTHHecKaa KpaeBaa 3a/i,aHa /i,jih cncTeMbi 
KoHiH-PHMana: 



3flecb n = p = 2, m\ = m2 = 1 n, snannT, q = 1. CncTeivia Kohih- 
PnMana — npHMep o^nopo^^Holi sjijinnTHnecKon CHCTeMbi. Taxne cn- 
CTeMbi yflOBjieTBopaioT onpe/],ejienHio 15. 4^ rpfi mi = . . . = rup. 




MaTpHu;bi 



L(0)(x,O. 



dui 

dxi 
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IIpHMep 5.2. 3jijiHnTHHecKaH no HeTpoBCKOMy Kpaesaa saflana: 

dui d^U2 _ , dui (9^U2 _ 
OTi OT2 ox'l 

( du2 d'^U2\ „ 

Ul = 91, U2 I HJIH — , HJIH -^-2" I = 52 Ha T. 

Sflecb n = p = 2, mi = 1, m2 = 3 h, snanHT, q = 2. Otmbthm, hto 
paccMOTpeHHaa sj^ecb CHCTeMa ne HBjiHeTCH o/i;Hopo;],HOH 3jijiHnTHHe- 
CKOH [m c. 376]. 



^pyrne co^epjKaTejibHbie npHMepbi npHBe/ieHbi, nanpHMep, b 

m\ (§ 6.2). 

5.3.2. TeopeMa o paspeniHMOCTH 

SannmeM KpaeByio sa^any (j5.46p . (j5.47p b MaTpHHHoft 4)opMe: 

Ln = f B Q, Bn = g aa, T. 
Sflecb L := {Lj^kf-^^^^ hB := {Bj^k)j=i,...,q — MaTpHHHbie ;];H(|)4)epeH- 

k=l,...,p 

Li,HajibHbie BbipajKeHHH, a u := col (ui, . . . , Up), f := col (/i, . . . , fp) h 
g := col (gi, . . . , gq) — 4)yHKLi,HOHajibHbie CTOJi6ii;bi. 

TeopeMa 5.11. UpednoAOMCUM, umo npaeean sadana (j5.46p , 
(I5.47P ajuiunmuuecKaH no UempoecKOMy e o6Aacmu (7. Uycm'b s > 
u if ^ M. Tozda omo6pajfceHue u i— )• (Ln, Bn), sde u £ (C°°(r2))P, 
npodoAMcaemcH no Henpepuenocmu do ozpanuueHHOzo nemepoeozo 
onepamopa 

p 



(L,B) : 0//"+'"*'^(O) 



fc=i 



{H''^{n))p e /7'^+'-.-i/2,v(r) e,,^(j7, r). (5.48) 



\5.4l IIpHMeHaHHSI H KOMMeHTapHH 
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Mdpo N onepamopa (j5.48p JicMcum e {C°°{^)Y u ne saeucum om s, 
Lp. 06Aacmb SHaueHuu amozo onepamopa cocmoum us ecex ecKmop- 

ifi,---,fp;9i,---,9q) G ]His,^(ri,r) 

maKux, umo 

p Q 

ifj,wj)n + {gj,hj)r = 

dAn npouseoAbHOU eeKmop-(pyHKVi,uu 

{wi, . . . ,Wp; hi,...,hg) £ W. 

3decb W — HCKomopoe ne saeucnw^ee om s u ip KoneuHOMepHoe nod- 
npocmpancmeo e (C°°(0))P x {C°°(T)Y. HndeKC onepamopa (I5.48P 
paeen dimN — dim W u maKMce ne saeucum om s, (p. 

B co6ojieBCKOM cjiynae ip = \ 3Ta TeopeMa HBjiHeTCH nacTHbiM 
cjiynaeM HSBecTHoli TeopeMbi o paspeniHMOCTH sjijinnTHHecKiix Kpa- 
eBbix sa/iaH j^jin o6mHX chctcm CMemaHHoro nopa^Ka; cm. nanpHMep 
MOHorpa4)HH |116| c. 176], |237[ c. 393], o63op |13H c. 58]. OTciofla 
o6ii];Hii cjiynali ip £ M bmboahtch c noMombio HHTepnojiimHH anajio- 
rHHHO flOKasaTejibCTBy TeopeMbi 14.11 

5.4. IlpHMeHaHHa H KOMMGHXapHH 

K n. 5.1. IIInpoKHe Kjiaccbi ajijinnTHnecKHx chctcm ;i,H4)4)epeHLi,Hajib- 
Hbix ypaBHeHHH BBeflenbi h HsyieHbi H. T. HeTpoBCKHM [741 1751 c. 328; 1761 
c. 235] H A. /],yrjiHCOM, Jl. HHpeH6eproM |151j . Ajih sthx CHCTeM ycTanoB- 
jieHbi TeopeMbi o rjiaflKOCTH pemeHHtt h nojiyneHbi BHyTpenHne anpHopnbie 
on,eHKH pemeHHH b noflxoflHiiiHx napax npocTpancTB Fejib^epa (c HeLi,ejibi- 
MH HHfleKcaMH) H HpocTpaHCTB Co6ojieBa. Cm. TaKJKe MOHorpa4)HK) Jl. Xep- 
MaH;i,epa |118| (n. 10.6), r;i,e paccMOTpen cjiynali coGojibbckoh niKajiM. Hm 
>Ke |1201 c. 175] ycTanoBjieHbi anpHopnbie OLi;eHKH pemeHHfi: sjijiHnTHHecKHx 
CHCTeM nceBflOflHcJxJ^epeHi^iiajibHbix ypaBHeHiiii. 

Bee TeopeMbi SToro nynxTa flOKasaHbi b |66) . Ohh pacnpocTpanHiOT pe- 
syjibTaTbi n. 1.4 na paBHOMepno sjijiiinTiiHecKiie no ^yrjiHcy-HiipenGepry 
CHCTCMbi nceBflOflH4)4)epeHii,HajibHbix ypaBHeHiiii, aa^annbie b cbrjih^obom 
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npocTpancTBe. CjiyHaii chctcm, pasHOMepHO sjumimnecKnx no HeTpoB- 
CKOMy, paccMOTpen otacjibho b [671 168) . 

K n. 5.2. TeopHH sjijiimTHHecKHx CHCTeM na saMKnyTbix rjia^KHx mho- 
roo6pa3HHx H3Jio>KeHa, nanpHMep, b MOHorpa4)HHx JI. XepMan^epa |122| 
(rji. 19) H o63ope M. C. ArpanoBH^a [3] (n. 3.2). ^Jia TaKHx chctsm anpn- 
opHbie OLi;eHKH hx peineHHii paBHOCHjibHbi TOMy, ^to orpaHHHeHHbiii one- 
paTop, OTBeHaiomHii CHCieMe, aBjiHCTCH HCTepoBbiM b cooTBCTCTByromnx 
napax co6ojieBCKHx npocTpancTB. Ero HH^eKC BbinHCjien M. O. ATbett h 
H. M. SnnrepoM [T34] . 

^JIH CHCTeM, SJIJIHnTHHeCKHX C napaMCTpOM, HHflCKC paBCH HyjIK) H co- 

OTBeTCTByromHH onepaTop ocymecTBjiHCT roMeoMop4)H3Mi>i b noflxoflamnx 
napax co6ojieBCKHx npocTpancTB fljiH 6ojibmHx no MOflyjno 3HaHenHH na- 
paMCTpa. Cm., nanpnMcp, o63op M. C. ArpanoBnna [3] (n. 4.3). Pa3jiHH- 
Hbie Kjiaccbi ajijinnTHnecKHx chctcm c napaMCTpoM nsyHenbi b paSoTax 
A. H. Ko^KCBnHKOBa [311 [T77] n M. C. ArpanoBH^a [HE]. 

MejKfly sjijinnTHHCCKHM KpaesbiMH 3aflaHaMH n MaTpnnnbiMH sjijinn- 
THHCCKHMH 11^0 HMceTCH TCcnaH CBH3b — KajKflaji sjijinnTHHecKaa: Kpae- 
Baa 3a;i,aHa SKBHBajienTna HCKOTopon sjijinnTHHecKoft chctcmc nceBflOflH(|)- 
4)epeHn,HajibHbix ypaBncHHii na rpannu^e oGjiacTH. 3to nosBOJiacT npnMC- 
nHTb TCopHK) sjijinnTH^^ecKHx CHCTCM fljiH ^0Ka3aTejn>CTBa TCopcM o pas- 
peniHMOCTH sjijinnTHHCCKHX KpacBMX 3aflan; cm., nanpnMep, Monorpaejjnn 
H. T. Bjiokh, B. Pobjih h B. JIopaKa [237] {h. IV), K). B. EropoBa [26] 
(rji. Ill, § 3), Jl. XepMan^epa [122] (rji. 20). 

CncTeMbi, 6jiH3KHe no cbohm CBOiicTBaM k sjijinnTHnecKHM, Hsynenbi b 
pa6oTax B. P. Banneepra, B. B. rpymnna [H] n P. C. Caxca [OTIIS^ . 

Bee TeopsMbi SToro nynKia flOKa3anbi b |204) . Ohh pacnpocTpanHMT 
pe3yjibTaTbi n. 2.2 na ajijinnTHnecKne no ^yrjincy-HnpenSepry cncTeMbi 
nceBflOflH4)(J)epenn;Hajibnbix ypaBnennii. CjiyHaii chctcm, sjijinnTHHCCKHx 
no HcTpoBCKOMy, paccMOTpen OT^ejibno b |651 I201| . 

K n. 5.3. BjijinnTHnecKne KpacBbie 3aflaHH ^jih pa3jiHnnbix cn- 
CTBM flHcJxJjepenu^najibHbix ypaBnennn HCCJie^OBanbi b paSoiax C. ArMona, 
A. flyrjiHca h JI. HnpenSepra |129| . M. C. ArpanoBnna n A. C. ^binnna [7], 
JI. P. BojiCBH^a [THldH], JI. H. Cjio6oAeAKoro [97lfT00]. B. A. CojionnnKOBa 
[inidnilinillini], J1- XepMan^epa [ng (n. 10.6), [na (n. 19.5). Cm. TaK- 
JKC MonorpaeJ^Hio H. T. Bjiokh, B. Pobjih h B. JIopaKa |237j . nocBani,ennyio 
sjijiHHTHHecKHM KpacBbiM 3aflanaM fljiH CHCTCM, o63op M. C. ArpanoBHna 
|131| (§ 6) H npHBe;i,eHHyio TaM jiHTcpaxypy. ycxanoBjieno, nTO onepaTop 
3aflaHH orpannncH n HCTepoB b C00TBeTCTByioni,HX napax no3HTHBnbix npo- 
CTpaHCTB CoGojicBa. 
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B flBycTopoHHefi MOflH4)Hii;HpoBaHHOH co6ojieBCKOH niKajie sth sa^ann 
HsyieHbi B pa6oTax 51. A. PoHT6epra h 3. F. IIIeeJjTejia [551 [55], H. A. Kosa- 
jieHKO [30], 51. A. PoHT6epra [87], H. 51. PoflTSepr h 51. A. PoflTSepra |220| . 
Hmh ycTanoBjieHbi TeopeMbi o hojihom Ha6ope roMeoMopcjjHSMOB, KOTopBifi 
nopojKflaeT onepaTop, OTBeiaiomrai sa^aie. HajiojKCHHe sthx pesyjiBiaTOB 
flano B MOHorpacjjHHx 51. A. PoiiTSepra |218j (rji. 10) h [21 9j (n. 1.3) npH- 
MeHHTCjiBHO K CHCTCMaM, sjijiHnTHHecKHM HO ^yrjiHcy-HHpenSepry. 

KpaeBbie sa^aHH fljiH CHCTeM, 6jih3khm no cbohm CBOficTBaM k sjijihh- 
TmecKHM, HsynajiHCb B pa6oTax B. P. BaHH6epra, B. B. PpyniHHa |15| h 
P. C. CaKca |90 | 193 1 194]. 3th sa^anH nccjieflOBajiHCB b napax hoshthbhijIx 
co6ojieBCKHx npocTpancTB. 

OcHOBHOH pesyjiBTaT SToro nyHKTa — TCopeMa 5.10 o paspeniHMOCTH b 
yTOHHeHHOii niKajie KpaeBbix aa^an pjia sjijinnTHnecKHx no HeTpoBCKOMy 
CHCTeM ycTanoBjiCH b j69| . On o6o6ni,aeT TeopeMy 4.7 na sjijinnTHnecKne 
CHCTeMbi ypaBHennii. 
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